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THE DEVELOPMENT OF PHYSICS IN THE USSR IN FORTY YEARS OF SOVIET POWER 


Topay our country is celebrating the fortieth anniversary of the great October socialist revolution. We 
are drawing up accounts, not only of the achievements of industry and agriculture, but also of the general 
growth of culture, and in particular of science. The progress of Soviet physics is of decisive importance 
in any review of the level of scientific culture in our country. Of all experimental sciences, it is physics 
which discovers the laws of material behavior which underlie the development of other natural sciences 
and of modern technology. The level which has been reached in the development of physics is thus an ob- 
jective measure of the general growth of science and technology in the country. Of all experimental sci- 
ences, modern physics demands the most complicated and expensive equipment. Nowadays only a strong 
country, with widely diversified industry and a high level of technology, can achieve a successful develop- 
ment of experimental physics. 

Even to the non-specialist it is clear that here in the USSR, after forty years of Soviet power, physics 
has risen to an exceptionally high level. The study of atomic nuclei is generally regarded as one of the 
most advanced parts of physics. Thanks to a succession of fundamental discoveries in recent decades, 
this branch of physics is being intensively developed. It has become an indispensable foundation for the 
technical utilization of atomic energy, both for peaceful purposes and for national defense. Soviet tech- 
nology, with remarkable speed and success, found original solutions to the problems of designing thermo- 
nuclear weapons and of exploiting atomic energy for peaceful purposes. This would have been impossible, 
if there had not existed in the Soviet Union a massive and vigorous research effort in modern physics. 

Soviet science recently achieved a new and outstanding success, the launching of the first artificial 
earth satellites. In this achievement also, the high level of our physics played an essential part. 

A wide variety of scientific and physical research is carried out in the Soviet Union in a large number 
of institutes spread over the whole country. Our achievements in the fields of theoretical physics, nu- 
clear physics, low-temperature physics, optics, semiconductors, solid state, theory of combustion, etc. 
are well-known to readers of this journal from the published reports of the members of these institutes. 
The continuous growth of Soviet physics is not only reflected in the increasing size of this journal, which 
has grown by a factor of 3 — 4 in the last five years. The USSR Academy of Sciences is also continually 
forced by the shortage of space in this journal to start new journals devoted to specialized parts of phys- 
ics, for example crystallography, optics, metallurgy, technical physics, acoustics, electronics, etc. 

If one tries to compare the volume of scientific work in physics before the revolution, 40 years ago, 
with the volume existing now, it is hard even to find a meaningful standard of comparison. One must re- 
member that all physics in pre-revolutionary times was concentrated in the laboratories of a few institu- 
tions of higher education. In the cost of their equipment, all these physics laboratories taken together 
were equal only to a small fraction of a modern accelerator, such as the Synchrophasotron built at the 
Joint Institute of Nuclear Studies at Dubno on the Volga. This remarkable machine was put into operation 
this year, and it accelerated elementary particles to the record energy of 10 billion volts. 

Of course, the large-scale growth of physical research in recent decades has occurred not only in our 
socialist country but also in the more advanced capitalist countries such as the United States and England. 
Both in capitalist and socialist countries, we observe the same nature encompassing us and we find the 
| same laws governing the behavior of physical processes. But the organization of the same scientific work 
under socialist and capitalist governments is essentially different, and the difference becomes more and 
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more evident as the socialist economy develops. The difference arises from the fact that under a social- 
ist government science is regarded as the foundation upon which the material and spiritual culture of a | 
country is built. This attitude towards science has two consequences. First, the encouragement of scien-_ 
tific progress is one of the basic responsibilities of the government. Second, the various branches of 
science are not developed independently as in capitalist countries, but in accordance with the general | 
growth of the material and spiritual culture of the country. Under a socialist government the development 
of science must be planned and financed out of government funds according to a unified plan. We must _ 
admit that it has not been easy in practice to find a form of organization in which science could develop 

not independently but according to a reasonable plan, and to find a rational method of governmental financ- > 
ing of scientific institutes which could preserve the creative approach of a scholar to his work. In spite | 
of the excellent work of our physicists, we still have to continue striving for improved forms of organiza- 

tion for scientific work, so that our scientists can work as purposefully and as productively as possible. 

When one compares the organization of scientific work under socialist and capitalist governments, the | 
question always arises of the difficulty of reconciling the freedom necessary for effective creative work [| 
with a rigidly constituted plan. When the Academy of Sciences began to develop a planned organization of | | 
scientific work, there was an attempt to make the plan completely rigid and detailed, and this difficulty 
became a real one. But time and experience provided the remedy. The basic task of a plan is to point to | 
those fields and programs of scientific development which are at a given moment most important to the | 
country. Today the most effective method of ensuring the coherent development of science is to encourage? 
those scientific endeavors which have a close relation to applied fields, to technology, to industry, to med~- 
icine, to agronomy and other studies concerned with the national economy, or to problems of basic impor-~ 
tance for the whole of science. The more practical lines of research receive a greater share of attention, 
material support, and encouragement; the government gives official recognition to such work by the awara §} 
of Stalin and Lenin prizes, etc. The state tries all the time to guide scientists into tackling either major 
problems of the national economy or problems of basic scientific importance. Scientists are confronted 
with broadly defined questions, for example, the production of extremely pure chemical elements or of 
high-quality heat-resistant steels, the understanding of physical processes in semiconductors, various 
problems of modern power technology connected with the transmission of energy over large distances, 
etc. These questions are usually complex, they can be divided into many independent parts belonging to 
various fields of science and technology, but it is still necessary to attack them in a unified way. Physi- 
cists often are allotted the most difficult questions of all. In order to answer such questions, a physicist 
must concentrate upon the study of some definite field of knowledge within which he himself must search 
for a concrete line of attack. He retains a wide freedom for personal and creative initiative. Several in- 
stitutes often are attracted to the same question, each working along a direction of its own choice. 

The USSR is still far from the end of the search for methods of organizing science as the foundation 
of a planned socialist economy. The form of organization, especially for the specialized branch institutes, |) 
is mainly determined by the administrative structure of industry. We have learned by experience that the | 
structure of our economy changes continually. The change is certainly now in the direction of democratic | 
centralism. A massive reorganization of the economy in this direction is now in progress. The basic | 
idea of the reorganization is that the central authority should retain only general supervisory functions, 
such as the development and promotion of new techniques and the broad coordination of the economy of the ; 
whole country. The detailed management of industry is handed over to regional organizations. From this 
reorganization of the economy a reorganization of scientific work will inevitably follow. The detailed plan-] 
ning and organization of the actual work will be more and more concentrated in the working organs of the 
scientific institutes themselves, for example in committees of scientists. Broad scientific planning, deal- | 
ing with the general problems of the growth of a socialist culture on a national scale, will be handled cen- | 
trally by such organizations as the Academy of Sciences, Gosplan, and other departments of the central | 
government. The planned organization of science which has been achieved in the Soviet Union is already 
producing greater efficiency and better utilization of scientific manpower and equipment. 

When ee CORT the contact of science, and in particular of physics, with the practical problems of 
national life, we Had that this CONEY is already far more effective in the Soviet Union today than in the 
pers nae f aie eels SOEISaS SM ein nae aan pace at which Soviet AQIS INES and engineers 

ogy, jet-propulsion technology, aviation, radio, met- 
allurgy, power LLG ae etc. Although the Soviet Union is still some way behind the United States in 
the production of some important items, the USSR has held and still holds the record for the speed at 
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which scientific and technical problems have been solved and the results put into practical operation. This 
can be explained only by the close and friendly contact between science and technology, which is possible 
under our government. It is possible mainly because in our socialist country there is only one all-power- 
ful landlord, and that landlord is the people. Under capitalism, where industry is in private hands and 
companies are often competing against one another, scientific organizations are largely left to their own 
devices. The coordinated activity of all scientific and industrial resources, which is naturally and simply 
achieved in a socialist country, is under capitalism impossible. 

The rate of growth of Soviet physics, and of all branches of science, is nevertheless influenced by our 
contacts with foreign science. We all believe that the basic task of science is the understanding of nature, 
and the basic purpose of this understanding is the conquest of nature for the benefit of mankind. 

Scientific truth is one, and the more rapidly it is discovered and the more intensively science is devel- 
oped the greater the benefit to all mankind. Nowhere in the history of human culture has international co- 
operation given such great benefits to humanity as in the field of science. 

We are very happy that in all these years our journal has not only been widely read here in the Soviet 
Union but has also had a wide foreign circulation. We welcome the recent appearance of the “Journal of 
Experimental and Theoretical Physics” overseas in an English translation. 

International professional contacts between scientists are valuable not only to progress in science. 
Understanding between scientists leads also to understanding and trust between countries. Peaceful co- 
existence, so necessary for happy and prosperous human life, is impossible without trust between peoples. 
Physicists more than anybody else should now be concerned for peace, since they have the responsibility 
before mankind for putting into our hands weapons of annihilation which if carelessly handled could lead 
to misery on an unprecedented scale. 


Translated by F. J. Dyson 
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INVESTIGATION OF THE THERMAL PROPERTIES OF SUPERCONDUCTORS 
1. TIN (DOWN TO 0.15°K) 


N. V. ZAVARITSKII 
Institute for Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1085-1098 (November, 1957) 


Measurements have been made of the thermal and thermometric conductivities of several 
samples of tin in the range from 0.15—4°K. These make it possible to determine the spe- 
cific heat of tin down to 0.15°K. It has been found that, below 0.45°K, the specific heat is due 
to the lattice and varies according to Debye’s law, with Op = 202 + 3°K. Above 0.45°K, the 
specific heat of the electrons appears, which depends on temperature as Ceg = A(T) xX 
exp(—@Tc¢/T). The free energy of the superconducting electrons below 3°K, determined on 
the basis of these measurements, can be represented as Feg = BT" exp(—aT¢/T), where 
B = 8.7 1074 joules/g-mole-deg, n= 2.5+0.5, @ = 1.35+0.1. The thermal conductivity 
of tin below 0.3°K for all specimens is due to the heat transfer by the phonons; one of the 
samples exhibited a reflection effect of the phonons from the mirror surface. For higher 
temperatures, the thermal conductivity of the electrons varied for all samples as Kes = 
const: exp(—BTc¢/T), B= 1.454 0.05. The results are discussed from the point of view 

of the presence of an energy gap in the excitation spectrum of superconductors. 


As is well known, the analysis of data on the thermal properties allows us to obtain a number of indica- 
tions concerning the energy excitation spectrum in solids. We can obtain the most definite conclusions in 
this case on the basis of the analysis of the specific heat of bodies over a wide range of temperatures, 
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extending to the lowest temperatures possible. This latter is connected with the fact that the strictest 
theoretical considerations of the phenomenon are usually successfully carried through only in the region 
close to absolute zero, where the number of excitations is small. At the present time, information on the 
specific heat of bodies in this temperature region is limited. This also applies to the phenomenon of 
superconductivity. Fundamental measurements of the specific heat of superconductors! have been made 
only in the temperature range down to T,/T = 3, and do not allow us to draw any unique conclusions as 
to the character of the energy excitation spectrum. Furthermore, experiments> ! recently carried out in 
the temperature interval down to T./T = 4 have shown that the temperature dependence of the specific 
heat of superconductors discussed earlier does not correspond to reality. 

The problem of the thermal conductivity is much clearer at present; at least, completely substantiated 
results have been obtained in a number of works®~? down to Ligi/pua=e 10. 

The aim of the present research was the investigation of the thermal properties of superconductors 
over the widest temperature range possible. Since the critical temperature for most superconductors 
amounts to a few degrees, measurements of the specific heat down to temperatures of a few tenths of a 
degree are necessary for the solution of the problem. At these temperatures, the specific heat of most 
substances is negligible, which poses difficulties in the application of the direct method of measurement 
of the specific heat. As a consequence of this fact, an indirect method has been chosen for the measure- 
ments, based on a calculation of the specific heat of a body from its thermal conductivity K and its ther- 
mometric conductivity a? =K/cp. The methods worked out at the present time permit us to measure the 
thermal conductivity of materials with relative ease at temperatures down to a few 


B, tenths of a degree, and the value of the thermometric conductivity can be determined 
12 " by the method of temperature waves, already suggested by Angstrom.!" The idea of 
this method is as follows. If the periodic variation of the temperature is T(0,t) = 
i Ay 1B A cos wt at the point x =0 of an infinite specimen, then a temperature wave 
‘ 0 T (xt) = Ae—** cos (wt — kx), (1) 
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will be propagated, where 
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a KI ao 
KE k = (l/a) Vo2. 
Ik ee gcm 
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B a FIG. 1. Apparatus for the determination of thermal conductivity and temperature | 
, i conductivity, (1) Sample under investigation; (2a, 2b) blocks of ferric ammonium alum: | 
i mi 4 (3) copper heat conductors; (4) thermal resistance (bronze, of diameter 2 mm); (5) 
/ | a spring to draw lower end of sample with caprone thread; (6) coil of tinned constantan; 
h ‘ ; (7) plexiglass blocks for fastening the leads; (8) copper rod for fastening the low-tem- 
My HH perature components of the apparatus; (9) supporting frame (it consists of three bronze? 
i guide rods of 1.5 mm diameter and brass rings to which the salt is attached. All joints | 


ae are sliding with stop screws); (10) spring for suspending the salt; (11) terminals of 
is conductors from the apparatus by means of platinum sealed into the glass; (12) tube 
for the exit of conductors from thermometers T, and T3; (138) carbon thermometer; 
(14) tube for evacuating and filling the apparatus with helium; (15) steel tube for fas- 
tening the apparatus; T = thermometers; H = heaters. 


Thus, for the measurement of the thermometric conductivity, it suffices to determine either the propa- | 


gation velocity of the temperature wave, or the law according to which its damping takes place. Until re- 
cently, the method of temperature waves has been applied only in the region of high temperatures;'! very 
recently, it has been used in the region of liquid helium temperatures." For low temperatures, this 
method takes on a number of specific peculiarities which are brought about by the sharp decrease in the 
specific heat, and correspondingly by an increase in the thermometric conductivity. As a consequence, 
while the length of the temperature wave for room temperatures amounts to centimeters at frequencies 
of hundreds of cycles, at helium temperatures these frequencies amount to thousands of cycles, which 
permits the use of standard radio methods in the measurements. 

Tin was chosen as the object of investigation for the following reasons. In the first place, the new 
method of measurement of the specific heat is most successful on material whose specific heat has been 
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sufficiently well measured by generally accepted methods, if only in a narrow range of temperatures. !’!3>14 
Second, the specific heat of the lattice and the superconducting electrons in the chosen material must be 
comparable in order to obtain even a preliminary indication as to the character of the change of both these 
quantities from analysis of the data. 


METHOD OF MEASUREMENT 


The apparatus used to determine the thermal and thermometric conductivities of samples at tempera- 
tures below 1.5°K is shown in Fig. 1. Cooling of the sample 1 was accomplished by two blocks of ferric 
ammonium alum 2a and 2b, the temperature of which was lowered by adiabatic demagnetization. To switch 
from isothermal magnetization to adiabatic demagnetization we used a method based on the absorption of 
residual gas by the salt.® The quantity of residual gas in the apparatus was controlled by heating the car- 
bon thermometer 13, which is suspended on thin constantan conductors. The sample was cooled by means 
of the copper rod 3 of 2mm diameter, the end of which, flattened out into a band of about 3cm width, was 
pressed into the salt. A bronze rod 4 was sealed in between the sample and the copper heat conductor. 
The thermal resistance of this rod could be used to heat the sample up to one degree relative to the salt. 
For measurement, we used a coated carbon resistance thermometer. Thermometers T, and T; served 
to measure the thermometric conductivity of the sample, while thermometers T, and T, were used both 
to measure the thermal conductivity and to determine the temperature of the sample. These thermome- 
ters were calibrated in the course of each experimental run. Determination of the temperature was car- 
ried out by means of the susceptibility of the alum. To change from magnetic to absolute temperature, 
we used the data of Cook et al. of 1956.¥* 

Several heaters were located on the sample. Heaters H,, H, and H3 were prepared from manganin 
wires, H, and Hy, being used in the measurement of the thermal conductivity of the sample and H;, 
serving to increase the temperature of the sample above the temperature of the salt. The film heaters 
H, and Hs were used in experiments on measurement of the thermometric conductivity of the sample. 
The electrical wiring inside the apparatus was accomplished by means of constantan wires coiled in 
springs. These wires were of diameter 50 yp, and were initially plated with a superconducting layer. To 
reduce electrical induction in measurements of temperature conductivity, the wires from the thermome- 
ters and the heaters were led separately through the salts 2a and 2b respectively. 

The arrangement for the measurement of thermal conductivity did not differ from that used by us 
earlier!’ in the measurements at much higher temperatures. The mean error amounted to about 5% for 
a temperature gradient along the sample of several percent of the mean temperature. The accuracy of 
determination of the thermal conductivity was limited in this case not only by errors in the measurements 
of the temperature gradient along the sample or the power consumed in heating, but also by errors con- 
nected with the determination of ihe absolute temperature of the specimen. As a consequence of the fact 
that the thermal conductivity changes sharply with temperature, an error of 1% in the determination of 
the temperature is equivalent to three to eight times greater error in the thermal conductivity. On the 
other hand, it is hardly possible to determine an absolute temperature lower than 1°K by the generally 
accepted method of the susceptibility of a paramagnetic salt with an accuracy better than one percent. 

Determination of the thermometric conductivity a* was carried out by means of the phase shift Ag 
of the temperature oscillations at two points of the specimen, the amplitude of which in all measurements 
did not exceed a few per cent of the mean temperature. As is easily seen from (1), Ag = kAx for an in- 
finite specimen, where Ax is the distance between the points at which the measurement is made, and 


a® = Ax’w/2A¢?. (2) 


The method of temperature waves, which is simple in principle, requires a number of precautions. 
Above all, the temperature oscillations of the film thermometer, in spite of its minute dimensions, do not 
coincide with the temperature oscillations of the sample (the thickness of the coating of the carbon ther- 
mometer does not exceed 0.20 mm). 

These phenomena are probably connected both with the small thermometric conductivity of the carbon 
and with the presence between the thermometer and the sample of a layer of BF dope of about 10p thick- 
ness, which serves as an electrical insulation of the thermometers from the sample. As a consequence, 
if g is the phase shift of the temperature oscillation of the sample at the location of the thermometer 
relative to the signal from the generator, then the measured phase shiftis £=y+w, where W depends 
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on the construction peculiarities of the given thermometer. Correspondingly, the measured phase differ- 
ence between the signals will be 


$| 


AE = 1 — 2 + Y1 — de. | 


Here, the quantity ~, — Y2 can reach 30% of the quantity gy; — y2. However, since does not depend 
on the direction of the temperature wave, W,— 2 can be eliminated if we make use in the measurements 
of the temperature waves which are propagated in the two opposite directions. Actually, —- 
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where the plus and minus refer to the waves in different directions. We can obtain the actual value of the 
phase shift along the sample only if 

of — oe =e — Fe | 
i.e., the law of phase change along the specimen is the same for waves of both directions. This holds 
either for an infinite specimen or when an identical reflection of the wave takes place from the ends of | 
the sample. In the latter case, however, the connection of the phase shift and the thermometri¢ conduc- 
tivity is complicated, which makes the treatment of the results difficult. For example, as is easy to show, 
for thermal insulation of the end of the sample, g(x) = arg cosh k(1+i)x, where x is the distance 
from the end of the sample, and correspondingly 


Av =argcosh k(1 + i) x, —argcoshk (1 + i) xp. (3) 


Therefore, it is always desirable to have conditions in which the effect of the reflected wave is negligibly 
small. 
In the work the measurement of the phase shift was carried out between thermometers placed in the 
central part of the sample, so that the distance to each of the ends of the sample exceeded by two the dis- 
TABIEO. "Phase sit Ay  /autanee belweemihem) 
of the temperature wave along If we compare Ag. for the infinite specimen and Aggjy computed! 
finite and infinite specimens. according to (3) for the chosen geometry, for various ratios of the dis- 
tance between the thermometers Ax = x, — x, to the length of the tem-- 
perature wave A) = 21/k, then it turns out (see Table I) that for Ax/d © 
= 0.25, the difference between the phase shifts Ago and Agfin does: 
not exceed 1%. In actuality, this is the upper limit of possible devia- 
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tion, since only one end of the sample is thermally insulated. At the 


Ratio of the 
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the wavelength 


AG fin for 
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in radians 


2x, = 3x, AQ, 


point of connection of the sample with the bronze, only partial reflec- 


0-12 ei 0500 tion of the wave takes place. We can estimate the magnitude of the | 
(20 0628 0'690 amplitude of the reflected wave in terms of data on the thermal con- 
oe oe Rae ductivity and specific heat of the bronze and the tin. For equal diam- | 
0.30 0,940 0'930 eters of the sample and the bronze rod, it amounts to about 90% of the 

. ote ene eet amplitude of the indident wave for 1°K, and to about 30% for 0.3°K. 


Reflection of the temperature wave also takes place from inhomo- 
geneties in the cross section of the specimen, especially from the thermometers and heaters located on 

the sample. This effect could play an especially important role for temperatures of a few tenths of a de- | 
gree, where, because of the different temperature dependence of the specific heat of the tin and the copper | 
wires leading to the thermometer, the specific heats of the thermometer and of the cross section of the 
sample which it occupies are equal. It is also easy to compute the reflection of the wave from the ther- 
mometer, under the assumption that it takes part as a whole in the temperature oscillations of the sample. | 
If the dimensions of the thermometer are much smaller than the wavelength of the temperature wave, then 
the ratio of the reflected wave to the incident is 


where cg and ct are respectively the specific heat of the sample and the thermometer; 2 is the length 
of the temperature wave, A is the width of the thermometer. Assuming that the specific heat of the ther-- 
mometer is equal to the specific heat of the cross section of the sample, it is easy to obtain that for A 

= 0.2mm, at wavelengths greater than 4cm, y ®& 107*, In reality, the amplitude of the reflected wave 


THERMAL PROPERTIES OF SUPERCONDUCTORS 841 


from the thermometers and the heaters is still smaller, since the temperature oscillations of the ther- 
mometer, especially at high frequencies, are much less than the temperature oscillations of the specimen. 
In particular, this appears as a sharp decrease in the signal from the thermometer for increase of the 
frequency of the temperature oscillations (in a frequency change from 40 to 800 cps, the signal decreases 


FIG. 2. Circuit for measure- 
ment of thermometric conductiv- 
ity. 1—oscillograph, 2—generator, 
3—quartz generator, 4—switch, 
5—tuned filter, 6—tuned amplifier, 
7—phase shifter, 8—phase detector. 
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FIG. 3. Dependence of the phase 
shift on the frequency f of the oscil- 
lator. Sample Sn 2; distance between 
thermometers 23.2mm, length of sam- 
ple 100mm. 1—T = 4.35; 2—T = 0.558; 
3—T = 0.730; 4—T = 1.12°K. Abscissa 
is plotted in terms of f 72 


by a factor of 20). All that has been pointed out above shows 
that the effect of reflection of the temperature wave from the 
thermometer cannot have a material effect on the measure- 
ments. This is further confirmed by the absence of the effect 
of the mutual location of the thermometers and heaters on the 
results of the measurement of the thermometric conductivity 
(see below). 

A block diagram of the apparatus used for the measurement 
of the phase shift is shown in Fig. 2. The signal from an oscil- 
lator of frequency w/2 is applied to the heaters Hy, or Hz. 
Since the heat liberated in the heater is proportional to IR, 

a temperature wave of frequency w is propagated along the 
sample. The signal from thermometer T, or T3 is fedtoa 
tuned amplifier of center frequency w and with a bandwidth 

of 10% of the center frequency. From the output of the ampli- 
fier, the signal is fed to an oscilloscope which serves as a con- 
trol of the amplitude of the signal from the amplifier and to a 
cathode follower which is connected to a phase lag detector. ® 
A signal is also applied to the phase detector through a cali- 
brated phase-shifter from a separate generator of frequency 

w. In order to increase the stability of the circuit against pos- 
sible changes in the frequency, this signal was passed through 
a filter exactly the same as that used in the amplifier. The 
measurements were carried out by a null method. Successive 
measurements were made of the phase angle between the sig- 
nals from thermometers T, and T3 and from the generator, 
which made it possible to determine the phase shift between 
the signals from the thermometers. In this case, by this meth- 
od of measurement, one of the signals on the phase lag detector 
was of a strict definite frequency w, and the whole circuit was 
little sensitive to a stray electric pickup. The error in the de- 
termination of the angle between the signals from the thermom- 
eters did not exceed 0.01 radian ordinarily, and was governed 
with the accuracy of calibration of the phase shifter. The 
measurements were carried out at several frequencies, mul- 
tiples of 60 cps — the frequency of the quartz generator which 
served for testing the frequency of the fundamental generator. 
Before the measurements the oscillator was usually turned on 
and the de current through the thermometers left turned off to 
check whether the thermometers picked up any extraneous sig- 
nals. 

The typical dependence of the phase shift of the temperature 
wave along the sample Ag = (Aé* — Aé~)/2 on the frequency 
of the oscillator f= w/2m is plotted in Fig. 3. For sufficient- 
ly high frequencies, even in an infinite sample, Ag is propor- 
tional to £ 1/2. in the region of much lower frequencies, there 
are observed significant departures from the proportionality 
of Ag and {'/?, which is in qualitative agreement with the 
calculation of the effect of the reflected temperature wave 
from the end of the sample, carried out above. Therefore, the 
fundamental measurements were carried out only at frequen- 
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FIG. 4. Thermal conductivity of investigated samples of 
tin. n — thermal conductivity of tin in normal state. x — 
sample 1, ®@ — sample 2, O — sample 3, and + — sample 4. 
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FIG. 5. Thermometric conductivity of investigated sam- 
ples. 1, 2, 3, 4 — number of samples, n — tin in the normal 
‘state; 3a and 3b — measurements for different reciprocal 
positions of thermometers and heaters; a — distance between 
thermometers 15.6mm, from thermometer to nearest heater 
15mm; b — distance between thermometers 20 mm, to heater 
5mm. 


TABLE II. Characteristics of samples | 


Angle be- 


o 
on 2 tween axis of 
z a FI State of sample and | Diameter | 
a 5 FS] surface | (001) direc- mm 
oa tion 


Sao tt polished — 1.89 
Sn 2 | 0.002 | rough 30° Aaa. 
Sn 3 | 0.002 | rough 70° 1.40 
Sn 4 | 0.002 | polished 45° 1.81 


cies for which the phase shift =>0.8 | 
radian and for which we can make use | 
of Eq. (2) in the calculation of the ther-- 
mometric conductivity. 
For testing the reliability of the | 
method selected, the measurement of 
the heat capacity was carried out on 
several samples with different ther- 
mometric conductivities. The charac- 
teristics of the samples studied are 
plotted in Table II. The samples were 
placed in a vacuum in a thin walled 
capillary of plexiglass; right after the 
casting, monocrystallization of the 
sample took place. The glass was 
usually removed by etching with hy- 
drofluoric acid. For preparation of 
the specimen Sn 4, such a thin wall 
capillary was chosen that after cast- 
ing of the tin, the glass cracked and 
fell off the specimen without external 
action. 


| 
1 


RESULTS OF MEASUREMENT 


The results of the measurement of 
thermal conductivity of the samples 
are given in Fig. 4. The measure- 
ment of each of the samples extended 
over several days, with interruptions | 
sometimes lasting several months. | 

The average scatter of points 
amounted to about 5%. A connection 
was observed between the mean er- 
ror and the character of the change | 
of conductivity with temperature. n __ 
the range T > 0.5°K, where a much 
sharper change of thermal conductiv- | 
ity takes place with change in temper- — 
ature, it does not exceed 4%. All this | 
is in agreement with the analysis of 
errors worked out above. 

In Fig. 5, results are given for the 
measurement of the thermometric 
conductivity of all samples studied. 
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FIG. 6. Heat capacity of tin. 1, 2, 3, 4 — our measurements, 
n — normal state, 5, 6, 7 — calorimetric measurements; 5 — 
from the data of Ref. 1, 6 — from the data of Ref. 13, 7 — from 


the data of Ref. 14; a — heat capacity of the lattice from Ref. 14. 


The ordinate is plotted in terms of (c/T?) x 104. 


As in measurements of thermal 
conductivity, measurement of each 
sample was extended over several 
days, between which the arrange- 
ments of thermometers and heater 
on one of the samples (Sn 3) was 
completely changed. The mean 
error in the determination of the 
thermal conductivity does not ex- 
ceed 2.5%, which agrees with the 
characteristics which apply to a 
radio circuit.* 

The results of the calculation 
of the heat capacity of the samples 
from their thermal and thermo- 
metric conductivities are given in 
Fig. 6. In this case, at tempera- 
tures above 1.7°K, where the ther- 
mometric conductivity is more 
strongly changed than the thermal 
conductivity, the mean value of the 
thermal conductivity and the exact 
thermometric conductivity were 
used; for temperatures lower than 
1.7°K — conversely — we used the 
mean value of the thermometric 
conductivity and the exact thermal 
conductivity. The mean scatter of 


: joules 4 i 
a4 ni err Corer the values of the heat capacity for 


temperatures below 1°K amounted 
to about 7% and at temperatures 
higher than 1.5°K to about 2%, 
which is in agreement with the ac- 
curacy of measurement of the ther- 
mal and thermometric conductivity. 
We note that the value of the heat 
capacity obtained can differ sys- 
tematically from the true value by 
3 —5% because of possible érrors 
in the determination of the geome- 
tric dimensions of the samples and 
the distance between thermometers. 

If we compare Figs. 4, 5, and 6, 
it is easy to note that while the 


thermal and thermometric conductivities of the samples studied differ in absolute value (up to 8 times), 
the temperature dependence of the heat capacity is the same for all samples, This is an additional con- 
firmation of the reliability of the method of measurement employed. We note that in the region of helium 
temperatures the values of the heat capacity we obtained are, within the limits of accuracy, in agreement 


with the results of their determination by calorimetric methods. 


1,13, 14 


* The results of measurement of the thermal conductivity of sample Sn 4 at T >0.8°K are not very 
reliable, since even for the highest frequency w = 1.22 x 10, the phase shift along the sample for sev- 
eral measurements did not exceed 0.8 radian. These data were not used in the determination of the heat 


capacity. 
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Heat capacity. As is well known, superconductivity is connected with the excitation of a new state of 
the electrons, in which they can move through the metal without the transfer of heat. At absolute zero, 
evidently, all the electrons are in this state, while at temperatures different from zero, some of the elec- 
trons pass over into the excited state, which is perhaps close to the state of the electron in the normal 
metal. It is natural that the electrons carry a contribution to the heat capacity of the superconductor Cgg, 
connected perhaps with the change in the number of excitations with temperature. 

Results of measurement show (Fig. 6) that in the interval from 0.2 to 0.45°K the heat capacity of tin in 
the superconducting state is proportional to T?, i.e., just the same as the heat capacity of dielectrics for 


Ces in joule/g-mole-deg. F,. in joule/g-mole. 
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FIG. 7. Electronic heat capacity in 10° 
tin in the superconducting state. The 
dashed lines represent the mean error, 


the dot-dash is ce, = A exp(—1.5T,/T). mh 

if 
sufficiently low temperatures. There- FIG. 8. 1 — Free energy of the electrons in tin in the 
fore, it is natural to assume that below superconducting state and the temperature dependence of 
0.45°K the heat capacity of tin is due in its logarithmic derivative; vertical lines indicate mean er- 
general only to the lattice. In this case, rors; 2 — Fes = 1.2 x 10° T? exp(—1.45Tc/T); 3 — Fes 


although the absolute value of c/T? = = 5.3 x 10 *T? exp(—1.25 Te/T) joule/g—-mole. 

2.36 + 0.10 x 1074 joule/g-mole-deg* 

(this corresponds to Op = 202 + 3°K) 

is 10% smaller than the limiting value of Cp)/T? (Cp = poe capacity of the lattice), obtained from the 
analysis of the heat capacity of tin in the normal state, it is not excluded that in actuality this difference 
is due to an insufficiently accurate determination of Cp above 1°K, and the heat capacity of the lattice in 
the normal and the superconducting states agree with one another, changing with temperature in accord 
with the curve denoted by the dashed line in Fig. 6. The entire difference between c and Cp from this 
point of view is due to the heat capacity of the electrons. 

The dependence of the heat capacity on T,/T is plotted semi-logarithmically in Fig. 7. It can be rep- 
resented in the form of the expression ceg = A(T) exp(—a@T,/T). It should be emphasized that if in the 
heat capacity which is not connected with the lattice, a term in present which is proportional to T*, as 
follows from a series of theoretical researches, !*’?! then its value at the critical temperature does not 
amount to 5% of the total electronic heat capacity. It should be noted that recently a series of experimen- 
tal researches®’ reached conclusions on the change in the heat capacity of superconductors according to 
the much simpler law Ceg = const exp(—1.5 Te/T). These results show that the erroneous results were 
probably connected with an insufficiently wide interval of measurement of the heat capacity (the measure- 
ments were carried out only down to T,/T = 4). 

From the analysis of the dependence ceg= #(Tc/T), it could be established only that the factor of 
the exponent is some polynomial function of T. However, it could be expected that on the basis of ther- 
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modynamic functions it will have a simpler form. We therefore determined by double integration the part 
of the free energy of the electrons in the superconductor depending on the temperature [Fe, (Fig. 8)]. 
The temperature independent part of the free energy Feso can be obtained from the equality of the free 
energy of the electrons in the normal and superconducting states at the critical temperature. Under the 
assumption of the equation for the free energy of the electrons in the normal state Fey = 4yT*, where 
y = 1.75 Xx fn: joule/g-mole-deg is a constant in the linear law of variation of the heat capacity, Fego 
(58) 1004 i R10 joules/g-mole, which corresponds to the critical magnetic field for 0°K, Heo = 301 
+6 oersted. This value, within the limits of accuracy of determination, agrees with the results of direct 
measurements of the critical magnetic field. 

If the multiplier of the exponential in the free energy depends on temperature, then this manifests itself 
primarily in the change in the value of 9 log Feg/8(Tc/T). Thus, if Feg = BT" exp(—aT,/T), then 


OlogF,, 4 


/ fi 
DUT 2S (“tnz), 


which lets us determine both the quantity a@ andalso n. Analysis of thedependence of 9 log Fes/9(T¢/T) 
on the temperature in the interval from 0.8 to 3°K (Fig. 8) shows that @ = 1.35 + 0.1; n=2.540.5 and 
correspondingly, B= 0.7+ 3.4 x 1074 joule/g-mole-deg” (of course, all these quantities are in functional 
relation). As an illustration of the character of the change in the quantity Fes in its dependence on n 
and a, we have also drawn Feg = Y(Tc/T) in Fig. 8, under the assumption of the most extreme values 
of n and qa. 

It should be noted that the exponent n characterizes only the general change of the factor before the 
exponent, which can actually have a more complicated form. 

Thermal conductivity. As is well known, the thermal conductivity of a metal can be represented as the 
sum of electron and lattice conductivities. In the case of a superconductor, we can thus consider sepa- 
rately the thermal conductivity of the electrons Keg and of the lattice Kps. As studies have shown, in 
the region of sufficiently low temperatures, the lattice plays an essential role in the transfer of heat. Let 
us consider our results from this point of view. 

The thermal conductivity and heat capacity of the lattice are related: K, = LU Cp, where 2& is the 
mean free path of the phonon, u is the mean velocity of sound, cp is the feat capacity. As is known, in 
perfect dielectric crystals at temperatures below Op/30 (@p is the Debye temperature) the mean free 
path is determined by the dimensions of the sample and by the condition of its surface. In samples with a 
rough surface, from which phonons are reflected diffusely, the path length does not depend upon the tem- 
perature, coinciding with the diameter of the sample. At temperatures below 0.45°K, this is observed in 
the samples Sn 2 and Sn 3 investigated by us. Thus, the free path length in these samples is shown to be 
equal to 1.45 mm and 1.18mm, respectively, which, taking into account the approximate character of the 
method of determination of this quantity, we can consider reasonably satisfactory agreement. However, 
while the path length does not change with temperature in Sn 3 (Ky ~ T?), in Sn 2, a certain increase in 
the free path length takes place upon decrease in temperature in Sn 2 (Kp ~ T?-9). Evidently this is con- 
nected with the presence of reflection of the phonons from the surface of the sample. This effect is espe- 
cially sharp in the sample Sn 4, which possesses a polished surface, the thermal conductivity of which 
below 0.4°K changes proportionally to T’?, appreciably exceeding the thermal conductivity of samples 
with a rough surface. Actually, as is easily shown," the specular reflection of n phonons from the sur- 
face of the specimen leads to an increase in the mean free path by (1+n)/(1-—n). The value of n in- 
creases upon lowering of the temperature as a consequence of the increase of the wavelength of the phonon, 
up to a value comparable with the inhomogeneities of the surface of the specimen. Experiments with etch- 
ing of the surface of sample Sn 4 (which led to a decrease in its thermal conductivity for T <0.4°K to 
the value of the thermal conductivity of samples Sn 2 and Sn 3) confirm this point of view. 

A similar reflection was observed in the study of the thermal conductivity of a series of dielectrics. 
Thus, from the point of view of the essential representation of the thermal conductivity of dielectrics it 
proves possible to explain both the absolute value of the thermal conductivity of tin below 0.4°K, and also 
its temperature change. This result agrees entirely with the conclusions of previous investigations of the 
thermal conductivity of superconductors at temperatures below 1k 


22 ,23* 


* According to a private communication from D. Shoenberg, reflection of phonons from a surface of tin 
has also been observed by Graham at Cambridge. 
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Everything that has been said above permits us to connect the sharp change in the temperature depend- _ 
ence of the thermal conductivity of Sn 2, Sn 3 and Sn 4 at 0.57, 0.5 and 0.42°K, respectively, with the 
appearance of the electronic thermal conductivity Keg, which can itself be determined under the assump- | 
tion of the constancy of the laws of change of the lattice thermal conductivity even for temperatures above || 
0.5°K. A similar assumption, as the measurements of Laredo show, is valid up to 0.8 — 1°K. Above these 
temperatures, the thermal conductivity of the lattice begins to fall off sharply, because of the scattering 
of the phonons by electronic excitations. The value of this conductivity reaches a negligible value for 
helium temperatures, which allows us 
to determine Keg in this region of 


aiaie temperatures also. The dependence of 
Kes on Tc/T, obtained by the method 
10 described above, is shown in Fig. 9. 
As is easy to see, the change in the 
s thermal conductivity with temperature | 
; 4 is determined for all the samples stud- | 
@ ss ied by one and the same exponential 
n° TAS term 
> K.s = const-exp (— BT,/T), 
oy? = ‘ = where $ = 1.454 0.05. All the results 
| N known to us of the determination of the 
-3 E Nees electron thermal conductivity of tin 
A below 1°K®-*4 do not contradict this de- 
- pendence. 
0” The dependence on the temperature 


2 3 4 i 6 vi 8 g w T/T i of the electronic thermal conductivity 
of the superconductor in the region of 
temperatures where the number of ex- 
citations is small, is determined pri- 
marily by the change of the number of 
excitations with temperature. The length of the free path of the excitations at these temperatures is evi- 
dently the same as in the normal metal, depending only on the chemical and physical purity of the sample, 
and does not change with the temperature. From this viewpoint, the character of the temperature depend- 
ence of Keg points out the exponential change with temperature of the number of excitations in the super- 
conductor. 

This position could be verified also by the temperature dependence of the normal conductivity in the 
superconductor, the depth of penetration of the magnetic field in the superconductor, the absorption of 
ultrasound in the superconductor, but the measurement of all these quantities at sufficiently low tempera- 
tures has not been carried out. : 

The results of the measurement both of the thermal conductivity and the heat capacity show the funda- 
mental temperature change of these quantities is determined by the exponential factor. This testifies to 
the fact that the excited state of the electrons in the superconductor is distinct from the basic energy gap. 
Actually, similar representations (see Ref. 25) lead at once both to the presence of the exponent in the 
free energy of the electrons and to an exponential change of the number of excitations with temperature. | 
From this viewpoint, most attention attaches to the measurement of the value of the energy gap by differ- 
ent methods. The fact is that the exponent in aT, is, generally speaking, only proportional to the width | 
of the energy gap A. The coefficient of proportionality is connected with the character of the appearance _ 
and annihilation of the excitations or, more precisely, with the location of the Fermi surface at the middle 
of the gap as, for example, in semi-conductors, aT, = A/2. However, at the present time, direct meas- 
urements which would permit the determination of A with sufficient accuracy are lacking, although quali- — 
tative observations of the transparency of films of tin®* in the region of high frequencies show that possibly | 
aTe is actually close to A/2. | 

The author expresses his deep gratitude to A. A. Abrikosov, P. L. Kapitza, L. D. Landau, and A. I. | 
Shal’ nikov for valuable discussions in the course of completion of the work. 


FIG. 9. Electronic thermal conductivity in tin in the super- 
conducting state @ — Sn 2; O — Sn 3; + Sn 4. 
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At an altitude of 3200 meters above sea level, a study has been made of the spectrum of large 
pulses of ionization from 44 ionization chambers shielded by 10 and 12 cm of lead. The prob- 
ability of an ionization event coinciding with an air shower affords some indication as to the 
range in air of particles with an energy of the order of 10! ev. Some cases have been ob- 
served in which two or three pulses of commensurate magnitude have occurred simultane- 
ously in ionization chambers at some distance from each other (ionization events with spa- 


tial structure). 


1. APPARATUS 


sak study of the interaction between high-energy nuclear-active particles and the nuclei of air atoms has 
been carried out with the aid of an assembly (Fig. 1) consisting of two layers of ionization chambers, I 
and Il. The chambers were cylindrical with a length of 90 cm, a diameter of 40 mm, and walls 1 mm 
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FIG. 1. Diagram of the assembly. I — 
upper layer of ionization chambers, numbers 
23 to 44. Il — lower layer of ionization cham- 
bers, numbers 1 to 22. The letters A, B, and 
C show the location of the counter tray in the 
different series of measurements. 


ionization pulse in the range 100 to 500 relativistic particles. (In this paper the ionization pulse sizes 
will be expressed in terms of the number of relativistic particles which would give the same ionization 
if they passed through the chamber along a diameter perpendicular to its axis.) The pulses from each 
chamber were amplified and greatly prolonged by a special circuit, and applied to a segment of a mechan- | 


MAY, 1958 | 


thick, made of brass and filled with pure argon at a pres-~ 
sure of 5 atm. The collector electrodes were 0.4 mm in’ 
diameter. A potential of 800 volts was applied to the 
chambers. According to published data! this should be 
sufficient to reduce the electron collection time below 

10 microseconds. 

There were 22 chambers in each layer, giving an 
overall active area of some 0.6 square meters. The 
chambers in each layer were oriented at right angles to 
those in the other layer. A 2 cm lead filter was placed 
between the two layers, and a 10 cm lead shield covered 
the upper layer. 

Each ionization chamber was connected to its own 
individual amplifier, capable of recording the size of an 


ical commutator, whose wiper connected them in sequence to an oscilloscope with a long-persistence 
screen. In addition, the pulses from all amplifiers (before being stretched) were added together in a 
mixer. If the total pulse was equivalent to the ionization from 600 relativistic particles (this value, cor- 
responding to 5—6 Po a-particles, was taken as the 100% probability level on the oscilloscope scale) it 
triggered the recording mechanism and photographed the amplitudes of all ionization chamber pulses. 
Figure 2 shows the appearance of the photographs taken during the ionization events. With the system 
described above, the dead time for recording an event was about 0.25 seconds. Since the events were 
recorded at a rate of about two per hour, we can reasonably neglect the possibility of finding two separate 
events recorded on the same photograph. At periodic intervals, several times a day, calibrating signals 
were applied to the amplifiers to provide a continual check on the amplification factor of each amplifier. 
In addition to the ionization chambers, there was a tray of ten Geiger counters, each connected to a 
hodoscope. A gating pulse to operate the hodoscope was generated every time the control system was 
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triggered, i.e., whenever the total signal exceeded 600 particles. The resolving time of each hodoscope 
cell was about 15 microseconds. The area of each counter was 420 cm? (when used in positions A and B 
in Fig. 1) and 330 cm? in the third series of experiments (with the counters located at C). The number 
of chance coincidences was determined experimentally for each group of counters, and amounted to 0.9 + 
0.3% of the number of triggering pulses. During each event, the discharge of any counter was indicated 
on the same photograph which recorded the amplitudes of the ionization chamber pulses (cf. Fig. 2). 

The measurements were carried out on Mount Aragats at a height of 3200 meters above sea level. The 
basic measurements were made with the center of the counter tray 70 cm away from the center of the 
ionization chamber assembly (position B). Some of the measurements were made with the counters lying 
on top of the chambers (position A); in this case the counters covered about 70% of the total area of the 
assembly. A third series of measurements was made with the counters separated by a distance of 2 


meters from the center of the chamber assembly (position C). 


2. RESULTS OF THE MEASUREMENTS 


1. Spectrum and Nature of the Events 


We have analyzed separately the events registered in a single layer of chambers (either top or bottom), 
and the events registered simultaneously in both layers. In the latter case we could consider the pulse 
amplitude distribution in either layer to be independent of the pulse amplitudes in the other layer only if 
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FIG. 2. Typical record of pulses from the chambers, and the 
hodoscopic chart of the discharged counters, from one of the re- 
corded events. The figures beside the individual pulses denote the 
amount of ionization (as a number of relativistic particles) pro- 
duced in each chamber. On the right-hand side of the figure, the 
numbers indicate which of the counters were operated by the event. 


a pulse of at least 100 particles 
was recorded in the other layer. 

There is some physical signifi- 
cance in treating the two cases 
separately. If we had selected 
only those events which produced 
pulses in both layers, we would 
have had a greater probability of 
selecting showers with larger num- 
bers of relativistic particles. On 
the other hand, a significant frac- 
tion of the pulses in a single layer 
could be the result of strongly 
ionizing particles coming from 
radioactive nuclear disintegrations 
in the lead, brass, or argon of the 
chambers. 

The results of these separate 
analyses are shown in Figs. 3 and 


4. In both figures, the sizes of the recorded events are plotted along the X axis in terms of the equiva- 
lent number of relativistic particles N. The number of events per second per cm’, which are greater 
than or equal to N, is plotted along the ordinate axis. Figure 3 shows the events which were recorded 


in a single layer only, and Figure 4 shows the events which were registered in both layers simultaneously. 
It is evident from Figs. 3 and 4 that the spectrum of events registered in a single layer has the same form 
as the spectrum of events involving both layers. They can be approximated by a power-law function of the 
type ANY with the exponent y equal to 1.6 + 0.2. 

We shall now consider in more detail the recordings of both types of event where the magnitude of N 
is 1000 or more. As already mentioned, the two-layer events appear to be due to showers of relativistic 
particles. A large number of the particles in the shower (1000 or more) might arise merely from elec- 
tron-photon showers developed in the lead. In principle, there are two possible reasons for the appear- 
ance of such showers under 10 — 12 cm of lead. In the first place, electrons (or photons) of high energy 
may strike the lead from the air above it. In this case, however, the maximum intensity of the shower 
would lie at a depth of about 5 cm, and all the pulses in the upper layer would be, on the average, twice 


as large as the pulses in the lower layer. 
Before continuing the discussion of the experimental data, we must mention that the two layers of 
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chambers in our assembly were not in identical surroundings. Located underneath the upper layer was a 1 
layer of lead, which would scatter the slow electrons that occur in large numbers in the showers. There {| 
was no lead underneath the lower layer of chambers, which was supported on a wooden platform. bees 
a “reverse current” of particles was practically non-existent in the lower layer. From the literature | 
we may estimate that, in the events observed in our apparatus, the reverse current of particles amounted} 
to about 30% of the forward current. Hence, if the event in the upper layer of chambers is equivalent to 
N particles, then the same shower in the lower layer of chambers would give a pulse equivalent to 0.7N 

particles. | 
-8 In Figure 4, curve 1 is the dis-1 
| tribution of pulses in the upper 
layer, and curve 2 is the distribu-. 
tion of the lower-layer pulses, for; 
events recorded simultaneously in) 
both layers. Had the recorded 
events been due to high-energy 
electrons (or photons) knocking the 
assembly out of the air, then the | 
number of events exceeding N in 1 
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1" the upper layer should have been | 
; (2x 1.4)'8 =5 times larger than 
> the number of events of the same 


size in the lower layer. This is 

three times as large as the ob- 

served ratio of 1.7 (cf. Fig. 4). 
« Furthermore, there should be no 


10 


Rae ie alk ae OI Oa ra events in which the lower layer 
FIG. 3 FIG. 4 gives a larger pulse than the uppe 
one. 

FIG. 3. Integral distribution of events recorded in one layer of A second possibility is that the | 
chambers only. Circles — events in the upper layer. Triangles — events are a result of nuclear in- 
events in the lower layer (the statistical error is the same as in teractions between high-energy 
the case of events in the upper layer of chambers). particles and lead nuclei. The 7° | 


mesons generated by this interac- | 
tion could cause the electron-pho- 
ton showers. This mechanism 
would allow cases in which the 
pulse from the lower layer of 
chambers is greater than the pulse 
from the upper layer. The experi- 
mental results show that, out of a total of 142 events with N = 1000, the upper layer gave a bigger pulse | 
than the lower layer in 85 cases, while in 57 cases the reverse was true. Thus, the upper-layer pulse was! 
. 


FIG. 4. Integral distribution of events recorded simultaneously 
in both layers of chambers. Curve 1 — distribution of events in the 
upper layer of chambers. Curve 2 — distribution of events in the 
lower layer of chambers (the statistical errors are the same as for 
the points of Curve 1). 


the larger of the two 1.49 + 0.25 more times than the lower-layer pulse. Theoretical calculation (cf. Sec. 
3) gives a value of 1.56 for this ratio. 

These experimental results make it possible to conclude that events recorded in both layers simultane- 
ously are fundamentally caused by the interaction of high-energy nuclear-active particles with lead nuclei! 


2. Atmospheric Effects Accompanying the Events 


An analysis of the Geiger counter operation can give some information about the atmospheric phenom- 
ena accompanying events of different types and sizes. The experimental results show that events which 
are recorded in only a single layer of chambers (the upper one only) are practically never accompanied 
by the discharge of a counter. The average probability that a counter will fire (in positions A and B) when 
only the upper layer of chambers is activated, amounts to 10 + 7%. The small probability that an atmo- 
spheric event accompanies such an ionization event is apparently due to the fact that a pulse from a single 
layer is generally caused by a nuclear disintegration. 


a 


( 
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The Situation is quite different for events which are recorded in both layers. Such events are accom- 
panied as a rule by atmospheric events; there is a high probability that a large number of the counters 
will be discharged. | 

Table I shows the number of cases in which n of the counters (0 =n =10) are discharged during the 
recording of an event of size N from one of the layers, while the other layer registers a pulse equal to 
or less than N. From Table I it can be seen that the probability of an atmospheric event increases with 


the number of particles in the 


TABLE I ionization event (i.e., with in- 
creased energy of the nuclear- 
Counters a position Counters in position Counters in active particles which trigger the 
B position C recording). The closer the counter 
ery ofcounters s 3 g tray is to the chamber assembly, 
ge " v S S Velo v : the greater is the observed fre- 
g 3 i g g ® feos quency of the accompanying at- 
aa = = = S ees mospheric events, and the greater 
K , 3 P : ; : 3 A their density. When the counters 
: 0 0 5 - : 0 0 are lying on top of the chamber 
; i 3 ‘ a ; i 5 assembly (position A), it is only 
2 B : 4 ‘ : 0 once in 11 times that a single 
i 5 0 6 10 { 0 5 ; counter is discharged; the rest of 
; : : s 4 H : ; ; the time two or more counters 
1 8 4% 0 13 2 0 1 0 fire. Hence the discharging of the 
0 12 0 0 83 12 0 14 0 counters in this case cannot be 
due entirely to the passage of the 
Total | 36 14 2 146-~ 40 9 24 4 primary nuclear-active particle, 
which causes the eve ro 
Mey cnnes 66410 90410 100 | 4347 7049 100 | 48419 the counter oe es 
ies ee ey Pet oe eee oe Another reason for the high 
Average number of | 2.2+0.5 6,342.0 10 | 20402 45408 8744,0] 2,440.6 probability of discharging a coun- 
pa ctereidischarged ter might be the reverse current 
of particles coming up out of the 


lead. However, the following con- 


* This case does not contradict the assumption that the counter was operated by the siderations contradict this assump- 
passage of the nuclear-active particle which produced the event. We therefore consider tion. When the counters are lo- 


that in this case there were no atmospheric effects. 

cated off to one side of the assem- 

bly (position B), 30% of the re- 
corded events (for N between 1000 and 5000) were not accompanied by any discharge of the counters. 
There could be two reasons for this. Either 30% of the events were actually not accompanied by atmos- 
pheric showers, or else the showers exist but are of such small area that they are not recorded by the 
counter tray located 70 cm away from the center of the assembly. In order to decide which of these two 
hypotheses was correct, we carried out the following test. 

Chambers 23 to 44 of the upper layer were arranged parallel to the counters (the counter tray being in 
position B). From a total of 40 events we selected those in which there was no accompanying discharge 
of a counter (12 events) and those in which only a small number (four or less) of the counters fired. But 
if the particle producing the ionization pulses produces no accompanying atmospheric shower, then the 
selection of events with n =0 does not imply any discrimination on the part of the different ionization 
chambers, i.e., it would be expected that the pulses would occur with equal frequency in the left-hand 
chambers (Nos. 23 to 33) and in the right-hand chambers (Nos. 34 to 44), see Fig. 1. However, if the 
particles which caused the ionization also produced narrow atmospheric showers, then to select the cases 
where n=0 would effectively mean to “repel” the generating particle and its accompanying shower to 
the side away from the counter tray. In this case ionization chambers 23 to 33 should operate more often 
than chambers 34 to 44. 

Table II shows the experimental frequency distribution of the two halves of the chamber assembly 
(chambers 23 to 33, and chambers 34 to 44) for the cases n = 0; 1 <n = 4; and n > 4, for events with 
1000 = N = 5000 and N < 1000. 
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The large difference in the frequency with which events were recorded in the two halves of the assemg 
bly indicates that, even when n = 0, the events are in fact accompanied by atmospheric showers, albeit of: 
small area. The last line in Table II shows that the observed dependence of the different chambers’ operaj 

ting frequencies upon the number of counters discharged, for | 


TABLE II events with 1000 < N < 5000 particles, is not due to a dif- 
SIRT RTE ference in the sensitivities of the individual chambers or 
bee ee amplifier channels. If we assume that for n=0, the two — 
counters |———, ———_ Remarks cases of events in chambers 34 to 44 correspond to the ab- 
ACCHEIESS tah ieee tin Noe sence of atmospheric effects, then we must expect the same 
r number of analogous cases to occur when the event takes 
n=0 10 2 Events with place in chambers 23 to 33. Then the remaining 10 —2 = 8 ! 
0 6 2 | 1000.N <3 5000 events were accompanied by narrow showers. That is, out of _ 
Regs : : Bis Ss 40 events, only 4 + 2 were unaccompanied by atmospheric ' 
BM 2 a A etnariibies effects. Consequently, the probability of atmospheric effects 


is equal to 90 + 5%, which is the same figure resulting from 
direct measurement, with the counter tray lying on top of the chambers (position A). 


3. Ionization Events with Spatial Structure 


The use of ionization chambers 4 cm in diameter, covering a relatively large area, made it possible to | 
observe cases in which two or more widely separated chambers gave ionization pulses, although there 
was no ionization in the intermediate chambers. Events with this type of spatial structure will hereafter 

be referred to as “structured” 
TABLE III events. An example of one such 
event is shown in Fig. 5. If we 
Events in both layers of chambers consider only the pulses with 
N = 300 relativistic particles to 


Events in one layer only 


| 500<N<1000 | 1000<N<5000 | 500<N<1000 | 1000<N<5000 N>5000 ¥ , 

a be contributing to the structure of 
Total number of events 163 69 129 102 14 an event, then the frequency of 
Number of events with 4 2 4 17 i) structured events is given in 
structure i 
Average dimaidebe: — a x Ch arers 415 om Table III as a function of the type 
tween chambers giving and size of the recorded event. 
structured pulses . . 

Events which occur in only one 


layer of chambers are, in general, 
caused by nuclear disintegrations. Hence the small percentage of structured events occurring in a single 
layer shows that the structure cannot be attributed to nuclear disintegrations (if we limit ourselves to 
amplitudes = 300 particles). It can be seen from Table III that structure appears in a considerable frac- 
tion of the events involving both layers of chambers. The proportion of structured events increases with 
‘ah increasing total amplitude of the event. It is particularly noteworthy that 


% a the larger the event, the smaller is the average distance between ionized 

ee chambers when structure is present. | 

5 g As a measure of the amplitude differences in the ionization pulses making ~ 

5 2 a up the structure of an event, we used the mean ratio between the amplitudes 

3 2 of the smallest and largest pulses, Viyin/Vmax- For 17 structureed events 

rin FIG, 5. Example of an event with with OES 0000S N= S000 particles: 

pg BETO GI BT BN B spatial structure. In the upper layer Vin’ Vmax Wag0.00 2, aoa om 

- i Giidmben wainbee (a) chambers 23, 29, 30, 31, 32, 33, the five structured events with 

sf and 34 operated, with pulses of 160, Dc ee Batucles, Vimin/ Vmax 

e : 810, 160, 80, 420, 510, and 80 rela- ae Pog? Rom these me sai aliee 

ee tivistic particles respectively. In 2 Vmin/ Vmax it follows that the 

ie: the lower layer (b) chambers 1, 2, lonization pulses produced during 

: E 16, and 22 operated, with pulses of structured events are all of the 

zz “4 I 150, 700, 320 and 160 particles, same order of magnitude, and that 
eae sputaltee respectively. in a large majority of cases they 


differ by less than a factor of 2. 
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In six of the 22 cases of structured events with N = 1000 particles, the structure appeared only in the 
lower layer of chambers, while the total ionization in the upper layer was considerably less than the 


, total ionization in the lower layer of chambers. This circumstance rules out the formation of structured 


events by electrons (or photons) of high energy striking the assemply from the atmosphere. 

From a study of the experimental data it can be concluded that the structured events are due to several 
nuclear-active particles of high energy, striking the assembly simultaneously. Events which have spatial 
structure are accompanied by more extensive atmospheric showers. Thus, the average number of dis- 
charged counters (when the tray is in position B) amounts to 3.9 + 0.7 for events without structure, and 
6.5 + 0.7 for structured events with 1000 = N < 5000 particles. 


3. DISCUSSION OF RESULTS 
1. Estimates of the Recording Efficiency and of the Energy of the Particles Causing the Events 


Events of a given size (N particles) could be caused by particles of various energies, depending on the 
distance between the nuclear interaction and the ionization chamber. In order to estimate the efficiency of 
recording the particles which cause an event of a given size, we have made the following assumptions: 

(1) Particles with energy E lose 50% of their energy during interaction with a lead nucleus; the 1° 
mesons carry away one third of the energy lost. 

(2) The a” mesons produce an electron-photon cascade in the shield, described by a cascade curve for 


a photon with half the total energy acquired by the r’ mesons during the nuclear interaction. 


(3) We have taken the range of the particles for interaction with lead to be 160 g/cm’. 

The calculated recording efficiency for particles which cause events from 1000 to 5000 particles in 
size, and which are registered in both layers of chambers, is equal to 24%. In this case Emin: the 
smallest energy which will enable a particle to cause such an event, is 6 x 10!! ev, and the average energy 
(taking into account the variation in recording efficiency with particle energy, and the upper limit of 5000 
particles for the recorded events) is 2.6 E,;,, namely 1.6 x 10” ev. The recording efficiency for par- 
ticles which cause events with N = 5000 particles is 30%. 

Using the same cascade curve which we used in estimating the recording efficiency, we calculated the 
ratio of the number of events with 1000 = N <= 5000 in which the pulse from the upper layer of chambers 
was greater than the pulse from the lower layer, to the number of events in which the lower layer gave the 
larger pulse. The calculated ratio was equal to 1.56. The experimental value of this same quantity, 
derived above, was 1.49 + 0.25. Hence the agreement between calculation and experiment is still another 
argument in favor of the view that the events which involve both layers are caused, in the overwhelming 
majority of cases, by nuclear-active particles interacting with the lead in the shield. 


2. Interaction Range of Particles with E ~ 10” ev 


We denote by n(x; = E) the number of all particles with energy E at adepthof x g/cm? in the 
atmosphere; and by n,(x; = E) the number of particles with the same energy, at the same depth, which 
are unaccompanied by any atmospheric events. If L, is the range of particles with energy E for ab- 
sorption, and L,; is their range for interaction in the atmosphere, then 


n(k: > Ey) =n (0; > E) exp {—x / La}. (1) 


The number of particles which arrive from the top of the atmosphere without any interaction is denoted by 
No (x; = E), and is equal to 
No (x; SE) =n (0; SE) exp {—«/ Li }. (2) 


It is obvious that n,(x; = E) > no(x; = E) if x ~ 700 g/cm?, Therefore 
ny (x; > E) > n(0; > E)exp{—+x/Li}. (3) 


Dividing (3) by (1), we obtain 


nm (x; > E) 


we > exp { — «(7 is 


and hence 
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Va La (xB) 
Thay eee (4) 


: 3 = 2h 
From our experimental results (section II), nj/n = 0.1 + 0,05. From the literature® L, = 112 + 11 g/cm’ | 
for particles with energy E ~ 10!2 ey. Hence, according to the inequality (4), 


La/ Li > 1.3626. a 
and, taking L, = 112 g/cm’, we obtain 
Tes 8427 em 


Our results show that as the size of the recorded event increases, the probability of atmospheric side- 
effects does not decrease. Thus, for events with N > 5000 particles, corresponding to a mean energy of 
the order of 103 ey for the original particle, the probability of an accompanying air shower is almost 
100%. This means that for particles with E ~ 10} ev, the range for interaction in air is no greater than 
80 g/cm’. 


3. The Relation of High Energy Particles to Extensive Atmospheric Showers 


The tray of counters connected to the hodoscope enable us to estimate the number of particles in the 
air showers accompanying the ionization events. To estimate the number of particles, we started from 
two assumptions: 

(1) The current density of the counted particles p(r) is a single-valued function of r, the distance of 
the counter from the shower axis. For small r, the function is of the form p(r) = AN, /r, where Ng is | 

the total number of particles in a shower. 

0 ier erga ae oe (2) The axis of the shower coincides approximately — 


6 i al J —— Seite ice with the trajectory of the nuclear-active particle 
5 eee es causing the ionization event (within 30 —50 cm). 
2 | The results we obtained for the density of atmos- 
Lo Wee Ne -+HttK+4 pheric showers accompanying ionization events are 
aan + “5 shown in Figure 6. Ng, the number of particles in the 
: 4 Isle | ir 100% atmospheric showers accompanying ionization events 
eee ea 50% of 1000 to 5000 particles, is plotted along the abscissa. | 
G: ie ba t HH di The ordinate axis represents the number of ionizing 
5 ¢ TH Peele . particles which are accompanied by showers of N, OF] 
4 lait ga immetaic? more particles. (The right-hand scale shows the rela- | 
2 Lt i eed Saat NY ae vs tive fraction of such particles, taking as 100% the 
ak al | k i nuclear-active particle flux equivalent to the total of 
; + ‘a aed 25% all the observed events, regardless of whether or not 
gp” 4A 512% they were accompanied by showers.) The solid line in 


410° 6 810° 24 «6 att 2 4 6 btm 2 40° 


s 


the figure gives the absolute number of large atmos- 
pheric showers with N, or more particles which fall 

FIG. 6. Atmospheric effects of particles on 1 cm? every second at an altitude of 3200 meters 
with energy 6 x 10'! to 3 x 10!? ev. above sea level.* Comparing this curve with our ex- 
perimental data shown in Fig. 6, we may conclude that 
in showers of more than 10° particles there are on the average one or two particles with energies E of 
the order of 10’ ev. In showers where N, 2 10‘ there is on the average only one particle with E ~ 10/2 
ev in every three showers, i.e., not every shower contains even one particle lying in the energy range 
from 6 X 10!! to 3 x 10” ey. 

If we assume, as several authors have done,‘ that the formation of large atmospheric showers is due to 
individual high-energy particles, then in order that each shower with 10 or more particles at mountain- 


*The curve was constructed by using the size distribution of showers taken from the data placed at 
our disposal by A. P. Abrosimov, N. N. Goriuniv, A. V. Dmitriev, V. I. Solov’ev, B. A. Krenov, and G. B. 
Christiansen from their paper which is being prepared for publication. 
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top altitudes can be ascribed to a single energetic particle with energy Ey, it follows that this energy 

| ust be about 31/* times smaller than 6 xX 10!! ey. For large atmospheric showers, kK ~ 1.5. Hence 
Ey, =3xX 10'! ev. But if the shower contains NG particles, then in order to avoid contradicting our data 
we must assign to the primary high-energy particle an energy of 


Eprimary = 3 10"! N, x 1074 ev =3 x 107 Ng ev. 


It is easy to show that such a particle could only lengthen the mean range of showers between the mountain 
tops and sea level by about 15 g/cm? in all, i.e., if each large shower at mountain-top level also has its 
energetic primary particle, then on the average its energy is not sufficient to account for the subsequent 
absorption of showers in the lower atmosphere. 

We come to exactly the same conclusion by comparing the absolute flux of nuclear-active particles in 
the atmosphere at a depth of x = 700 g/cm”, which can be obtained from the literature® by extrapolation 
into the high-energy region, to the number of showers with the given number of particles. 

4, Events with Spatial Structure, and the Nature of the Interaction Between Light Nuclei and 
Particles with Energies of 10" to 10" ey 


About 20% of the events possessed structure. If we take into account the recording efficiency for the 
events and the fact that in the majority of cases the structured events are characterized by pulses in both 
groups of chambers, we may estimate the relative number of cases in which the showers falling on our 
assembly contained particles with an energy ~ 10" ev. It is estimated that, in about 40 —50% of the cases 
where events with more than 1000 particles were registered, groups of 2 or 3 nuclear-active particles 
with energies of about 10’ ev fell on the 0.6 square meter area of the assembly. 

The relatively frequent occurrence of showers composed of several nuclear-active particles with en- 
ergies of 10’? ev or more in the atmosphere, accompanied as a rule by a greater density of air showers 
than in the case of individual nuclear-active particles of the same energy, suggests that the interactions 
of particles with energies of 10!* — 10! ev with light nuclei can be divided schematically into two classes 
of interaction. One class is a relatively weak interaction, as a result of which the nuclear-active particle 
loses a small part of its energy, and the remainder is carried away by a single particle, possibly of the 
same type as the “primary” particle. The second class is a strong interaction, in which the “primary” 
particle loses all its energy. As a result of the second type of interaction, there is formed a shower of 
a few high-energy nuclear-active particles, which give ionization events with spatial structure, accom- 
panied by wider atmospheric showers. 

The assumption that there are two classes of interaction may be reconciled with the observed height 
dependence of the number of 10” ev particles, if we assume that in the “weak” interactions the average 
energy loss amounts to 20 — 30%, and in the “strong” interactions the energy loss is practically 100%. 

It is curious to note that if such a mechanism of interaction is extrapolated to the region of super-high 
nucleon energies, corresponding to the formation of extensive atmospheric showers, then it is possible to 
explain almost quantitatively such shower characteristics as (1) the variation of showers with height, 

(2) the spectrum of showers with a given number of particles, and (3) the small variation in shower diam- 
eter S as the altitude varies from 0 to 4000 meters above sea level. 

In conclusion, the authors express their thanks to A. I. Alikhanian, who made it possible for us to carry 
out the experiments on Mount Aragats; to N. M. Kocharian and his co-workers for the substantial kind- 
ness they showed us during the course of the experiments on Mount Aragats; to A. A. Sanin for his assis- 
tance in developing the electronic apparatus, and to A. E. Chudakov for valuable comments during the 
discussion of the results. 
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A cloud-chamber study was made of the angular distribution of the axes of extensive air 
showers at sea level. The angular distribution was approximated by a cos"@ law of exponent 
n = 8.3 + 1.4. 


For the purpose of studying the characteristics of extensive air showers in 1954 we constructed appa- 
ratus which consisted of a large cloud chamber and 288 hodoscope counters. This apparatus was used in 
Moscow to obtain the angular distribution of the axes of extensive air showers, the energy spectra of the 
electron-photon and nuclear-interacting components, the lateral distribution of the nuclear-interacting 
particles and a number of other characteristics of the showers. In the present paper we present only the 
results for the angular distribution of the axes. The other data will be published later. 

The arrangement of the cloud chamber and four hodoscopic points is shown in Figs. la and 1b. The 
cloud chamber,! which measured 60 X 60 X 30 cm (with an effective area of 0.15 m2), contained 7 lead 
plates. The thickness of the uppermost plate was 0.5 cm; that of the others was 1.5, 2, 2, 2.5, 2 and 2.5 
cm. The cloud chamber served for the determination of the directions of the particles, for detection of 
the interactions between nuclear-interacting particles and lead nuclei, and for determination of the en- 
ergies of electrons and photons from their cascade multiplication in the lead plates. 

The hodoscopic sets, each of which consisted of 72 counters (24 counters with each of the areas 330, 
100 and 24 cm’) enabled us to determine the flux of particles at four points of the shower cross section, 
thus making it possible to find the position of the axis and the total number of particles in individual 
showers. 

In the first series of measurements the hodoscope and cloud chamber were controlled by a pulse M, 
which resulted from coincident discharges in four groups of counters, each of 660 cm? area, located at 
the center of the apparatus and denoted by numbers 1, 2, 3, and 4 in Fig. 1b. In the second series the 
hodoscope and cloud chamber were actuated by either of two master pulses. One of these pulses, 
My, resulted from the coincidence of discharges in counters 1, 2, 3, and 4 and the absence of dis- 
charges in counters of the same area in groups I and V (Fig. la); the other pulse, M3, resulted 
from the coincidence of pulses in any four counters of the 10 (each of 180 cm? area) placed under 
10 cm of lead alongside of the cloud chamber ( Fig. 1b), with pulses in two unshielded counters (5 and 6 
in Fig. 1b) of 330 cm? area placed at about 2 meters from the lead block. In the second series hodoscopic | 
point I was shifted to position Ia. 

The position of the axis r and the number of particles N in an extensive shower were determined 
in the usual manner? from the particle flux pm~ registered by three groups (II, III, and IV in Fig. 1a) 
of hodoscope counters. It was assumed that the lateral distribution of the flux was known,® and that in the 
range of r from2to10meters it was represented by * p(r) = 2.7 10°? Nr}, The flux in group I andin 
the cloud chamber had to correspond to the observed distance from the shower axis. 

The number of hodoscope counters which we used enabled us to determine the particle flux in each of 
the groups I, II, III, and IV with an error which fluctuated between 20 and 35%. The resulting errors in 
the determination of distances from the axis were of the order of 40% for r < 3 m, 50— 60% in the range 
3—6m and approximately 80% in the range 6—10 m. Because of this relatively low accuracy in deter- 
mining the axis position we grouped all detected showers according to the three given ranges of distances 


*The numerical value of the coefficient, 2.7 x 10°, was taken from the preliminary results in Ref. 3, 
whose authors have now corrected the value. However, since we were interested only in relative data 


concerning showers with different numbers of particles, we did not readjust the values of N in the 
detected showers. 


856 


AXES OF EXTENSIVE AIR SHOWERS AT SEA LEVEL 857 


- s u L 
| — a 


and put into a separate group those 
showers whose axes were more than 
10 m distant from the cloud chamber, 
In addition to distributing showers 


dm 
u according to intervals of distance we 
= combined into different groups the 
a showers which contained different num- 


| FIG. la. Arrangement of the groups of hodoscope 
/ counters, 


bers of particles. Table I contains the 
distribution of all of the detected showers 
according to intervals of r and N. 


TABLE I 

N r<3 | 8<r<b 6<r<10 r>10 » 
a 5.108108 96 8 ‘- — | 404 
10'—5.108 407 | 349 54 26 | 836 
a —— 5-10%—105 97 221 139 84 538 
St | 1055. 105 50 | 192 131 190 | 563 
== hel Ree 5 -405—108 8 14 15 26 63 
= = 10°—5. 408 = 6 5 23 34 
SS 691 | 794 344 346 | 24175 

5 8 N 


Figs. 2a and 2b show the distribution with respect to 
r and N of showers registered by the different sys- 
tems of control. As can be seen from Fig. 2a, the My 


FIG. 1b. Arrangement of the hodoscope 
counters and cloud chamber in group III. 


and M3 systems effectively selected showers whose 
axes were less than 10 m distant from the cloud chamber, 
while the M, system registered the large number of 


showers whose axes were more than 10 m distant from 


the cloud chamber. 
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FIG. 2b. Histogram of shower 
distribution over intervals of N 
for different systems of control. 
Solid line — M,; dashed line — Mp; 
dots and dashes — M3. 


FIG. 2a. Distribution of 
showers over intervals of dis- 
tance for different systems of 
control. Solid line — My; 
dashed line — Mp»; dots and 


dashes — M3. 
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From the error in deter- 
mining distances to the shower 
axis we estimated the probabil- 
ity that a group of showers at 
a given distance from the cloud 
chamber would include showers 
from other distance intervals. 
These estimates are given in 
Table II, from which we see 
that each group of showers 
within a definite interval of 
distances between the axis and 
the cloud chamber contains 
some admixture of showers 
from other distance intervals. 
This fact was taken into account 
in studying the dependence of 
various shower characteristics 
on the distance of the axis. 


For determination of the angular distribution of the axes we selected showers which satisfied the fol- 


lowing requirements: 


1. The shower axis passes the cloud chamber at a distance r = 3m in the horizontal plane. This 
requirement is associated with the fact that the direction of the shower axis is determined by the direc- 
tions of the electrons, and that at large distances from the axis the electrons have low energies, are 
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strongly scattered, and move in directions which do not correspond to the direction of the shower axis. 
2. The number of shower particles is N = 3X 104, and all showers are recorded, whose axes are i 


< 3 m from the cloud chamber, regardless of their directions. 


3. The cloud chamber con- | 

TABLE II tains either three parallel act 
or an electron cascade develope 

in the lead plates with a clearly 


Total number | Probable fraction of Probable addition from adjacent | 
Interval of | of showers in |the showers as- distanoonntervaless defined core and a parallel track: 
distances | the distance  |signed to adjacent | 
n intervals. * distance intervals**! Interval, m | Addition, % Tracks were regarded as paral- | 
lel if their directions did not 
fe oe EA ae me : differ by more than 10°. ] 
Fu tL 7 ° : : 
These conditions were satis— | 
Total 25.5 fied by 154 showers. As arule, | 
ota 5, ; | 
each photograph included some _ | 
| a a Sr tracks which were parallel 


within 10°. A stereocomparator | 

Total 17 was used to measure the space 

6—10 324 57% 3—6 ey] angles between these tracks, | 
be AS at with an accuracy between 1° and ° 


i 3°. The results were averaged 


* Table II includ ly sl} in which tl mb f particles is bet 10* and : ¢ Bein 
wits e II includes only showers in which the number of particles is between an taking into account the statistical 


** Relative to the total number of showers in the given distance interval. weight, which was assumed to be 
proportional to the square of the - 
energy of the electron producing 

a given track.* Thus the direction of the shower axis was determined mainly by high-energy electrons 
which pass close to the shower axis and maintain its direction. 
Table III contains the distribution of extensive showers over the intervals of angles which their axes 
formed with the vertical. If this angular distribution is approximated by a cos™6@ law, we see from Fig. 3 
that the exponent is n =8.3 + 1.4. 


TABLE fl The literature contains nu- 
merous investigations of the 
Angular interval 10—20° | 20—30° | 30—40° | 40—50° angular distribution of extensive 
air showers both at sea level!~? 
: . 6-12 ; 
0 Bo 45°50" 95° 35°40’ 43°40’ and AG mountain altitudes, in 
Number of exten- 49 54 22 10 which various methods were 
sive air showers ‘ ; 
Number of exten- 178425 121417 | 42.749 18. 446 used. As a rule, in all work with) 


counters and a cloud chamber, in| 
which the direction was deter- 
* (6) is defined as the arithmetic mean of the angles which were registered in the respective mune? ey of es teccs © 
cnet of the directions of the regis- 
** The variation of the effective area in the registering of extensive showers forming the tered particles in extensive 
angle @ with the vertical was taken into account by introducing the factor l1/cos @. showers, °??12 the exponent n 
in the cos™@ approximation of 
the angular distribution was 
found to be smaller than in those investigations where the directions of the showers were measured ac- 
cording to the flux of high-energy particles*®®—!! or by means of scintillation counters. It must be 
noted that when the directions of individual particles are averaged Statistically a distortion is introduced 
by the scattering of these particles, whereas the high-energy particles in the cores of extensive air 
showers are scattered less and preserve the direction of the shower axis. The most reliable measure- 
ments of the angular distribution are those in which the directions of high-energy particles are deter- 
mined, Our results are in agreement with these measurements.! 


sive air showers 
per unit solid 


angle** J@) 


*We know that the statistical weight w is by definition inversely proportional to the square of the 


2 z ° 
error: w ~ 1/(A@)*. Since the error in the angle, due to scattering, is inversely proportional to the par- 
ticle energy, A@ ~ 1/E, and we have w~ E?, 
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From the angular distribution 
in JO: of the axes we can determine up, 
the shower absorption coefficient 
in air. If it is assumed that the 
primary particles enter the atmos- 
phere isotropically and that showers 
are absorbed exponentially, depend- 
ss ing only on the amount of matter 
traversed and not on the length of 
path (thus neglecting decay proces- 
3 ses), we easily obtain the following 
relation between the shower inten- 
sity J(@) at angle 6 and the ver- 
tical shower intensity J,:" 


log J@) 


i 


a ve log coed 5 —_1_) { 
aout) J (0) =J, exp{ wi(I—sy)}- 

FIG. 3. Angular distribution FIG, 4 
of the axes of extensive air Figure 4 shows the experimen- 
showers. tally determined relation between 
InJ(@) and t(l1—1/cos 6) for t = 30 
radiation units. The slope of the line is determined by the value of the shower absorption coefficient, 
which is 0.237 + 0.025 or 145 + 15 g/cm’, in agreement with the value obtained from a study of the baro- 
metric effect.'4 

In conclusion the authors wish to thank G. T. Zatsepin for discussions of the results and for a number 
of valuable suggestions. We also wish to thank I. V. Rakobol’skaia, D. F. Rakitin, and P. S. Chikin, who 
assisted with the measurements. 


1T, A. Ivanovskaia and A. G. Novikov, J. Tech. Phys. (U.S.S.R.) 26, 209 (1956), Soviet Phys. JETP 1, 
206 (1956). 

2G. B. Khristiansen, Dissertation, 1953. 

3 Abrosimoy, Zatsepin, Solov’eva, Kristiansen, and Chikin, Izv. Akad. Nauk SSSR, Ser. Fiz. 19, 677 
(1955). 

4M. Deutschmann, Z. Naturforschung A2, 61 (1947). 

5G, Clark, Report at Conference in Mexico, 1955. 

§ Bassi, Bianchi, Cadorin, and Manduchi, Nuovo cimento 9, 1037 (1952). 

TH. L. Kraybill, Phys. Rev. 93, 1362 (1954). 

8R. W. Williams, Phys. Rev. 74, 1689 (1948). 

*w.W. Brown and A. S. McKay, Phys. Rev. 76, 1034 (1945). 

107. Daudin, J. phys. et radium 6, 302 (1945). 

11 Miura, Matano, Toyoda and Murayama, J. Phys. Soc. Japan 10, 595 (1955). 

12 Cresti, Loria and Zago, Nuovo cimento 10, 779 (1953). 

3G. T. Zatsepin, Dissertation, 1950. 

14 4 Daudin and J. Daudin, J. phys. et radium 14, 169 (1953). 


Translated by I. Emin 
230 


SOVIET PHYSICS IL-0 P VOLUME 6 (33), NUMBER 5 MAY, 1958 


Ay 


DETERMINATION OF NUCLEAR MOMENTS OF Gd'® AND Gd" FROM THE HYPERFINE 
STRUCTURE OF PARAMAGNETIC RESONANCE 


A. A. MANENKOV and A. M. PROKHOROV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor May 11, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1116-1118 (November, 1957) 


The nuclear spins (3/2) and the ratio of magnetic moments |p (Gd!*)| |p (Gd®")| =0.73 
+ 0.03 are determined from the hyperfine structure of paramagnetic resonance in the 
phosphor SrS — Gd. A comparison of hyperfine splittings in the spectra of Eu2* and Gd?* 
in the phosphor SrS and assignment of a value of 3.6 nuclear magnetons for p (Eu'*!) 
yields |p (Gd‘®*)| = 0.25 and | (Gd'*")| = 0.34 nuclear magnetons. 
Tue hyperfine structure in the optical spectrum of gadolinium has been investigated in several papers, !4 
but the nuclear spins of Gd‘ and Gd'*" were not reliably determined for a long time, and only Speck‘ 
showed them to be equal to 3/2 for both odd isotopes. The values of the nuclear magnetic moments for the 
same gadolinium isotopes given in the various references quoted above differ widely among themselves. 
The table contains a summary of the data on the spins and the magnetic moments (in nuclear magnetons) 
of the isotopes Gd'® and Gd‘? obtained in Refs.1+ 
In Ref. 5 we have pointed 
Nuclear spins and magnetic moments of Gd!®5 and Gd'®" deter- out the possibility of deter- 
mined from the optical hyperfine structure. mining the nuclear moments of 
Gd! and Gd!®" from the hyper- 
fine structure of paramagnetic 


References quoted , 

Isotope resonance in the phosphor 

1 2* 3 4 SrS — Gd. In that reference it 

cs was possible to determine the 

Gass [=3) I>5/, [=ie ne) values of the nuclear magnetic 

|| = 0.25 + 0.15 | u=—0.1940.05 | u~=—0.34 u = — 0.30 moments of Gd! and Gd‘? 

i Ks . ; wea’ i only approximately since the 

es iu.| ee 0.2 |lul= {Fests 0,06} ou re 38 anes a oie 0.04 investigation was carried out 


on a natural mixture of gado- 
eT é linium isotopes and the hyper- 
e value of the magnetic moment is calculated on the assumption’ that fine structure w t ns 
I(Gd'**) = 1(Gas7) = %. ee SHS 
pletely resolved as a result of 
the overlapping of lines from 
different isotopes. 

In the present work we have investigated the paramagnetic resonance in the phosphor SrS — Gd making 
use of separated isotopes Gd’ and Gd!5", The content of each of these isotopes in the corresponding 
enriched mixture was about 93%. The concentration of gadolinium in the phosphor was about 104 and at 
room temperature we observed a well resolved hyperfine structure for both odd gadolinium isotopes. 

The spectra were investigated at a frequency of 9383 Mcs with the aid of a superheterodyne radiospectro- 
scope. The magnetic field was measured by means of proton resonance. 

Oscillograms of the observed spectra are shown in the figure. The hyperfine structure consisting of 
four components for both the odd gadolinium isotopes shows that the nuclear spins of Gd! and Gd!" are 
equal to 3/2. The total splittings (between the outermost hyperfine structure components) inthe spectra of 
SrS — Gd'® and srs — Gd!5" are respectively equal to: 


AH (Gd?**) = 11.C4+-0.18G, AH (Gd}57) = 15,0+0.15G. 
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From a comparison of the total splittings in the spectra of Gd! and Gd!®" we have obtained the ratio of 
the nuclear magnetic moments of Gd! and Gd!5?: 


| » (Gd2®5)/u (Gd357) | = 0.73 + 0,03. (1) 


The magnitudes of the magnetic moments of Gd!®® and Gd!5" may be determined by means of comparing the 
hyperfine splittings due to gadolinium nuclei with the splittings due to europium nuclei. The hyperfine 
structure of the paramagnetic resonance spectrum of Eu2* 
in the phosphor SrS — Eu was investigated in Refs Sie ¢The 
Gd** ion is isoelectric with the Eu2+ ion and both have the 
electronic ground state 4f" 8S, 2. Therefore direct comparison 
of the hyperfine splittings observed in SrS — Eu and SrS — Gd 


a b gives for the ratio of the magnetic moments of Eu!®! and Gd!®? 
Hyperfine structure for the elec- the value: * 


tronic transition M = 4 ~~ —1}: 


eat Gag Gait | » (Eu2*) / » (Gd?87)| = 10,60 -+ 0.03. (2) 


1514 


Using the value p (Eu’*!) = 3.6 nuclear magnetons® we obtain 
from the ratios (1) and (2): 


|p (Gd?**)| = 0.25510 (Ga'57)| = 0.34 nuclear magnetons (3) 


These values agree with the data obtained recently by Low” from the hyperfine structure of the paramag- 
netic resonance spectrum of gadolinium in single crystals of LaCl;*7D,O and Bi,»Mgs3 (NO3)4. ° 24H,O. 
However, in Low’s work!” the hyperfine structure of Gd! was not completely resolved and the conclusion 
with respect to the spin of Gd} was made only on the basis of the shape of the observed line. Probably 
also due to the incomplete resolution of the hyperfine structure the ratio of the magnetic moments of 
Gd! and Gd!*" was found by Low’? to be equal to 0.75 + 0.07, i.e., its accuracy is lower than that of our 
ratio (1). 

The ratio of the magnetic moments of Eu’! and Gd!" was found by Low to be equal to p(Eu!®!)/p (Gd'®") 
= 11.3 by comparing the hyperfine structure of europium and gadolinium in various compounds (and con- 
sequently in different crystalline surroundings). Since the hyperfine structure depends on the crystalline 
environment + the ratio of p(Eu!®! )/p (Ga®") found by us is probably more accurate than that given by 
Low’® since we compared the hyperfine splittings in the spectra of Eu and Gd in the same compound Srs. 

In conclusion we would like to note the influence of the mechanical deformations of the crystal on the 
observed spectrum. In the sample of the phosphor SrS — Gd compressed into a tablet at a pressure of 
150 atmos the resolution of the hyperfine structure of the spectrum is considerably worse than the reso- 
lution in the spectrum observed for a non-compressed sample. This is probably explained by the fact that 
at such a pressure a noticeable deformation of the crystalline lattice occurs which leads to a decrease in 
the symmetry of the crystalline electric field acting on the Gd°t jon. Such changes in the electric field 
of the crystal lead to a larger anisotropic broadening of the paramagnetic resonance lines, It is also 
possible that in the case of such deformations of the crystalline lattice a change in the magnitude of the 
hyperfine splittings occurs, which can also lead to poorer resolution of the spectrum if non-uniform de- 
formations take place over the whole sample. A similar effect of the influence of mechanical deforma- 
tions of the crystal on the paramagnetic resonance spectrum was found by Van W ieringen'! in the case 
of ZnS — Mn. 

The authors sincerely thank G. Ia. Shchepkin, and also B. A. Alekseev, B. V. Panin, A. F. Soldatov, 
and E. S. Chernorotov who prepared the separated gadolinium isotopes 
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*We assume here that the degree of configuration interaction on which the magnitude of the hyperfine 
structure depends® is the same for both ions. 

+ Although for ions in an S-state one should expect a weak dependence of the hyperfine splitting on the 
crystalline environment, nevertheless, for example, in SrS — Eu and in CaF, —Eu, a considerable differ- 
ence was found! (about 15%) in the values of the hyperfine structure constants for Eu. 
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AN ANOMALOUS MAGNETIC TRANSITION IN ANHYDROUS COPPER SULFATE 


A. S. BOROVICK-ROMANOV and N. M. KREINES 

Institute for Physical Problems, Academy of Sciences, U.S.S.R., and Institute for Technical 
Physics and Radio Measurements 

Submitted to JETP editor May 15, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1119-1122 (November, 1957) 


We have investigated the magnetic properties of small crystals of anhydrous CuSO, from 
1.5 to 300°K. Below T, = 34.4°K this substance shows antiferromagnetic properties. The 
transition to the antiferromagnetic state is accompanied by an anomalous, twofold increase 
of the susceptibility in a temperature interval of about 1.5°. 


In a previous paper! we investigated the temperature dependence of the magnetic susceptibility of 
anhydrous copper sulfate in the temperature range from 14 to 300°K. At T = 35°K the susceptibility 
showed a sharp increase, corresponding to a change of 30% over a temperature interval of about 2°K. 
A further lowering of the temperature was accompanied by a smoother increase of the susceptibility. 
The specimen of anhydrous copper sulfate we used in that experiment was obtained by heating copper 
sulfate to 300° C for two hours with constant stirring (see Ref. 2). All operations were performed in a 
current of dry nitrogen. The specimen was obtained in the form of a light blue, very hygroscopic powder. 
Our investigations at helium temperatures have shown that the increase of the susceptibility which is 
observed below 35°K is apparently caused by the presence of paramagnetic impurities. The most likely 
impurity to be present can be assumed to be some singly hydrated copper sulfate. An approximate 
estimate showed that in the specimen used by us there could be found 20% singly hydrated copper sulfate. 
The specimens of anhydrous copper sulfate used by us in the present experiment were obtained in two 
ways. The first specimen was obtained from a solution of copper sulfate in molten ammonium sulfate. 
Above 360°C (NH4),SO, decomposes and anhydrous copper sulfate remains in the form of a precipitation. 
In this case the specimen was obtained in the form of small transparent crystals of 1 X 0.2 X 0.2 mm, 
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with a faint blue color. These crystals were far less hygroscopic than the powder used by us in the first 
experiment. * 

In Fig. 1 we have shown the two most successful of the crystals obtained in this way. We hope, after 
improving our methods slightly, to investigate the anisotropy of magnetic properties with these crystals. 

The second specimen was obtained by annealing copper sul- 
fate at 270°C until its weight was constant. The vessel with the 
specimen was evacuated both before and after the heating, since 
the material lost 5 molecules of water. If we pump continuously 
during the annealing the specimen decomposes before the com- 
plete dehydratation has taken place. 

We measured the magnetic susceptibility of anhydrous copper 

1 mm sulfate, obtained by the first method, in the range of tempera- 
tures between 1.5and300°K. The measurements were performed 
in an apparatus similar to the one described in Ref. 4. 

From Fig. 2, which gives the temperature dependence of the 
reciprocal of the molar susceptibility, we see that in the tem- 
perature range from 300 to 120°K a Curie-Weiss law with 9 =— 77.5° and C = 0.517 is followed. Below 
120°K we observe a deviation from the straight line corresponding to the Curie-Weiss law. In the same 

figure we have drawn the results 
e of the measurements by de Haas 
pire ol! and Gorter® on anhydrous copper 
Gb sulfate, which agree reasonably 
well with ours. 

In Fig. 3 we have given the 
temperature dependence of the 
molar magnetic susceptibility 
of CuSQ,. At about 35°K the 
susceptibility rises sharply, 
changing almost by a factor of 
two in a temperature interval 
of about 1.5 degrees. At 34.4°K 
the susceptibility attains a 
maximum and then falls to a 
value which is 39/4 of its maxi- 
mum value. Starting at about 
12°K down to 1.5°K the suscep- 


FIG. 1. Crystals of anhydrous 
CuSQ,. 


62775 0 100 200 30 


PAS 
FIG. 2. Temperature dependence of the reciprocal of the molar 
magnetic susceptibility 1/y ,,9] of anhydrous copper sulfate. 


tibility stays constant. In the 
region where the susceptibility 
rises steeply it depends on the 
value of the magnetic field. 


xX — results from Ref. 5; ® — our results. 
One can see in Fig. 4 that an 


increase in the magnetic field produces a fall in the susceptibility while its maximum is displaced towards 
lower temperatures. The maximum change in the susceptibility observed by us was about 10% when the 
field was changed from 3,400 to 13,000 oersted. The results obtained with the second specimen were sim- 
ilar to the ones just described except in the temperature range from 4 to 1.5° K where the susceptibility 
slightly increased. Such a behavior of the susceptibility is apparently produced through an insufficient de- 
hydration of the specimen. 

The results which we have obtained for the temperature dependence of the magnetic susceptibility of 
anhydrous copper sulfate show that at 34.4°K this material undergoes a transition below which it appar- 
ently becomes antiferromagnetic. The transition itself is unusual and differs from the normal ones by an 
anomalously steep rise of the susceptibility in the neighborhood of the transition. The question as to the 


character of the transition remains for the time being an open one. 


*The authors are very grateful to N. N. Mikhailov for his assistance in preparing the specimens. 
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FIG. 3 FIG. 4 


FIG. 3. Temperature dependence of the molar magnetic susceptibility xo) of an- 
hydrous copper sulfate. 

FIG. 4. Temperature dependence of the molar magnetic susceptibility x,,,5) of an- 
hydrous copper sulfate in the transition region for different intensities of the magnetic 
field: 1— 3,370; 2 —6,660; 3 — 9,700; 4 — 11,780; 5 — 12,900 oersted. 


The authors express their sincere thanks to P. L. Kapitza for his constant interest in their work. The 
authors also thank P. G. Strelkov for some valuable advice. 
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YIELD AND ANGULAR DISTRIBUTION OF FAST PHOTONEUTRONS FROM DEUTERIUM 
AND CARBON 


P.S. BARANOV, V. I. GOL’ DANSKII, and V. S. ROGANOV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor May 20, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1123-1130 (November, 1957) 


The yield and angular distribution of fast photoneutrons (of energy > 20.6 Mev) from carbon 
and deuterium were investigated on the 265 Mev synchrotron of the Physics Institute, Academy 
of Sciences. Results of the experiments are interpreted from the point of view of the two-nu- 
cleon model for photon energies both below and above the threshold for meson production. 


1. INTRODUCTION 


PuoroptsinrecRATION of the deuteron is the simplest example of the interaction of y-rays with nu- 
clei. At one time the study of this reaction near threshold gave various information about the interaction 
of protons with neutrons and quantiatively established two types of dipole absorption of y-rays, photoelec- 
tric and photomagnetic absorption. 

In recent years the photodisintegration of the deuteron has been studied in especial detail for photons 
of high energy — near to and above the threshold for meson production — in so far as it was of interest 
to establish whether an essential change in the mechanism of y-ray absorption occurred in this energy 
region. However, up to the present there has not been a theory which completely explains the experimen- 
tal data on photodisintegration of the deuteron for photons of energy exceeding 50 Mev. Besides this, the 
investigation of photodisintegration of the deuteron by high-energy photons is necessary for an analysis 
of the interaction of y-rays with complex nuclei which depends, according to the two-nucleon model!»? on 
the absorption of y-rays by pairs of nucleons in the nuclei, in particular, proton-neutron pairs (quasi 
deuterons). 

At present, a considerable number of experiments on photodisintegration of the deuteron have been 
carried out from threshold for the reaction y +d — n+p up to energies of approximately to 450 Mev. 
In all experiments onthe photodisintegration of the deuteron with high-energy photons, the emitted protons 
were counted. Data on the emission of photo neutrons could serve as a check on these experiments. In 
addition, in order to verify the two-nucleon model, it is of interest to compare the yield and angular dis- 
tribution of fast neutrons from deuterium for photon energies below and above the threshold for meson 
production with analogous data obtained by the same method for complex nuclei. 


2. EXPERIMENTAL ARRANGEMENT 


In the present work, carried out on the 265 Mev synchrotron of the Physics Institute of the Academy 
of Sciences, the photodisintegration of the deuteron by photons of energies greater than 50 Mev was 
studied by counting the neutrons. For this we employed a high-threshold scintillation neutron detector? 
based on producing the reaction Citi, 82n) c!! with threshold of 20.6 Mev in a liquid scintillator. The 
Cc" activity was detected by fluorescence of the scintillator coming from decay positrons, using 
FEU-19 M photomultipliers connected in coincidence (Tt % 3 X 10°8 sec). 

In order to increase the efficiency of counting positrons from the decay of c!!, the dependence of this 
efficiency on the form and volume of the container of the scintillation counter and on the voltage of the 
photo-multiplier was studied in special experiments. As a result of this investigation, a solution of 
terphenyl in xylene of volume 50 cm? in a spherical glass container was used as a scintillator. The volt- 
age on the photomultiplier was about 2100 v. Under these conditions the effective number of atoms of 
carbon in the scintillator comprised N * 7.2 x 1074, which allowed detection of a neutron beam of 20 neu- 
trons/cm? sec (for neutrons of high energy this beam corresponds to the tolerance dose) with an accuracy 
of ~ 6% for activation by neutrons for 30 min and a counting time of the scintillator of 40 min. 
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Using such a detector, the yield and angular distribution of photoneutrons from deuterium was studied ! 
by the difference of D,O and H,O yields under bremsstrahlung radiation of maximum energy 255 Mev. | 
The experimental arrangement is given in Fig. 1. The neutron sources D,O and H,O, in cubical con- 
tainers with walls of 15y copper foil, were placed in the 
center of the y-ray beam. The mass of the irradiated liquid ] 
was ~ 200 g; here the thickness of material did not exceed 
~ 0.2 radiation units and ~ 0.1 mean free paths of 30 Mev _ | 
neutrons relative to inelastic scattering. Such dimensions of ] 
the target did not lead to a noticeable distortion in the angulal! 
distribution of the neutrons or in the form of the excitation 
function. 

The liquid organic scintillator which served as a neutron | 
detector was placed during the irradiation at a definite angle | 
relative to the direction of the photon beam in five containers} 
(2 x 5 X 10 cm’). The use of several containers made it | 
possible to improve the statistics without worsening the an- 
gular resolution, which constituted +6° in our experiments. 
The beam of y-rays proceeded through a lead collimator of 
diameter 4 cm. The thickness of the lead shields for the 
neutron detectors on the side of the synchrotron target was 
40 cm. In addition, the entire apparatus was shielded on all 
sides by lead walls of thickness 20 cm. 

In order to separate off accessory activation of the detec- 
tors on account of the reactions C! (p, pn)C!! and C"(y, n)C"', by particles emitted from the targets 
(D,O and H,O), we also screened the neutron detectors on all sides with sheets of lead of thickness 1 cm. 
A check showed that with raising the thickness of the shields to several millimeters, the activation of the | 
detectors decreased rapidly and was practically independent of the further increase in thickness of the 
target above several millimeters, i.e., it was determined at the thickness of shielding noted. 

An absolute value for the photon beam was determined by activation of graphite plates (0.2 x 3 x 6 cm} 
using the reaction C!?(y, n)C!!. The accuracy of absolute measurement of the photoneutron beam was 
~ 15% and was basically determined by the accuracy with which the cross section for the reaction C”(n, | 
2n)C! is known (see, for example, Ref. 3) in the range of neutron energies from 30 to 60 Mev. | 


00cm 


FIG. 1. Experimental arrangement. 
1 — target of the synchrotron, 2 and 
3 — carbon monitors of the photon 
beam, 4 and 5 — lead shielding, 6 — 
collimator of diameter 40 mm, 7 — 
target of D,O or H,O, 8 — neutron 
detector. 


3. EXPERIMENTAL RESULTS 


We obtained the angular distribution of photoneutrons from deuterium for maximum bremsstrahlung 
energies E,m = 170 Mev and E,,,, = 255 Mev and the dependence of the yields on the maximum photon 
energy at 75° in the laboratory system (1.s.), corresponding in this energy interval to approximately 90° 
in the center-of-mass system (c.m.s.). This dependence is shown on Fig. 2, on which there is also given 
the analogous dependence obtained by way of evaluating the neutron yields from the results of recent 
results on photodisintegration of the deuteron.4~!° The evaluation was carried out in the following way. 
The differential cross section for emission of photoprotons in the disintegration of the deuteron in the 
c.m.s. was transposed by replacing the angle 6 by m—6@ (transition from protons to neutrons). Going to 
the l.s., we integrated over the spectrum of bremsstrahlung, and took into account the energy dependence 
of the reaction C'(n, 2n)c!!, From Fig. 2 it can be seen that our data for photons with energies up to 
~ 200 Mev agree well with the other experiments. 

For photon energies greater than 200 Mev the yield of neutrons increased sharply. This growth was 
connected with meson production in the photodisintegration. Consideration of photoproduction of mesons 
indeuterium inthe impulse approximation shows that only two reactions can lead to production of neutrons 
with energies > 20 Mev in our energy interval: photoproduction of 7? mesons on the neutron and of m+ 
mesons on the proton. Photoproduction of a r° meson on the proton in deuterium does not lead in the im- 
pulse approximation to the production of fast neutrons. 

In production of a meson on a nucleon at rest by photons of energy up to 255 Mev it is impossible to 
have a nucleon of energy @ 20 Mev emitted at an angle > 40°. However, already at the energies of motion 
of the nucleons in deuterium (E 3 12 Mev) the emission of neutrons of energy 20 Mev is possible up to 
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90° (1.s.) for Em = 255 Mev and at angles up to 70° for E 
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me 200 Mev. 


The angular distribution of neutrons in the l.s. obtained by us for Ey m = 170 Mev is given on Fig. 3. 
Curve 1 corresponds to the data of Refs. 4— 10 (transposed for neutrons), which can be approximated in 
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FIG. 2. Yield of fast photo neutrons 
from deuterium at 75° in the l.s. vs. 
maximum energy of the photon brems- 
strahlung spectrum. The solid curve 
gives the results of the experiments, 
Refs. 4— 10, transposed for neutrons; 
@ — yield of fast neutrons from deu- 


Ss 


terium, O — yield of fast neutrons from 


carbon. 


2 
4 @ cr /sterad. Q 
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the c.m.s. by a curve of the form 
3 (6) = (A+ Bsin? 6) (1 —C cos 6), 


where @ is the angle of emission of neutrons in the c.m.s. 
and A = 4.5 x 10 °° em?/sterad -Q, B = 3.8 x 107% 
cm?/sterad:Q, C = 0.35. As follows from Fig. 3, our data 
for EW m = 170 Mev agree with the results of these other 
experiments within the accuracy of the experiments. 

For E,, , = 295 Mev, as can be seen from Fig. 3, the 
angular distribution obtained by us differs markedly from the 
results of transposing data for the photodisintegration of 
deuterium without the production of mesons (curve 2). It is 
clear that the contribution of photoproduction of mesons 
leads to a noticeable increase in the general yield of fast 
photoneutrons from deuterium and to a marked change in 
the form of their angular distribution —to the appearance 
of an additional group of neutrons, sharply peaked forward. 

It should be noted that although we employed a difference 
method which gives, instead of the yield of fast neutrons 
from deuterium, the difference in yields from deuterium and 
hydrogen, the yield from hydro- 
gen is different from zero only 
for angles =< 40°, so that its 
contribution at 30° constitutes 

25% of the yield from deuterium 
at 30° and, after integration 
over angles, 5% of the total 
yield. 

The integral yield of neutrons 
of energy >20 Mev from deu- 
terium in processes of produc- 
tion of m+ mesons and 7’ mesons 
can be determined as the dif- 
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FIG. 3. Angular distribu- 
tions of photoneutrons of en- 
ergy > 20 Mev from deuterium; 
O —Eym = 170 Mev, @— Eym 
= 255 Mev. The solid curve 
gives the results of the exper- 
iments, Refs. 4— 10, trans- 
posed for neutrons: 1 — for 
Eym = 170 Mev, 2 —for 


Em = 255 Mev. 
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FIG. 4. Angular distribu- 
tions of neutrons of energy > 
20 Mev from carbon and deu- 
terium. O — yield of neutrons 
from carbon for Eym SVL S, 
Mev;!® x—the same for E 


= 170 Mev; @—yield of neutrons 


from deuterium for E,, 
=255 Mev. The solid curve 
gives the angular distribution 
of neutrons from deuterium 
for E = 170 Mev, obtained 
from the results, Refs. 4— 
10, transposed for neutrons. 


ference between the total yield 
of neutrons from deuterium 
measured by us and the yield, 
taken from the literature, of 
neutrons from deuterium in 
processes without production 
of photomesons. The magnitude 
of this difference constitutes 

8 X 10729 em?/sterad-Q and, 
within the limits of experimen- 
tal error, agrees with the es- 
timate of the yield of neutrons 
in reactions with the production 
of r+ and r° mesons from deu- 
terium obtained by superposi- 
tion of data in the literature’! 
on the photoproduction of mes- 
ons on nucleons. 
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ar interest to compare our data 


From the point of view of the quasi-deuteron model! it is of particul 
logous data obtained earlier | 


on the yield and angular distribution of fast neutrons from deuterium with ana wie a 
by the same method for complex nuclei. The two-nucleon model was verified qualitatively in direct ex- 
periments on n—p coincidences!*~!4 of photonucleons from complex nuclei. These experiments showed 
that a considerable number of protons from the nucleus have that angular correlation with photoneutrons 
determined by photodisintegration of the deuteron. 
In Fig. 4 we show the angular distribution of fast neutrons from carbon for a maximum photon enerey | 
E.__ = 255 Mev, obtained earlier,®* and our data for carbon for E a 170 Mev. In addition, the yields 
of” neutrons from deuterium for the same maximum photon energies are given on Fig. 4. The data for 
carbon and deuterium were normalized using the total cross section. 
From Fig. 4 it can be seen that the angular distributions of neutrons from carbon and deuterium are 
similar both for Em = 170 Mev and E,,,, = 255 Mev. Some difference occurs only for 30° and E 
= 255 Mev. It is possible that the difference is connected with the Pauli principle, which allows only those 
processes of photodisintegration of quasi 
TABLE I. Yield of photoneutrons of energy 2 20 Mev deuterons and production of mesons on them 
from deuterium and carbon in which the energy of both nucleons exceeds 
the Fermi energy (20 Mev). Several differ- | 
ences between the nucleon yield at small 


Total cross 
section from 


ield from deuteriu 


z feithouy meson promi (etek veld’ ce eartiGa angles from complex nuclei and deuterium 
ym duction) according to] from deuterium i OE oc/op : : * 
(Mev) _|Refs. 4-10 c 270 were noticed also in the experiments of 
cm . : * 
Odian et al.,!* in which the correlations in 
170 0.82 0.8440.07 | 7,240.25 | 8.58-0.66 the emission of neutrons and protons from 
: lithium, nitrogen and deuterium were 
255 1.27 2.06+0,06 |18.941,35 | 9.1844 ,44 ; 
3 studied. 
In Table I we give the total yields of fast neutrons from carbon and deuterium for E = 170 and 255 


Mev and the data in the literature on photodisintegration of deuterium without meson production. 

From Table I it can be see that the ratio of yields of fast neutrons from carbon and deuterium is 
the same for E,,,, = 170 Mev, where such neutrons are emitted exclusively in the process of photodisin- 
tegration of deuterium without meson production, as for Em = 255 Mev where the process of meson 
production is essential. 


4, DISCUSSION OF RESULTS 


The connection between the emission of photonucleons from complex nuclei and deuterium is usually 
described in the framework of Levinger’s two-nucleon theory,! according to which the cross section o 
for photodisintegration of a nucleus with mass number A and the cross section for photodisintegration 
of deuterium op are connected by the relation 


34 = 6.4(NZ/ A) op, (1) 


where Z is the number of protons and N =A —Z is the number of neutrons in the nucleus. In the work 
of Odian et al.’® in which it was assumed that the quasi deuteron is ina 3S) state and the nuclear radius 
is taken equal to R = 1.2 A!/3 x 10713 em (instead of R = 1.4 Al/3 x 49713 cm) and the Hulthén wave func- 
tion for deuteron was used, it was found that 


64 = 3.8(NZ/A) op. (2) 


The two-nucleon model has been verified in a series of experiments in which the yield of high-energy 
photoprotons from the nucleus and the angular correlation of photoprotons and photoneutrons were ob- : 
served. However, in all of these, the experimental conditions were such that only processes of two-nu- 
cleon disintegration without meson production were counted. Correspondingly, the verification of the 
validity of the predictions of the two-nucleon model was carried out by comparison of results for complex 
nuclei with data on the photodisintegration of deuterium into protons and neutrons without meson produc- 
tion. In the present work it was possible to compare total cross sections and angular distributions of neu- 
trons in photodisintegration of deuterium both without and with meson production. From Table I it can 


*The data of Ref. 15 should be decreased by 10% because of a more accurate measurement of the in- 
tensity of the photon beam and its absorption in the target. 
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be seen that for photon energies below the threshold of meson production, as well as for higher energies 
the relation satisfied for carbon is 


op 3(NZ/A) 3p, 


in geod agreement with the calculations and experimental data of reference 13, obtained for only the non- 
mesonic processes. 

In order to interpret the results, it is useful to turn to the concept of Wilson!®,!7 about the disintegra- 
tion of deuterium by photons of energy 40 —500 Mev, extending it to the disintegration of quasi deuterons. 
According to Wilson, photodisintegration of deuterium proceeds, together with disintegration not con- 
nected with mesonic processes, with reabsorption of virtual and real mesons. In the interaction in deu- 
terium of y-rays with one of the two nucleons, a virtual or real t-meson is produced. If the second nu- 
cleon is then close to the first one (r < fi/uc), the meson will be reabsorbed with a probability close to 
unity and there will be photodisintegration of deuterium without meson production (the probability of 
repeated emission of mesons in the disintegration is very small). The larger the distance between the 
nucleons, the smaller is the probability of reabsorption of a meson produced on one of them by the other 
one, and the larger is the probability of photoproduction of a meson (if, of course, it is allowed by con- 
servation laws). 

We will assume, for simplicity, that if the nucleons are found closer to each other than r = khi/pc, 
then reabsorption occurs with unit probability; if r = xh/pc, then there is no absorption. Then the 
probability of reabsorption w can be determined as the probability of finding the nucleons in the deuteron 
or quasi deuteron at distances r < Kfi/uc. : 

The cross section for photodisintegration of the deuteron or quasi deuteron without production of real 
mesons can be written in the form 


Snp = 910 = 99, (3) 


where 0, is the cross section for absorption of a y-ray with production of a mt, m~ or a meson on the 


neutron or proton of the deuteron or quasi deuteron; 0, is the cross section for photodisintegration of the 
deuteron or quasi deuteron not connected with meson processes. Then the cross section tor photodisin- 
tegration with production of real mesons can be written in the form 


6, = 5,(1—o), (4) 


and the total cross section is equal to 
ay goeno (5) 


From Eqs. (3), (4), and (5) it follows that w = op /0; and1—w=2 0/04. In the case of a complex 
nucleus these inequalities are strengthened because the o, observed can be below the true one on account 
of reabsorption of mesons by other nucleons of the nucleus. 

From our and other experimental data it is possible to evaluate the upper limits of the probability of 
reabsorption of mesons in deuterium w = Wp and in the quasi deuterons w = Wo in the carbon nucleus. 
These are given in Table II. 

The values of the quantities in Table II were obtained by using the results of the work, Refs. 4—10, 
for the cross section of photodisintegration of deuterium without production of real mesons, cross sec- 

tions for photoproduction of 


TABLE II. Probability of reabsorption of mesons in deu- mesons on nucleons from ao 
terium and in quasi deuterons in carbon. 11, the data from Ref. 18 om 
ES a a ee a a a => A = 
| | 7 Sori ema for E.,m = 310 
tiny 460 180 200 220 240 260 280 300 320 360 | 400 | 450 Mev and C70 = 120. p—70 + 
icy) | for E,,, = 256 Mev fee a roug! 
Op< | 0,39 | 0.24 | 0.17 | 0.13 | 0.41 | 0.09 | 0,07 | 0.053 | 0,044 | 0,039 | 0.039 | 0.038 Hassett of a cross Sao ahs 
production of mesons on carbon 
64 64 | 0.58 | 0,55 | 0.52 |0.49 [0.47 |0,47 |0.49 | 0.50 ; 
omens eles aes! © and, finally, our data on the ra- 


tios of the total cross sections of carbon and deuterium: o¢ © 9¢p. From the table it can be seen that 
the quantity wp is, in the range of photon energies ~ 250 Mev, near to that calculated by Austern”” using 
the isobar model (wp = 0.11), which corresponds to a value r = 0.7 fi/uwc (for the wave function of Hulthen). 
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The quantity wc for the quasi deuterons in the carbon nucleus is substantially less than unity. This 
indicates that in the production of mesons in the carbon nucleus the probability of their reabsorption in 
the same quasi deuteron in which they were formed is sufficiently small. 

A qualitative indication that the value of Wo should be even less than t ! 
comes from the similar angular distributions of photoneutrons from deuterium and carbon noted in our | 
experiments. The angular distribution of photoneutrons for E,,, = 255 Mev is the sum of bye completely | 
different distributions arising from the photodisintegration of deuterium without photoproduction of mes-_ 
ons and photodisintegration with meson production (see Figs. 3 and 4). Under the eongions WH “ 1 dnd | 
WC >> Wp (because of the much greater compactness of the carbon nucleus compared with deuterium) 
similar angular distributions would result only if wo « 1. 

In connection with the results obtained we note that the increase in yield of fast photoneutrons as | 
~ A¥3 from carbon to lead noted in Ref. 15 for E m = 255 Mev, and also the somewhat larger fraction 
of neutrons emitted from heavy nuclei (for example, from lead) at large angles, is apparently caused by 
secondary processes (interaction of the nucleons and absorption of mesons in the nucleus) leading to the 
production of stars with emission of fast neutrons. 


‘4 


he upper limits given in Table II | 


CONC LUSIONS 


1. The yield and angular distribution of fast photoneutrons emitted by deuterium and carbon interac- 
ting with bremsstrahlung y-rays with maximum energies 170 and 255 Mev were studied. An effective 
scintillation counter for fast neutrons, based on the reaction C!(n, 2n) c!! (threshold 20.6 Mev) in a vol- 
ume of liquid scintillator, was used. 

2. For y-rays of maximum energy 170 Mev, the results obtained for deuterium agree with the results 
of experiments in which the photodisintegration of deuterium was studied by registering protons. For a 
maximum y-ray energy of 255 Mev the angular distribution of fast photoneutrons from deuterium changed] 
markedly on account of the appearance of a substantial yield of photoneutrons produced in the process of 
photoproduction of mesons and emitted in the forward direction. 

3. Both for a maximum y-ray energy of 170 Mev, where the detector did not count neutrons connected 
with meson production, and for 255 Mev, where these processes were essential, the ratio of total yields 


was 
8¢o/Sp = 3(NZ/A) => 9 


Thus, this consequence of the two-nucleon model was verified not only for the disintegration of deuterium | 
and carbon without mesons, but also for the photomeson processes in these nuclei. For both maximum 
energies the same angular distributions of fast neutrons result for deuterium and carbon, in spite of the 
marked change in their form in the transition from one maximum energy to the other. 

4, Comparison of the results obtained with data on the photoproduction of mesons from deuterium and 
carbon makes it possible to evaluate the upper limit of the probability of reabsorption of the meson pro- 
duced on one nucleon of the deuteron or quasi deuteron in carbon by the second nucleon. In the energy 
range ~ 250 Mev and above this probability is < 0.1 for deuterium and, apparantly, less than 0.5 for 
carbon. 

In conclusion, we express our gratitude to A. M. Baldin and V. A. Petrun’kin for taking part in the 
discussion of our results. 
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a-PARTICLES EMITTED BY HEAVY EMULSION NUCLEI IN EMULSIONS BOMBARDED BY 
HIGH-ENERGY PROTONS 
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Leningrad Polytechnic Institute 
Submitted to JETP editor May 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1131-1139 (November, 1957) 


An investigation has been made of the energy spectra of a-particles emitted by heavy nuclei 
in emulsions bombarded by protons with energies of 360, 560, and 660 Mev, assuming different 
excitation energies for these nuclei. The calculated evaporation spectrum is found to be in 
satisfactory agreement with experiment in the a-particle range up to 14 Mev without requir- 
ing any reduction of the Coulomb barrier as proposed by Le Couteur. By subtracting the cal- 
culated evaporation spectrum from the experimental spectrum the energy distribution for the 
cascade a-particles and the relative number of such particles which appear in onedisintegra- 
tion event at the three experimental energies cited above have been obtained. 


INTRODUCTION 


Tue a-particles emitted in the disintegration of nuclei in emulsions bombarded by high-energy nucleons 
have been studied by many investigators .'—'4 However, most of these studies have been carried out with 
non-monoenergetic fast-particle sources (cosmic rays); thus there is a high degree of uncertainty in the 
interpretation of the results. In addition, the methods used for distinguishing between stars due to heavy 
nuclei and light nuclei are not always effective. Finally, in most cases the investigators did not have at 
their disposal a sufficient number of events to ensure good statistics for studying the a-particle energy 
spectra at different excitation energies. 

In a number of papers! »3~**12-14 it has been noted that among the a-particles emitted from silver and 
bromine nuclei there is an anomolously large (from the point of view of nuclear evaporation theory) num- 
ber of slow a-particles. Le Couter® and Fujimoto and Yamaguchi, ® on the basis of an idea suggested by 
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Begge concerning the thermal vibrations of the nuclear fluid, have assumed that the appearance of these 
so-called “sub-barrier” particles is due to the significant reduction of the potential barrier in strongly . 
excited nuclei. Certain other investigators, however, have found this interpretation to be inadequate. 
Thus Perkins® has advanced the hypothesis that at high excitation energies nuclei emit fragments which ar? 
unstable and decay into a-particles in flight. Siissmann,‘? developing this hypothesis further, has propose¢| 
that the assumed excitation in these nuclei can lead either to particle evaporation or to fission and subse- 
quent evaporation, both modes being equally probable. Thus, according to Siissmann the appearance of a-- 
particles with energies significantly below the Coulomb barrier of the original nucleus can be explained, 
firstly, by the lower barrier in the daughter nuclei and, secondly, by the Doppler effect (evaporation of 
particles from a moving fragment). 

In the work discussed above it has also been noted that in the energy distributions of both a-particles 
and protons emitted from the emulsion nuclei, there is a long “tail” in the high energy region. This 
“tail” cannot be accounted for by evaporation theory because the particle angular distribution in the high- | 
energy region is anisotropic — the motion of these particles is peaked in the direction of the bombarding-- 
nucleon beam. In Ref. 18, in which stars exhibiting a recoil-nucleus track were studied, 40 —50 percent oft 
all the a-particles emitted by silver and bromine nuclei in stars induced by 460 and 660 Mev protons weré« 
assigned to the cascade stage of the disintegration process in the nucleus. This conclusion was reached or 
the basis of a comparison of the observed number of a-particles in these stars with the number of parti- | 
cles expected from evaporation theory. 

In the present work, which is essentially an extension of the work carried out in Ref. 18, a detailed 
study has been made of the energy distribution of a-particles from stars produced in heavy emulsions by 
high energy protons. Several a-energy spectra have been considered; each of these corresponds to a 
definite range for the nuclear excitation energy. An attempt has been made to interpret the “sub-barrier ”’ 
a-particles from the point of view of ordinary evaporation theory and to obtain information on the number’ 
of cascade a-particles and their energy distribution. 


EXPERIMENT AND EXPERIMENTAL DATA 


The work was carried out with fine-grained P-9 nuclear emulsions having a sensitivity of 30 Mev for 
protons.'® The plates were irradiated by placing them in the proton beam of the synchrocyclotron of the 
Joint Institute for Nuclear Research. The beam direction was parallel to the plane of the emulsion. The 
bombarding-proton energies were 360, 560 and 660 Mev. The protons with energies below 660 Mev were 
obtained by degrading the beam in graphite blocks. 

In the measurements we chose stars exhibiting recoil tracks; these are produced, for the most part, 
by heavy nuclei in the emulsion. On the basis of the available data,>»?° the number of stars exhibiting a 
recoil track, associated with light nuclei in the emulsion, is less than 10 percent of the total number of 
stars exhibiting recoil tracks. Obvious cases of “light” disintegration were rejected even when accom- 
panied by a dense track of length less than 10y so that the actual admixture of “light” stars was less 
than 1 percent in the cases chosen for measurement. 

The tracks formed by a-particles were distinguished from tracks due to other charged particles by 
visual means; the scanners received preliminary training. The reliability of this method of identification 
was checked by control observations of individual tracks as in Ref. 21. 

The a-particle energy was determined from the length of those tracks which remained in the emulsion / 
layer, using the range-energy relation given in Ref. 22. The emulsion shrinkage factor was taken as 2.5. The: 
correction for a-particles with energies below 12 Mev which escaped from the emulsion was computed : 
assuming an isotropic particle distribution. To correct for high-energy a-particles, a measurement of 
the angular distribution with respect to the beam was carried out in the plane of the field of view. Ex- 
pressing this distribution in the form a+b cos?6 it is possible to compute the corrections for the iso- 
tropic and anisotropic parts of the distribution separately for the forward and backward hemispheres. 

The corrections for the cos*@ distribution were determined from the expression: 


Neues 2dV d? + R? 
N 2d? + R= RVR Be’ 


where No is the total number of tracks with range greater than R, N is the observed number of tracks, 
and d is the thickness of the emulsion. 


a-PARTICLES EMITTED BY HEAVY EMULSION NUCLEI 


873 


Using the true geometric correction we obtain the “mean star” value of the isotropic and anisotropic 
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FIG. 1. a-particle energy spectra in Ag and Br stars 
corresponding to the following initial excitation energies 
of the nucleus U: A — 0—50 Mev; B — 50— 100 Mev; 
C — 100— 150 Mev; D — 150— 200 Mev. The bombarding- 
proton energies are as follows: a — 360 Mev; b — 560 Mev; 
c — 660 Mev; the solid line indicates the “back” spectrum; 
the dashed line the “front” spectrum and the dot-dash line 
is the calculated spectrum. 


TABLE I 
Proton energy, 360 560 660 
Mev 

Excitation energy |Number off Number of |Number off Number of |Number of Number of 
of nucleus, Mev prongs | G-particles | prongs | O-particles | prongs a-particles 

0—50 1—2 366** 1—2 212 1—2 379 

50—100 3—4 753 3—4 683 3—d 1554 

100—150 5—6 570 o—7 980 6—7 867 

450-—200* 7 or more 314 8 or more 403 8 or more: 777 


* For stars due to 660-Mev protons the upper limit for the excitation energy is approxi- 


mately 250 Mev. 


** The statistics in each group have been taken arbitrarily. 


gorrection coefficient. Although the actual angular distribution differs from the projected distribution 
obtained in the present work this fact is not of importance because corrections to the track yields are 
‘small for short-range particles and the high-energy distribution is approximately the same as the spatial 


distribution. 

All the recorded a-particles 
were assigned to groups correspond- 
ing to a given excitation energy 
range for the nucleus. Using the 
relations given in Ref. 18, which 
establish the connection between the 
number of prongs in a star and the 
mean excitation energy of the nu- 
cleus, these groups were taken as 
shown in Table I. 

In Fig. 1 are shown the energy 
spectra for a-particles emitted by 
silver and bromine nuclei in the 
forward (“front” spectrum) and rear 
(“back” spectrum) hemispheres cor- 
responding to various proton ener- 
gies. The difference in the “front” 
and “back” spectra is small at a- 
particle energies below 12 Mev and 
is explained by the imparted motion 
of the evaporating nucleus. When the 
appropriate corrections are intro- 
duced (cf. Ref. 18) the “front” and 
“back” spectra become almost iden- 
tical in the energy region up to 12 — 
14 Mev and overlap in the figure; 
however, the difference in the high- 
energy spectra remains. 

In order to compare the present 
data with the results obtained by 
Deutsch"® a plot has been made of 
the energy distribution of a-parti- 
cles emitted by silver and bromine 
nuclei at small angles (below 30°) 
to the 360-Mev proton beam (Fig. 2). 
The small difference in the energy 
spectra is apparently due to the fact 
that stars due to silver nuclei were 
considered in Deutsch’s work where- 
as in the present work a consider- 
able fraction of the events occur in 
the lighter bromine nucleus. 


EVAPORATION SPECTRUM AND 
CASCADE PARTICLES 


As a rule, in work on stars in 
heavy-emulsion nuclei the excitation 
energy has been determined for an 
average nucleus of mass 94 and 
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108 8 
charge 41. Our calculations of the evaporation spectra were carried out separately for the Ag47 and Br3} 


nuclei. i 
In Ref. 18 the excitation energy was determined for the mean imparted velocity of a target nucleus with] 


A = 94, obtained as the difference of the velocity components of the recoil nucleus in the direction of the 
beam and perpendicular to it. This imparted velocity implies a certain loss of energy and momentum for) 
the primary proton which, by hypothesis, moves through the nucleus | 
without changing its direction. It is further assumed that the energy | 
loss of the proton is equal to the excitation energy of the nucleus | 
plus the binding energy of the particles emitted in the cascade stage 
of the process. 
In the present work we have modified this approach to calculating} 
the excitation energy of the nucleus. Assuming that the velocity im- | 
parted to the nucleus obtained in Ref. 18 corresponds to that of a 
bromine nucleus (since these are determined from the range-energy { 
curve for a light fragment of uranium fission) and that in the same 
length of recoil track the velocities of the silver nuclei are smaller | 
by 5 percent, we have calculated the excitation energy separately fort 


0 ) 10 5 20 6 IO Ey, Mev 


FIG. 2. Energy spectrum of Ag and Br for a given number of prongs in a star. The initial tem- | 
a@-particles emitted by heavy- perature of the excited nucleus is then determined from the expres- 
emulsion nuclei at angles smaller _ sion: 
than 30° with respect to a beam Poy (ls ae. 
of 360-Mev protons. The dashed 
curve refers to results reported We have assumed further that a nucleus excited to an energy U 
by Deutsch. !° undergoes thermal expansion; this effect leads to some reduction of 


the potential barrier. This thermal expansion is characterized by 


rene) 
TABLE II the function: 


R= R,(1 + 0.008 72), 
Proton 


energy, Mev 360 660 


where Ry =[1.4(A - 4) + 1.2] X 105°" cm: 

G-particle | Percentage of the a-particles The a-particle Coulomb barriers for silver and bromine are de- | 

energy, Mev |emitted in the forward direction : : 
termined by the expression 


! 


1215 53-6* 5447 V=2(Z— 2)e?/R 
= 95 |! HEteG 5945 aoe 
§) Ls 4 . 
>25 90+214 74412 where the symbols A and Z in the formulas written above are to 
* The statistical errors in the experiment be understood as the mass and charge of the original nucleus, taking} 
are shown. into account the emission of several nucleons as a result of the cas-- 


cade process. As particle evaporation proceeds the nuclear tem- 
perature is reduced; at the same time the charge and mass are reduced and these quantities affect the 
value of V. Calculation shows that with a given initial excitation energy the height of the barrier remains: 
constant throughout the entire evaporation process. 
The energy spectrum of the evaporated a-particles is given by the expression 


N (E)dE = (E/T?) exp(— E/T) dE, 


where & = exp[-2gy(E/V)] is the quantum-mechanical penetrability of the Coulomb barrier for a- 
particles given by Bethe,”° y(E/V) is a tabulated function,”4 g= (2MZze’R) ¥2/h and z is the charge © 
of the a-particle. | 
Since the emission of each particle results in a noticeable “cooling” of the nucleus, the process in 
which the excitation energy is dissipated must be divided into a number of stages, each of which is char- 
acterized by its own value of T. The energy spectrum which characterized the a-particle evaporation 
process for a given nucleus is actually the sum of the energy distributions calculated for each cooling 
stage. A step-by-step calculation of the evaporation process was carried out as by Shamov”® but with 
these differences: firstly, in Ref. 26 a stronger, functional dependence V(T) was assumed: secondly 
in our case the values of the relative probability of emission of various particles from Ref 27 were need 
whereas Shamov based his work on the analysis given by Le Couter.'® The summation of the individual- 
stage spectra is carried out taking account of the number of emitted a-particles in each stage. The partia: 
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| eS Spectra obtained in this manner for Ag and Br nuclei are then added, after being normalized. The prob- 
ability of a-particle emission by a nucleus characterized by temperature T can be given in the form 


is a Y= 20 y. 
20 Here o is the cross section for an inelastic interaction between the 
0 proton and nucleus, w(T) is the probability that a nucleus is excited 
ui to a temperature T in such an interaction, y(Z, T) is the probability 
0 0 2B 0 €@ 30 6G EMev 


of a-particle emission by a nucleus of mass A and charge Z at tem- 


Rel. 
units b Scan eneeeneneeeeeeeeeeeee 
aM sie TABLE ID 
; 
0 Proton 
660* 


energy, Mev 


Cw 
a) 
o 


uo 
fer) 
Oo 


> 
for) 
Oo 


460* 


7 0 2 3 
Rel. aes stb 50 60 MEMev Roa i 3 = = a 
units energy of g z = $ Es = g 5 = = = 
Wi the nucleus,| & eS) 3 ix 3 2 : “s 2 sg $ 
_ Mev em | & | eo rial | ee ee eae 
10 
apis bee 5GeaS 19 39 47 21 Birt 80 42 66 67 80 
ip Mim o — 100 45 47 33 42 18 31 502 22 39 50 52 
g 3 0 50 69 TEMev 100-150 | 43 161.80 Ju 43 tet | 20.1 49 1.86, | go! 33) 36 
150—200 60 13 40 40, 9 Patt 47 16 35 29 40 


FIG. 3. Energy spectra 
for cascade a-particles 
emitted from Ag and Br nu- 
clei at the following proton 
energies: a — 360 Mev; 

b — 560 Mev; c — 660 Mev. 


52 18 36 45 18 34 66 33 03 39 50 


Mean 


* Taken from the data of Ref. 18. 
** Here and in all other cases the values of the excitation energy are for an “average” 
nucleus. 
*** The relative errors shown in Table III are approximately 15-20 percent. 


perature T. Assuming that Ag and Br contents are the same in the emulsion, the intensity ratio of the 
a-spectra for these nuclei is given by: 


Ny hes (2)". ena 


No \As Wo YS 


(the subscripts 1 and 2 refer to Ag and Br respectively). 
It would seem that no great error is introduced by assuming w, = wo. From Ref. 27 [Eq. (24) ]. 


co = EXP = - (Civ) pp) (07 Qs)]} 2 op a J 


The quantities p’ and Q do not differ greatly for Ag and Br. It may be assumed that they are equal. 
In general an exact calculation of these quantities is not possible since the masses and binding energies 


of the nuclei formed in the cascade process are not known. Thus, 
N,/Nz = (Ay/A2)* exp [Vi —V2)/T]. 


The dependence of a-particle emission probability on the barrier V is taken into account by the factor 
. Hence the total a-spectrum for stars in heavy nuclei may be obtained approximately if we add the 
partial spectra for Ag and Br, multiplying the first by 1.5. In Fig. l are shown the a-spectra (solid 
smooth curves) which result from these calculations. The experimental and theoretical distributions are 
normalized at the maximum. The discrepancy in the position of the maxima in these two distributions is 
less than 1 Mev. 

If it is assumed that the calculated curves yield the proper energy spectra for a-particles which re- 
sult from evaporation and that the excess of “evaporated” particles with energies above 14 Mev is due to 
the cascade process, we can obtain the spectrum of the cascade a-particles as the difference between 
the experimental and theoretical distributions (Fig. 3). The shape of the ejected a-particle spectra is the 
same in the “forward” and “backward” directions with the one difference that the “forward” spectrum con- 
tains a considerably larger number of particles with energies greater than 30 Mev. Be Table iil is shown 
the relative number of cascade a-particles for stars characterized by various excitation energies. 

It is further assumed that the “back” spectrum is completely due to the evaporation component, it 
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turns out that about 20 percent of the total number of a-particles are a result of the cascade process (cf; | 
Table Il, in which the relative number of a-particles with energies greater than 12 Mev emitted in the 
“forward” direction is shown). 


DISCUSSION OF THE RESULTS 


As is to be expected, the spectra for a-particles emitted in the backward direction are found to be in | 
good agreement with evaporation theory. The discrepancy between the evaporated and experimental dis- > 
tribution in the region of low a-particle energy is due partially to the admixture of stars from light nu- | 
clei. This slow-particle excess (approximately 5 —6 percent for all groups of stars) may be explained 
py the fact that emission takes place in a moving nucleus which has acquired a considerable velocity as | 
a result of prior evaporation of particles. If this assumption is correct, there should be a definite angu- | 
lar correlation between the recoil nucleus and the low-energy a-particle. In Fig. 4 is shown the distri- | 

bution of a-particles with energies below 10 Mev as a function of the angle 


Noe) formed by motion of these particles and the direction of motion of the re- 
a coil nucleus (in projection). It is apparent that there is a considerable 

ee concentration of these particles in the direction opposite to the motion of | 
JOY the residual nucleus. 


al Thus “sub-barrier” a-particles can be considered in terms of ordinaryy) 
evaporation theory without assuming that fission occurs or that there isa 
considerable reduction in the Coulomb barrier in excited nuclei. It shouldiy 
0 4 9 735 B0ydeg be noted that even if one assumes a Coulomb barrier reduction, following | 
Le Couter, taking V = Vo/(1+ U/200) (Vo is the normal height of the 
nuclear barrier and U is the excitation energy in Mev), it is impossible 
to obtain reasonable agreement between the theoretical spectrum and the 
observed spectrum if the usual calculation for an “average” nucleus at { 
“average” temperature is used. In Fig. 1c are shown evaporation spectra | 
(dot-dash lines) computed as by Le Couter for a nucleus with A = 94, but 
with cooling taken into account (calculations based on an “average” tem- | 
perature would lead to a still greater deviation between the curves and experimental data). The fission 
model is also unable to furnish any additional interpretations of the experimental facts, for example, the 
sharp anisotropy in the recoil tracks (approximately 50 percent of these are at angles smaller than 30° 
with respect to the beam), the low number “sub-barrier” a@-particles in the small-angle region with re- 
spect to the recoil track and so on. . 

In the last two columns of Table HI are shown data on the number of cascade a-particles obtained in 
Ref. 18 obtained by comparing the observed number of a-particles with the number to be expected from 
evaporation theory. When account is taken of the experimental uncertainties and the approximations used| 
in the theory one would expect the results of these two papers to be in agreement. 

It would be of interest to verify the suggestion that elastic interactions between the incoming proton 
and the a-aggregates are responsible for the high-energy a-particles. Sdérenson,? who has analyzed the 
fast a-particles in cosmic stars, concludes that the correlation between the energy and emission angle 
of these particles cannot be explained by elastic collisions. The analysis of a-particles with energies 
higher than 25 Mev carried out by us corroborates this result. However, account should be taken of the 
fact that the proton does not collide with a free a-particle; it is necessary to introduce appropriate cor- 
rections for effects which are due to the existence of a potential well. Under these conditions the absence? 
of a direct relationship between the emission angle of fast a-particles and energy may still not be a suf- | 
ficient basis for rejecting the notion of an elastic interaction between the primary proton and a nucleon | 
complex inside the nucleus. 

In conclusion the authors wish to express their gratitude to Professor H. A. Perfilov and his labora- 
tory co-workers for their constant interest and assistance in this work. The authors are also indebted 
to the following at the Laboratory for Nuclear Problems of the Joint Institute for Nuclear Research who 


have been of great help in carrying out this experiment: Professor V. P. Dzhelepov, E. L. Grigor’ev, 
B.S. Neganov, and G. A. Leksin. 
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FIG. 4. Angular distri- ° 
bution (in projection) of a- 
particles with energies less 
than 10 Mev with respect 
to the recoil track. 
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THE Bi?” ~ Po?® DECAY SCHEME 
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Leningrad Institute of Railroad Engineers 
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Data obtained in the investigation of the conversion spectrum of an active precipitate of radio- 
thorium are used in an attempt to refine the Bi?!? — Po?!? decay scheme. It is shown that in 
addition to the known 727.2, 1620.5, 1679.9 and 1800.4 kev levels, the Bi?!” decay scheme con- 
tains a 1512.16-kev level. The 830, 2180, 2200 and 2230 kev levels suggested in the literature 
are confirmed experimentally. The possibility of the existence of vibrational levels in Po-™ 


is discussed. 


In spite of repeated studies of the a, B, and y conversion spectra of active precipitates of radiothor- 
ium, the data available do not make it possible to construct a sufficiently complete scheme of levels of 
Po?!2('ThC’). This is explained by the weak excitation of the Po*!? levels, whereby the B decay Bi?” 
(ThC) — Po?!2(ThC’) goes principally into the ground state Po”! (approximately 80%). 

The most reliable data are those on the long-range particles.'~? Investigations devoted to a study of 
the conversion spectrum of an active precipitated RaTh*~ contained very little information on the Po?” 
spectrum. As regards the y spectrum of Po*!*, Refs. 7—11, devoted to its investigation, contain many 
contradictory data. The following y lines, which belong to Po*!, were found in these investigations: 

727 kev,®»9)!1_ 1030 kev,®»!! 1340 kev,"8!! 1500 kev," 1! 1620 kev, %>11 


Bee Kevi| Shell Ie 1800 kev,”8)1! and 2200 kev,”8!!_ Level schemes of Po”, given in some 
percent per decay — o¢ these works, differ noticeably from each other. 
K 0.106 In the present work we attempt a refinement of the level scheme of 
Te i ae Po?” on the basis of data!’ obtained by us in a study of a spectrum of 
K 0.054 internal-conversion electrons of an active precipitate of RaTh, made 
ieee i: ae with a “ketron” type magnetic spectrometer. The relatively high sensi- 
893.4 iB 0.004 tivity of the procedure had made it possible to detect lines of very low 
oe ‘ re intensity. The line energies were determined with an accuracy of ~ 0.5 
1078.5 K 0.014 kev. The table lists the results of our investigations,» pertaining to 
nee A ae the conversion spectrum of Po*!, 
1800.2 K 0.007 Data on long-range a-particles® indicate that there exists in Po?!” 


three excited levels: 726, 1674, and 1979 kev (see diagram). These lev- 
els appear also in the conversion spectrum. The first excited level gives rise to the well-known 727.2 
kev y transition. The existence of a 1088.4 kev level is confirmed not only by the direct y transition 
into the ground state, but also by the transition with Ey = 1.073.7 kev to the first excited level, which 
we found. 

These three excited levels of Po?! are not enough to interpret the remaining five y lines listed in 
the table. In Refs. 7, 8, 10, and 14 the decay scheme of Bi?” includes a 1620 kev level. Our data con- 
firm the existence of this level. It gives rise to the 1620.4 and 893.4 kev y lines. The sum of the ener- 
gies of the 727.2 and 893.4 kev cascade y quanta coincided, within experimental accuracy, with the en- 
ergy of the direct 620.4 kev transition. 

Along with the above levels, we propose that there exists an excited state with energy 1512.6 kev. This 
level explains the origin of the 1512.6 and 785.4 kev y lines. The 1500 kev line was found in the y spec- 
tra," !2 and the 785.4 kev y line, which was observed in the conversion spectra,*® was not identified pre- 
viously. The existence of a 1512.6 kev level in Po*” is confirmed by the good agreement between the sum 
of the energies of the 727.2 and 785.4 kev y lines with the y -transition energy of 1512.6 kev. 

The proposed Bi?!? — Po?! decay scheme does not include the 1078.5 kev y transition. This indi- 
cates that Po*” contains at least one more excited state. There are not enough data at the present time 
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to prove this statement. The decay achemes proposed in Refs. 7 and 8 contain 830 and 2200 kev levels, 
_and Ref. 14 contains in addition the 2180 and 2230 kev levels. The 830 kev level introduced into the 
scheme appears to be in error. Its assumed presence was based, on one hand, on the existence of the 
corresponding group of long-range upper particles,!® and on the other hand on the 860 kev y line ob- 
served in the conversion spectrum.’® However, in later works,!* the existence of a group of a-particles 
that differ from the fundamental group by a decay energy of 830 kev has not been confirmed. In addition, 
it was shown that the 860 kev y line belongs not to Po?!* but to Ph?® 
(Refs. 16 and 17). 

The 2180 and 2230 kev levels, proposed by Demichelis,' are also ab- 
sent from Po*!?. It was shown in that reference on the basis of experi- 
ments on y—y coincidences that Po?” contains the 1.50 — 0.73 Mev and 
1.35 — 0.83 Mev y—y cascades. This gave rise to the assumption of the 
existence of 2230 and 2180 kev levels. However, the Demichelis conclu- 
sions may be in error, since in processing his experimental data he as- 
sumed that the 830 kev (more accurately 860 kev) y transition belongs _ 
to Po’. It was indicated above that the transition belongs to Pb?%, The 
Pb?® level scheme®' discloses the existence of an intense 860 — 2620 
kev cascade, which has probably also played an important role in the 
Demichelis experiments. 

The existence of a 2200 kev level cannot be assumed at the present 
time to be sufficiently well proven. This level was proposed in Ref. 7 on 
the basis of a 2200 kev y line found in the spectrum of the recoil elec- 
trons. However, no such y line was observed in Ref. 10, and the upper 
limit proposed for this line is 10 times greater than the intensity given 
in Ref. 7. No lines in this energy region were observed when we plotted 
the conversion spectrum of an active precipitate of RaTh. The upper 
limit for the intensities of the possible conversion lines that are possible 
here amounts to approximately 107° electrons per Po*! decay act. Nor 
did we find the y lines that could be explained by the transition from the 
2200 kev to the first excited level. 

As to the spins of the excited states, one can speak with certainty only concerning the spin of the 727.2 
kev level. It follows from Ref. 9 that the spin of this level is 2*, according to the general rules for even- 
even nuclei. This is confirmed also by‘our data; it follows from the K/R ratio for the 727.2 kev y tran- 
sition that this transition is of type E2. To determine the multipolarity of the y transitions from higher 
levels one could use our data on the intensity of conversion lines and on the data of Refs. 7, 8, and 10 on 
the intensities of the y rays. However, the data of these references are quite contradictory, and if one 
shows no preference to any one of these data, the following possibilities appear permissible for the level 
spins: for the 1620.5 kev level — 1 or 2, for the 1512.5, 1800.4 kev and apparently also for the 1670.9 kev 
levels — 0, 1, and 2. To determine the spins of these levels it is necessary to have more accurate and 
more reliable data on the intensities of the y rays. It is impossible to determine the multipolarity of 
the 785.4 and 893.4 kev y transitions from the K/L ratio, since the corresponding L-lines have inten- 
sities that are close to the sensitivity limit of our apparatus. 

From theoretical considerations, nuclei having four particles or more above the filled shells should 
exhibit a vibrational level structure. However, at the present time it is impossible to state with certainty 
that such a level structure takes place in Po*". The following facts favor the existence of a vibrational 
structure in Po?!: (1) the equidistant nature of the first two excited levels 727.2 and 1512.6 kev; the ratio 
of their energies is 2.08; (2) according to the generalized nuclear model, one expects the transition from 
the second vibrational level to the first (single-phonon transition) to be easier than the transition into the 
ground state (two-phonon transition). This takes place in Po?”, if one assumes that the 1512.6 and 785.4 
kev transitions are of type E2. In this case it follows from our data on the intensities of the conversion 
lines that the 785.4 kev transition is approximately twice as intense than the 1512.6 kev transition. Were 
these transitions to be single-particle ones, the 1512.6 kev y transition would be approximately 40 times 
more intense than the 785.4 kev transition. 

For further refinement of the level scheme of Po*” it is desirable to obtain sufficiently reliable data 


on the spectrum of Po*??. 


8°” E(kev) Spin 


Bi??? — Po?! decay scheme 
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Note added in proof (October 16, 1956). The 1679.9 kev level does not appear in the y spectra. 
Nor did we observe in the conversion spectrum the direct transition from this level into the ground state... 
although we did find a line with energy 952.7 kev, corresponding to the transition from this level into the | 
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The data obtained in an investigation of the conversion electron spectrum are used in an at- 
tempt to refine the decay scheme of T12%. It is shown that the spin of the ground state of 
T1?® is 5*, while the spin of the 3.961-Mev level of Pb? is 67. It is assumed that there 
exists a 3.750 Mev level with spin 7~. All the excited levels of Pb*® are explained by the 
excitation of one proton. 


To study the decay schemes of nuclei belonging to the active precipitate of radiothorium, we investigaged 
the conversion spectrum of these nuclei.'~? The present work is an attempt to refine the decay scheme 
TI2% _. Pb? on the basis of experimental data obtained. 

The position of the Pb? levels appearing in the decay of T1?% was established in the works by Martin 
and Richardson.*® An analysis of the intensities and the energies of the B and y transitions was used | 
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either to show the existence in lead of excited levels with energies 2.62, 3.20, 3.48, and 3.71 Mev 
2 a Si al. have epeablicned the spins and parities of these levels. From the measurement of the coeffi- 
a 2 eae pb Deepet em ie, study of the y aes angular correlations they established the fol- 
ir e of spins of the evels: 0 Mev — 0°, 2.615 Mev — 3°, 3.198 Mev — 57! 
= 4, and 3.709 Mev — 5-1, BF io 'aleve! potas 
It was noted in Ref. 7 that the 0.252 and 0.763 Mev y rays coincide with the 2.6-5-Mev y rays. It 
follows therefore that the 0.252 and 0.763-Mev y rays belong to the T12% — pp2% decay. To explain the 
origin of these rays, the authors have proposed the existence of a 3.961-Mev level. 
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Our own measurements of the spectrum of the internal-conversion electrons confirm such a level 
scheme for Pb?® (see figure). Furthermore: 

(1) All the known y transitions fit energywise into this decay scheme with an accuracy of ~ 0.1 kev, 
which is within the experimental error of our measurements. 

(2) The multipolarities of all the lines agree with the ascribed spins and parity (see table). The multi- 
polarities of the lines were determined from the conversion ratios on the K and L shells, and for the 
2.614-Mev lines also from the absolute value of the conversion coefficient on the K shell.? 

(3) The existence of a 3.961-Mev level was confirmed not only by the 0.253 and 0.763-Mev transitions, 
which were identified by Elliot,’ but also by the 0.486-Mev transition; the conversion line corresponding 
to this transition was not identified previously. There are no data in the literature concerning the spin 
and parity of the 3.961 Mev level. According to our measurements, the 0.253 Mev transition is magnetic 
dipole. Therefore the 3.961 Mev level can have three spin values, 4°, 5, and 6". However, the first two 
values are of little likelihood, since the 0.486-Mev transition for these values should also be of the mag- 
netic-dipole type and should show an intensity considerably greater than experimentally observed. We 
therefore assigned a spin 6” to the 3.961 Mev level. 

As to the spin of the ground state of the 712% the data available in the literature are contradictory. 
On the basis of the changes in the a—y angular correlation in the Bi?” — T2% decay, Horton? assigns 
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a spin 5* to the ground state of T1°%, although he cannot exclude completely a spin value 4". Demichelis 
assigns a spin 4* to the ground state of T12® on the basis of measurement of the B —/ angular correla- | 
tion in the T12° — Pb?" decay. To resolve this question we estimated log(Tf) for 8 transitions at all 
excited levels of Pb?%. The calculations were made from the measured absolute intensities of the con- 
version lines and from the theoretical conversion coefficients.!! The intensity of the 6 transition at the 
2.614-Mev level was taken according to Demichelis; its value was obtained by direct measurement. Our 
value in this case is not exact, since it is obtained as the difference of two nearly equal numbers. The _ 
values of log(tf) obtained by us can be explained only if the spin of T128 is taken to be 5°. | 

It should be noted that all 8 transitions in this decay scheme are first-order forbidden and the disper-- 
sion in the values of log(tf) for the transitions with AJ = 0 is very small; the same applies to transi- | 
tions with AJ = 1. The values of log(rTf) themselves are in very good agreement with their classifica- | 
tion for nuclei near the twice-filled shells of Pb?" (see, for example, Ref. 13), which confirms the cor- 
rectness of the decay scheme for T1?%. 

We undertook an attempt to include the 0.211 Mev y line in the decay scheme of T1?®_ Its presence 
in this scheme is due to the energy difference of the K and L conversion lines. This transition is of 
the magnetic-dipole type with respect to the probabilities of conversion on the K and L shells. The 
diagram shows the possible position of this transition. If the spin of the thus-obtained 3.750-Mev level is 
7, it. should be weakly excited in the 6 decay of [12% | and all transitions from this level should be too 
weak to be detected by their conversion electrons. Attempts to assign another spin to this level or to 
place the 0.211-Mev transition somewhere else in the decay scheme in such a manner that the initial or 
final level is a known level lead to the necessity of observing strong y transitions. Careful searches 
of the conversion lines corresponding to such transitions did not give positive results. In the work by 
Tauber an attempt is made to assign definite configurations to the excited levels of Pb? The 2.614, 
3.708, and 3.961 Mev levels are attributed by the author to the excitation of the proton from the d3/, state 
to the hg/ state, i.e., to the d3/hy% proton configuration. The 3.198 and 3.475-Mev levels are assigned 
either aproton configuration s4/,hg/, or a neutron configuration p12 9/2 If the scheme for Pb?™ has any | 
proton and neutron levels, the transitions between them should be noticeably forbidden compared with the 
single-particle transitions. 

We calculated the probability ratios for the competing transitions, using the Moszkowski formula for 
the single-particle y transitions.!® These ratios were compared with the intensity ratios of the y transi— 
tions, given in the table. The comparison shows that the transitions between the levels with various con- — 
figurations are not strongly forbidden. It follows therefore that both configurations should be of the proton type. | 


! Zhernovoi, Krisiuk, Latyshev, Remennyi, Sergeev, and Fadeev, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 
682 (1957), Soviet Phys. JETP 5, 563 (1957). | 
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ON THE ELASTIC BACKWARD SCATTERING OF 660 MEV PROTONS AGAINST CARBON 
NUCLEI 


G. A. LEKSIN and Iu. P. KUMEKIN 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 1, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1147-1149 (November, 1957) 


It is shown that the elastic backward scattering of 660-Mev protons by carbon nuclei does not 
exceed 3 x 1073 em?/sterad. The mechanism for ejection of rapid fragments for nuclei inter- 
acting with high-energy nucleons is discussed in connection with this result. 


S EVERAL experiments! ° on the elastic scattering of protons by deuterons have been recently carried 
out in the energy range of 340 —660 Mev; the energy and momentum transfer to the latter particles ex- 
ceeds in this case by hundreds of times the binding energy of the nucleons in the deuteron. Such elastic 
scattering is the result of a three-nucleon collision when the two nucleons of the deuteron are tightly 
bound to each other. On the other hand, it is well known that when nuclei are bombarded with high-energy 
nucleons, deuterons, and a-particles, nuclei of Li, Be, C, B and other elements are ejected with an en- 
ergy considerably in excess of the repulsive Coulomb energy between the ejected fragments and the re- 
sidual nucleus. The characteristic sequence of this process and, above all, the angular and energy dis- 
tributions of the ejected fragments attest without a doubt to their direct participation in the reaction as 
distinguished from evaporation from an excited nucleus. It is natural to try 
to relate these two groups of observations, and assume that the ejection of 
energetic fragments from nuclei can similarly be explained by a collective 
interaction of the incident nucleons with the whole nucleus or with a tight 
aggregate of nucleons within the nucleus. One may further regard such an 
interaction, by analogy with quasi-elastic nucleon-nucleon scattering, as a 
quasi-elastic collision of the nucleon with the moving fragments within the 
nucleus. In that particular case, one must first of all observe a correlation 
between the direction of emergence of the fragments and the nucleon recoil 
(specifically, the emergence of the energetic fragments in the forward di- 
rection must be accompanied by the emission of an energetic nucleon to the 
rear); in the second place, the cross section for quasi-elastic scattering by 
the fragments in the nucleus must be of the same order of magnitude as the 
cross section for elastic scattering by the corresponding free nuclei. The 
cease, aes an hypothesis of quasi-elastic pcaeriae of nucleons Dyer aeenie anside the 
5A ea GG nucleus has been discussed in a series of articles, together with a more 
definitive analysis of the available experimental data. It appears that the ex- 


F 
ae isting facts can be made to agree qualitatively with this hypothesis if one 
Experimental arrange- takes into account the fact that the nucleon, and especially the fragment, un- 
ment: M —carbon target; dergoes a series of changes in the process of development of an intranu- 
A—analyzing magnet; T clear cascade. This last circumstance must be underlined as most of the 
—telescope; F —filter. available data was observed from heavy nuclei in photoemulsions. 


In order to verify the hypothesis of quasi-elastic scattering of incident 
nucleons by heavy fragments within the nucleus, we have attempted to detect the presence of high-energy 
protons generated as a result of the backward scattering of 660-Mev protons by carbon nuclei (at angles 
180 + 15°), and to select a group of protons elastically scattered by the carbon nuclei. 

Investigations of angular and energetic distributions of high-energy protons scattered into the back- 
ward hemisphere present the best experimental possibility for analyzing collisions of high-energy nu- 
cleons against nuclei for the purpose of verifying collective interaction. Protons pass more easily through 
nuclear matter than the heavier fragments, and when the reaction is detected by electronic means, they 
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turn out to be practically the only source of information about an interaction between an incident proton 


and an aggregate of nucleons. i | 

The experimental arrangement is shown on the figure. The carbon target M is irradiated by the in-— 
ternal proton beam of the synchrocyclotron of the Laboratory for Nuclear Problems, Joint Institute for | 
Nuclear Research. The protons scattering at angle of approximately 180° are deflected by the magnetic 
field of the accelerator into an analyzing magnet. The particles then travel through a 4 m collimating 
slit and strike a registering telescope. In order to separate protons from other particles of the same ma 
mentum, a filter F is placed between the second and third counter of the telescope. The experimental 
arrangement permits the use of an intense proton beam while still avoiding excessive noise in the tele- 
scope since the main beam from the target goes in the opposite direction to the collimator. At the same | 
time this experimental arrangement does not allow an exact determination of the solid exit angle of the 
detected protons; it is possible, although this is still not too accurate, to evaluate (as is usually done 
with internal beams) the intensity of protons incident on the target and the effective number of nuclei 
which they irradiate.* This experimental arrangement proved very convenient, however, to verify the 
hypothesis and evaluate cross sections. 

The trajectory of the proton beam was traced by means of a thin current-carrying filament.® It was 
shown that particles of comparatively wide momentum range fall in the solid angle subtended by the tele-_ 
scope. The telescope received protons emerging backward with a momentum ranging from its maximum — 
possible value in the indicated angular range for the p—C reaction, to a minimum value corresponding 
to a proton energy of 350 Mev. 

No effect was observed in the experiment. The noise count of the telescope remained unaltered when 
an absorber was mounted in the path of the proton beam in front of the analyzing magnet, when the target 
in the synchrocyclotron chamber was rotated by an azimuthal angle of 40°, and again when the carbon tar- 
get was replaced by a beryllium target. Calculations show the lower limit for elastic backward p—C 
scattering cross section cannot exceed 3 x 107°? cm?/sterad. Such is also the probability of absence of 
protons ranging in energy from maximum to 350 Mev, corresponding to elastic collisions between protons: 
and aggregates of 8 — 9 nucleons. 

These results permit the following conclusions within the indicated degree of accuracy: (a) the mech- 
anism for ejection of fragments consisting of 8 — 12 nucleons differs (at least for most of the fragments } 
from a quasi-elastic scattering by corresponding fragments inside the nucleus; (b) the interaction be- 
tween a 660-Mev proton and a carbon nucleus is not accompanied by the backward ejection of a proton of 
more than 350 Mev. 

In view of the obtained results, it is necessary to suggest some other mechanism of collective interaction 
satisfying particularly the established experimental facts. | 

The authors wish to thank Professors D. I. Blokhintsev and M. G. Meshcheriakov for discussions of 
the subjects mentioned, and V. M. Sidorov for a discussion of the experimental arrangement. 


1 Meshcheriakov, Bogatchev, Leksin, Neganov, and Piskarev, Symposium CERN, 2, 101 (1956). 

G. A. Leksin, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 440 (1956), Soviet Phys. JETP 5, 371 (1957). 

°O. Chamberlain and D. Clark, Phys. Rev. 102, 473 (1956). 

*S. O. C. Sorensen, Phil. Mag. 42, 188 (1951). 

°J. Combe, J. Phys. Rad. 16, 445 (1955). 

®©. V. Lojkin and N. A. Perfilov, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 913 (1956), Soviet Phys. 
JETP 4, 790 (1957). 

"G. A. Leksin, Dissertation (1956). 


8 ; : 
M. S. Kozodaev and A. A. Tiapkin, IIpu6ops1 u rexuuKa akcnepHMenta (Instr. and Meas. Eng.) 1, 21 
(1956). 


Translated by M. A. Melkanoff 
237 


*This estimate was based on the data of Iu. D. Prokoshkin and A. A. Tiapkin. 


| SOVIET PHYSICS JETP VOLUME 6 (33), NUMBER 5 MAY, 1958 


| ON THE FORM OF THE BETA-DECAY INTERACTION 


G. R. KHUTSISHVILI and S. G. MATINIAN 
Institute of Physics, Academy of Sciences, Georgian S.S.R. 
Submitted to JETP editor April 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1150-1153 (November, 1957) 


A study is made of the effect of parity nonconservation on the interpretation of the experimen- 
tal data relating to the Fierz interference and the B—v angular correlation. Formulas are ob- 
tained for the B-decay of polarized nuclei. 


Unt recently it has been supposed that the B-decay interaction was a combination of the scalar and 
tensor types. This conclusion was based on the following facts: 

(a) The experimental absence in allowed B-ray spectra of the Fierz interference between the scalar 
(S) and vector (V) types on one hand, and between the tensor (T) and axial-vector (A) types on the 
other; this leads to the following relations for the coefficients in the combination of the types: CgCy 
=Cy7Ca = 0. 

(b) The positive sign of the B—v angular correlation coefficient a in the B-decay of He® indicates! 
that Cyt #0. Then it follows from point (a) that Ca =0. 

(c) The negative sign of a in the B-decay of Ne" (Refs. 2 and 3) shows that Cg #0, and this leads 
to Cy =0. 

(d) The absence of the Fierz interference between V and T in non-unique first forbidden B-ray 
spectra, together with point (b), also gives Cy =0. The most essential point in this derivation is the 
absence of the SV and TA interferences, which makes possible the unique solution of the problem of 
the form of the B-decay interaction on the basis of the sign of a alone. 

The discovery of parity nonconservation in B-decay*® has changed the situation somewhat. In fact, the 
absence of the Fierz interferences, points (a) and (d), now gives only (for real Cj, C}) 


CsCy + CsCy = CrCa + CrCa = CyCr + CyCr = 0. (1) 


Unlike the former situation, one cannot get from Eq. (1) and points (b) to (d) the conclusion that Cy 
=Ca= Cy = CA = 0.* It is obvious that a knowledge of just the sign of a is insufficient for the solution 
of the problem of the form of the B-decay interaction. For this it is necessary to obtain values of a with 
greater precision (at present the errors in the determination of a are at least 35 to 45 percent), since 
for small values of Cy/Cg, Cy/Cg and Ca/Cry, C'a/Cr the value of a is very insensitive to these 
ratios. 

From what is said above it can be seen that the polarization effects in B-decay must be calculated for 
a superposition of all the types of interaction. In the present paper the calculation of the polarization ef- 
fects is carried out for the allowed B-transitions, AI =0, +1 (no). We have carried out the calculations 
in the Born approximation. For this reason the results can be applied quantitatively only for the lightest 
nuclei. But the set of experiments presented below as required for the determination of all the constants 
Cj, Ci will also be correct in the general case. For generality we regard the coefficients Cj, Ci as 
complex, since their reality is connected with the still open question of the invariance of weak-interac- 
tion processes with respect to time reversal. All notations are the standard ones.4 

To calculate the probability W(p, q, 7, £) (per unit time, unit energy range of the 6-particle, and 
unit solid angles) of emission of a B-particle with momentum p and spin along the unit vector ¢ anda 
neutrino with momentum q, in the B-decay of oriented nuclei with the axis of quantization along the unit 
vector n; we use the method of Tolhoek and de Groot.’ 

After averaging over the nuclear spins the formula for W contains the following sorts of expressions: 


g=1, —I/U +1), 1/¢ +) 


*We note that this relation will again hold in the two-component theory of the neutrino.® 
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respectively for I+>I-1, I+I+1, and I—I (I is the spin of the B-radioactive nucleus ); 
h=1l, 1(2f—1)/U +1) @1+3), —@l—N/U +) 


respectively for I~I-—1, I+1+1, and I—I; f, and f, are quantities characterizing the orienta- 
tion of the nuclei, 


fi=m/TI, fo= (3/1 (21 —1)) (m®—1 (1 +1)/3], 


(m is the projection of I along the axis of quantization z, and the averaging is taken over the nuclei of 
the given type contained in the specimen); and the matrix 


Finally, the phase a is defined by the formula 


ov = ((1)" (hae) /(S1) G2)" 


it is equal to zero for B-decay transitions in which the state of the nucleon remains unchanged. 

The expression for W(p, q, 7, £) is cumbersome, and we shall not give it here. Other probabilities 
are obtained by averaging W(p, q, 7, £) with respect to different variables (the upper sign refers to 
B~ and the lower to §* transitions; fh =c = mg =1 throughout); 


Wp, a, = ny reg { | SIP [CoP +1 CSP + 1 CvE + | CoP: Re (CoCH + CCH) + Re (CsCst — CveH) FI 


ae | \ 0 ef a Cr? +{Cr?+|CaP+|Ca p)( af gh (= a ee )) + Re (C,C+—C,C'h) ues 


ERE (Cpt + CCN) (H+ ahah — CN a Deri (Cre Perey EE OF ST 


x [Re (e*#[(CsCA + CGR: =F CoO fle CyCr ) (1 — Feet) ae (Csct + Coe a8 Cua. ae Cres (= fe Fee) 
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A special feature is the appearance in W(p, n, ¢) of atermin p[nft]; this quantity is not invariant 
with respect to time reversal, but nevertheless it is present in the formulas for oa #0, becuase, as can 
be seen without difficulty, a changes sign on reversal of the time. 

The first comparison of theory with experiment is conveniently carried out for the B-decay transition 
AI =+ 1 (no). Measurements of the B-ray spectrum and the 6-v correlation fix the values of 


Grea dCriy. Galt Cah, Re(CrCi +0707). 


Furthermore, measurement of W(p, £) [or of W(p, n)] makes it possible to determine Re(CyCyp 
—CaCa), and measurement of W(p, q, £) gives 


Re(CreretaCaCaw) aeRe(CrG.ebiGrOi). almacrC,  CrC a). 


By carrying out measurements of the B-ray spectrum and the B—v correlation in the case of the transition 
AI = 0 (no) one can find the quantities 


|CsP+1CsP, | CyP+ 1CyP, Re(CsCh + CsCy). 
Measurement of W(p, €) and W(p,q, £) gives 
Re(CsCs* —CyC/), Re(CsCs + CyCH), Re(CsCy + CCH) and Im (CsC# + CSCH). 


Thus we get 14 relations for the determination of 15 quantities (8 absolute values and 7 phase differences). 
The additional relation necessary for the determination of the relative phase of the Fermi and Gamow- 
Teller interactions can be found by measuring W(p, n) for the B-decay transitions AIT =0 (no). 


Note added in proof (September 19, 1957). After this paper had been submitted for publication, there ap- 
peared a paper [J. D. Jackson, S. B. Treiman, and H. W. Wyld, Jr., Phys. Rev. 106, 517 ( 1957)] devoted 
to the same problem. But these authors differ from us in that they take the phase a to be zero. 


13. S. Allen and W. K. Jentschke, Phys. Rev. 89, 902 (1953). 

2 Maxson, Allen, and Jentschke, Phys. Rev. 97, 109 (1955). 
3w.P. Alford and D. R. Hamilton, Phys. Rev. 95, 1351 (1954). 
4T.D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
°C.S. Wuet al., Phys. Rev. 105, 1413 (1957). 

oT Landau, Nuclear Physics 3, 127 (1957). 

TH. A. Tolhoek and S. R. de Groot, Physica 17, 81 (1951). 
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CONCERNING A MODEL FOR A NON-IDEAL FERMI GAS 
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Submitted to JETP editor April 24, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1154-1159 (November, 1957) 


The energy of the ground state and the effective mass of the excitations are found for a non- 
ideal Fermi gas with short-range forces, the radii of action of which are small in compari- 
son with the average wavelength. | 


Yane and Huang! and Yang and Lee” have recently investigated the properties of non-ideal Bose and 
Fermi gases consisting of particles whose dimensions are small in comparison with their average wave- | 
length. The study of such a model is of considerable interest. The method developed by Yang, et al., 
however, is extremely cumbersome. 

In the present work another method will be described which allows the thermodynamic quantities in the: 
model of Yang, et al., to be found reasonably simply for the case of Fermi statistics. The idea for this 
method is due to Landau. 

The model, called a hard-sphere model in the work of Yang et al., has in reality a more general char- 
acter. It describes a system of particles with arbitrary short-range forces whose radii of action are 
short compared to the average wavelength. 

We first find an expression for the energy of the system correct to terms of order (a/A)? (where a. 
is the radius and ) the wavelength). It would be possible in principle to determine the terms of order 
(a/ A in an analogous manner; terms of higher order, however, are in principle impossible to find by 
means of the method presented below, since beginning with terms of the fourth order it is necessary to 
take into account the contribution of multiple collisions (cf. Ref. 1). 

We make use of perturbation theory as applied to the interaction energy of the particles, which we 
write (taking the volume of the gas as unity, for simplicity) 


V=2U > Gi Gy Gnas ( 1) 
14N2/71,M2 
M<N 


where at and a; are the creation and annihilation operators for the particle. The summation is per- 


formed with conservation of the total momentum taken into account, with the projection of the spin of the 
state m, equal to the projection of the spin of the state ny, and similarly for m, and nj. The placing 
of U ahead of the summation sign reflects the fact that the interaction is identical for all pairs of par- 
ticles, while the scattering amplitude is independent of the angle. The magnitude of U is in the first ap- 
proximation related to this amplitude by the expression 


U = 4nak?/m (2) 


(a being the s-scattering amplitude). 
The first-order contribution to the energy is equal to the diagonal matrix element of V: 


Ep = 20, DONE N ACen (3) 
Ny<N, 
where the Nj are the occupation numbers. 
The factor Qik in Eq. (3) takes into account the circumstance that Fermi particles, having an angle- 
independent scattering amplitude, do not interact in the case of parallel spins. Thus we shall assume 
that 


*We take this opportunity to express our gratitude to Professors Yang, Huang, and Lee for sending us 
their manuscripts prior to publication. 
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Qin = i — OjS5p ( 4) 
‘(o; being the spin operator for the i-th particle). 
Substituting Eqs. (2) and (4) into (3), we obtain 


E™ — (2nak2/m)N?/2. (5) 
To find the second-order correction we use the perturbation-theory expression 
En = 3) |Vam/?/(En— En). (6) 
3 men 


Substituting Eq. (1) into this formula, we obtain the following sum: 


sa, nN nat Nn) A= Ning) Gren (7’) 
NyNzmMymM, En, rib En, = Em, il E ing ; 
ny<Nnz 


where the Nj; are the equilibrium occupation numbers and the E; are the particle energies. 

Since our objective is an expansion of the energy in powers of a, we must recall that the relation (2) 
between U and the scattering amplitude is not exact, but correct only to terms of the first order. Taking 
second-order terms into account we obtain in place of relation (2) the following: 


2U +4U? D) Qaim / (Em + Em — Em, — Em) = 8a? /m. (2') 


MyM2 


If from this we express U interms of a and substitute the result into Eq. (3), then the expression for 
E() will contain terms proportional to a’, which are naturally to be referred to the second-order cor- 
rection. Taking this into account, we obtain the following value for the second approximation to the en- 
ergy: 

era 1a NN, l= oN 1 = WV 8) Oy (En) + Bn. Eh, Bz) SON NAO de | ELSE Ee OCH) 
In view of the fact that the expression in brackets is symmetrical in nj and ny, we replace the limit 

ny > Nn» by the factor 3. 

The reason for the operation we have just performed is that the expansion in powers of U does not 
actually take place. The presence of the constant U would simply have led to an infinite value for the 
energy, as can be seen directly from Eq. ue ). In the present case the essential circumstance is that the 
scattering amplitude a has a finite, and moreover a small, value, which makes possible the expansion 
in terms of this quantity. 

In the first part of Eq. (7) the term containing the product of four N;’s is equal to zero, since the de- 
nominator is antisymmetric relative to the interchange nyng - mymp, while the numerator is symmetri- 
cal and the total range of summation is the same. The remaining two terms containing the products of 
three Nj’s are identical. Thus we obtain, finally 


E® = —4U" 3) NaNrgNm,Qryre/ (En, + Em — Em, — Ems): (8) 
This is the fundamental expression for the energy, which is correct so long as the assumption (a/A «K 1) 
is fulfilled. 
Our goal is to obtain the characteristics of a degenerate Fermi gas. From Eq. (8) we find for the en- 
ergy of the ground state 


4U2 3 Pers 
~ (2rch)® (ap: \ dp. | dps | ps (P1 ++ P2 — Ps — Pa) re 


| 2 2 2 2) /2m 
[Pi 1<PolP2 |< Po! Psl< Po (Py + Pp — Ps — Pa) 


E® ans 


where py is the limiting momentum, equal to h( 32°N 1/3, 
In accordance with the work of Landau on the theory of a Fermi liquid, the excitation energy is deter- 


mined by the relation 
e; = SE/8N;j. (10) 
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Taking the variation of Eqs. (3) and (8) with respect to Nj gives 


8 (pi + P2—P—Ps)_ __ 9 _8 (Pi + P — P2 ~ Ps) : (11) 


e(p)y ee UN 4, UA ap, dps \d 
e(P) =, +> + Gabe \ ps \ po| US | oan ar (p? + p? — P; — P3)/2m 


\pil:< Po |P2!< Po 


Thus the problem of calculating the energy of the ground state and the effective mass of the excitations 
reduces to that of computing the integrals in (9) and(11). The integration is quite involved, due ue the 
high multiplicity of the integrals and the inconvenience of the regions of integration (the computation of” 
the integral in (9) will be carried out in the Appendix). It is possible, instead, to use a simpler method 
based on the relations obtained by Landau. If we introduce the function 

fin = PE/BNDNz, (12) 


which depends upon the momenta and spins of the i-th and k-th particles, then, in accordance with Ref. 3, | 


| 


1 1 Foe , 
T= ae + ta SPo, 0 \F (P, &% pe’) cos 642; (13) 
Do ape! dunf Bo nie: 
ot = + (sy) SPa, w \F (Ps 2 PY 2”) (1 — cos 8) dQ, (14) 


where c is the velocity of sound, m* is the effective mass, the two vectors p and p in f are taken 
equal in absolute magnitude to pp, and @ is the angle between these vectors. From Eq. (13) we find at 
once the effective mass, and from Eq. (14), after appropriate integration, the energy of the ground state. 

The problem thus reduces to that of determining the quantity f. Taking the variation of Eqs. (3) and 
(8) with respect to Nj; and then to Nx, we find 


j =2UQo,0 — ape \ Ps | de | Qo, o OEP hs 1 8(p+pi—p’—p») +4 Sea (15) | 


CE a (p?+ p’>— pi—- p3)/2m 4 (p?-+ p? — p’*— p3)/2m 4 (p’?-+ p?— p— p2)/2m 
|Pil< Po 1 1 2 


In this calculation we shall at once set |p| =|p’| =p. Integration over the second term in f is consid- 
erably simpler than the integrations in (9) and (11). We find as a result 


__ 2nah? 3 \'Is aypall cos § 1 + sin (0/2) 
oa E A 2(=) aN * (2+ CP ean (073) )| 


Srah? ,_ (3 \" aris (, __ sin (6/2), 4+ sin (6/2) 
—"R (area) [1+2(2) "an (1— in geen). (16) 


A peculiarity of this expression deserves some attention. For angles @ near 7m the function f has a 
logarithmic singularity 
4 
i(0)~(4— 2122) In 


It is clear that the approximation we have used is not\applicable, strictly speaking, in this case. Analysis 
of the subsequent approximations shows that f does dot go to infinity at the point @ =7, but remains fi- 
nite; i.e., this singularity does not actually occur.+ 


(17) 


T—O° 


+ Correction added in proof (September 15, 1957). The singularity in the function £(0) at 6="7 rea | 
flects the singularity in the scattering amplitude for excitations colliding at the angle 7. The correspond- 
ing expression, obtained by summing the principal terms in the perturbation theory, is proportional to | 


315 : 7 |i 
[142 (2) aN’! In Po | , 
wT € 


where € =p’ +p? — pz, 
For the case in which a is positive, this expression goes to 0 at p- = pe = Da 
If, however, a < 0 (this is possible for a Fermi system), the scattering amplitude has a pole near 
the Fermi boundary. This corresponds to the possibility of formation of associated pairs from excitations 


having opposite momenta, which has recently been noted by Cooper,° and is evidently the principal reason 
for the occurrence of superconductivity in metals .® 
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Thus the expression found for f is invalid at angles near to 7. In view, however, of the fact that the 
Singularity is a logarithmic one, it is manifested only in the immediate vicinity of the singular point; and, 
Since into the equations in which we are interested there enter only integrals of f with regular functions, 
the logarithmic singularity in the function f is not important. 
Substituting Eq. (16) into (13), we find for the value of the effective mass 


m/m* = 1 — (8/15) (3/=)%*(71In2— 1) aN", (18) 


We note that if the value m* = 1.43 m, corresponding to liquid He? (cf. Ref. 4), is substituted here, the 
resulting value for a is found to 1.6 x 1078 cm, i.e., it is of the same order as the gas-kinetic diameter 
of the helium atom. Such a comparison has, of course, no strict significance. The model under consider- 
| ation cannot describe liquid He®. This is already evident from the fact that the quantity (m* — m)/m*, 
which should be a second-order quantity with respect to a in accordance with theory, is equal to 14 for 
the case of He?, 


Setting the formula for f into the expression for the velocity of sound, we obtain 


a = Layo ke mah? £3 
3 


ie + 22 [1+ i(5)"an"1—21n 9)], (19) 


4 
qT 
Aa 
3 


ce 


From the value found for c? it is not difficult to obtain the energy of the ground state for a Fermi liq- 
uid. For this we use the relation? 


ch = (N/m) (op /ON). (20) 


From this we obtain 
fey Ae ee Week 
B=\pdn = 6° += wii + (3) aN'* (11 — 21n2)]. (21) 


Equation (21) agrees with the result of Lee and Yang.? The same result may be obtained by direct inte- 
gration in Eq. (9); this is done in the Appendix. 

In conclusion, the authors express their deep gratitude to Academician L. D. Landau for his valued ad- 
vice and criticism of the results of this work, to V. Galitskii for his helpful discussions, and, finally, to 
L. Pogodina for her aid in the preparation of the manuscript for publication. 


APPENDIX 


For the computation of the integral in Eq. (9) it is convenient to introduce the new variables 


P = Pi— Po, ¢ = Ps — Pa, S = Pr + Po = Ps + Pa- 


In terms of these variables, E() takes on the form 


E® ——" | ds\dpl da 


Paden 


where the region of integration for the vector s is 0 <|s|< 2p 
and the range of values for p and q is shown in the figure. If we 
introduce the variables Xq = cos(q, s) and Xp = Cos (p, S), E() 


becomes 
8mU2n8 ¢° = Ap : oe 4 
(2) a BATE 2 2 2 a 
E (Qnkyp \ S ds\ dxp ( p* dp \ dXq \ q? dq pag 
0 0 0 =1 0 


where z(x) satisfies the relation 


224+. Qzsx-+ 32? = 4p? 


LL, 
CMLL 


From this, by means of a series of transformations and partial in- 
tegrations over dxp and dxqg we find 
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2 U2 7k 1+s 1 ey { {+s ; es | 2 | 4 

m U* ‘ oe Ba fg fl =—— s 

po = MOP | seas| ( ptap | gag tae \ pap(i—p'—s) | adq(l—a— ame 
0 0 0 Vics! Vi-—s' 


Integrating further by parts over s and then carrying out the remaining integration, we obtain 
E® = (8/5,) (3/x)"(11—2 In2)aN°E™. 


2n7 1/3 oe ° 
Here we have expressed U in accordance with Eq. (2) and set po = h( 37°N) /3, The result thus obtaine : 
is identical with the second-order term in Eq. (21). 
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NUCLEAR REACTIONS IN Li’ AND C!2 INDUCED BY N!4 IONS 


D. G. ALKHAZOV, Iu. P. GANGRSKII, and I. Kh. LEMBERG 
Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1160-1162 (November, 1957) 


In an investigation of the reaction products induced by the bombardment of Li’? by 15.6-Mev 
nitrogen ions, activities associated with pon Ne”, N's, and O” have been found; similarly, an 
activity associated with Al” has been found in the bombardment of carbon. The production 
cross sections for the above-mentioned products have been determined. On the basis of an 
examination of the F!8-production cross sections in light elements bombarded by nitrogen ions 
and the a-particle binding energy in these same nuclei, it is proposed that the F'8 is formed 
by capture of an a-particle from the nucleus by the incoming N* nucleus. 
/ 
Nuc LEAR reactions induced in light elements by N'4 ions have been studied by a number of authors.!~° 
However, in all this work only nuclides with half-lives T greater than 1 min were investigated. The 
products resulting from the bombardment of Li’ by N' have not been studied at all. 

In the present work we have measured yields for nuclides with T > 1 sec produced by bombardment 
of Li’ and C™ by N" ions. The experiments were carried out with a beam of triply-charged, 15.6-Mev 
N* jons from a cyclotron; the beam was focussed by two magnetic-quadrupole lenses. The target was 
placed at the end of a Faraday cylinder. The electric charge deposited by the beam was measured by 
electronic integration. In these experiments the ion-beam intensity was 4—7 x 10!° jons/sec. 

The lithium bombardment was carried out with a target consisting of a LiCl layer 70 thick precipi- 
tated from an aquaeous solution enriched in Li! (the Li’ content was approximately 99 percent). The 
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TABLE I carbon bombardment was carried out with a graphite 
a target 70 thick. In both cases the target substrate 
Target Reaction B for ni- ; i 
r i potent ® was a copper slab 70y thick. The copper end of the 
nucleus product trogen ions . 
Faraday cylinder was 100y thick. The radiation as- 
Li? ao 112 min 4.4-10-7 | 1.8.40-26 sociated with the induced activity was detected by a 
Be ae a iu age rat ae MST — 17 end-window B-counter which was placed di- 
Li? O1 1.97 min. | 41.0-40-8 | 4.3.10-27 rectly against the end of the cylinder (in this work 
(Cx Zul2s 7.6 sec 3.2-10-9 2.0-4 


a the solid angle ranged from 0.46 X 4m to 0.22 X 47). 
The counter pulses were fed to an amplifier and then 
to the input of a 10-channel time analyzer in which the 
pulses were recorded in various channels depending 
on their relative time delay. By varying the time width of a channel it was possible to measure to 1072 
sec and better. In the present work only T > 1 sec has been investigated. The analyzer was synchron- 
ized with the cyclotron beam and automatically switched on a short time after the beam was switched off. 

An analysis of the activity in graphite resulting from the bombardment of Li" indicated the presence of 
nuclides with half-lives of 6.8 sec, 17.5 sec, 2 min, and 130 min. When Li’ is bombarded by N!4 formation 
of the following nuclides with values of T ranging from 5 to 20 sec is possible: F2° (T = 7.35 sec, 

Eg max = 10.4 Mev); N’® (T = 10.7 sec, Eg max = 7 Mev); Ne® (T = 18.5 sec, Eg max = 2.2 Mev). For 
control purposes a decay curve was taken with an aluminum absorber between the counter and the target. 
The thickness of the absorber (3 mm) was sufficient to stop 8 radiation from Ne’. In this case the 6.8- 
sec activity was observed. This result serves as a basis for assuming that when Li’ is bombarded by ni- 
trogen N‘ is formed and the F”° yield (if it exists at all) is less than 0.1 of the N® yield. The 17.5-sec 
activity has been assigned to Ne’*; the 2-min and 130-min activities have been assigned to O” (T = 1.97 
sec) and F!8 (T = 112 sec). 

The bombardment of C”? by nN" has been studied in Ref. 2; a 112-min activity (F'*), a 15-hour activity 
( Na?*) and 2.6-year activity (Na??) were found. In the present work the short-lived activities were stud- 
ied. A 7.4-sec activity, apparently due to the C'?(N‘, n)Al® reaction was observed. 

Extrapolating the decay curves to the origin, introducing corrections for B-ray absorption in the tar- 
get, substrate, and end of the Faraday cylinder, and introducing solid-angle corrections we have deter- 
mined the yields for the various nuclides formed in N" reactions. In Table I are shown the yield values 
B for thick targets, referred to a single nitrogen ion. In this same table are shown the cross sections 0 
for the various reactions which result in the formation of the nuclides shown in the table. To compute the 
values of o, startingfrom the values of B determined in the experiments, one must know the excitation 
function o(E) and the stopping power of the target material for nitrogen ions. We have compared the 
experimentally determined excitation functions? ~* for the reactions 


* The cross sections are computed for ions with £),, = 15.6 Mev 


Be (Ni, He’).F (1) 
BM (Nt, Li8y F2, (2) 
qc (n'4, Be®) F'8, (3) 
0% (nt, C12) Fits (4) 


and are convinced that these functions are very much the same for energies E less than the height of the 
Coulomb barrier Ep; for nitrogen-ion interactions with Be® and B? the excitation functions are essen- 
tially identical. Hence, in computing o for reactions occurring in the bombardment of lithium by nitrogen 
ions we have used the o(E) curve for the reactions in (1) and (2) published in Refs. 3 and 4; in the car- 
bon case the o(E) curve for reaction (3) given in Ref, 2 has been used. The stopping power for nitrogen 
ions was computed by converting the range-energy curves for a-particles using the method proposed by 
Lonchamp.’ We have obtained the following results: nitrogen ions with E = 15.6 Mev in LiCl, dE/dpx 
=6.1 Mev-mg !-cm’; in graphite dE/dpx = 7.6 Mev-mg !-cm?. 

The high value of the F'8_production cross section in Table I is noteworthy. An anomalously high F™ 
yield is also noted in bombardment of certain other elements by nitrogen ions. It is possible that F™ for- 
mation takes place as the result of the capture of an a particle from the target nucleus by the incoming 
N‘4 nucleus as in “inverse stripping” reactions in which the incoming nucleon can cause the ejection of 
another nucleon from the nucleus and continue on in the form of a deuteron. It is apparent that with a re- 
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TABLE II action mechanism of this kind a larger value 1 


of the F'8-production cross section will be « 


: 
observed when the nitrogen ions bombard 


Taree Ey M E € Reference ee 
nucleus ee ‘Eet ‘tan nuclei with smaller a particle binding ener- | 
ies (Epinq). In Table II we compare nitro-_ 
i7 5 5.0 4.8-10-26 Present gl bind 18 F 
hs ae in work gen-ion induced F’’-production cross sec- 
ue ras a eee A tions and values of a particle binding energy 
a 4.4 A ey E . ° ° ek 
Ci 7.4 9.2 41,0-10-27 [7] in light nuclei. In order to compare the re 
oe ae i : 4 Seer [‘] sults, the values of o are taken for collision | 
Al’? 10.0 17.4 a energies equal to the height of the Coulomb 
3 barrier: 
* Activity due to F*® production is not observed.° It was obvious from Table II that o de- 
y P ; 
** Activity due to F*® production is observed but the value ofa is creases as Ebind neressce, 
not given. in ‘ 
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A STUDY OF SLOW wu MESONS IN THE STRATOSPHERE BY THE METHOD OF DE- 
LAYED COINCIDENCES 
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P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1163-1165 (November, 1957) 


A study has been made of the altitude dependence of mesons of ~ 100 Mev up to altitudes 
of about 25 km at 51° and 31° N latitude. The p-meson production spectrum in the atmos- 
phere has been measured at these latitudes. 


Exprrtments on the altitude dependence of slow y mesons by the method of delayed coincidences 
were carried out by Sands! and Conversi? in airplanes at altitudes up to ~ 10 —11km. In the present 
experiment the altitude dependence of slow » mesons has been studied using that method in balloon 
flights up to the altitude of ~ 25 km at 51° and 31° N geomagnetic latitude. 

The counter arrangement used is shown in Fig. 1. The counter trays T,; and T,, separated by a Pb 
absorber 5 cm thick, formed a telescope. The two groups of counters marked “del” detected delayed 
particles. The counters of the groups A and B were connected in parallel and the anti-coincidences 
(A-B) were recorded. The mesons stopped in the graphite block C 7 cm in thickness. 


The array detected » mesons with kinetic energies of 100 —115 Mev. The “del” counters were oper- 
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ated in the following way: the high voltage was set at 40 — 
50 v below the counting threshold, and the appearance of the 
master pulse (coincidence T,T,) caused a voltage pulse of 
~ 180 — 200 v to be applied to the counters for ~ 3 psec. 
The pulsed operation of the delay counters increased the 
del efficiency of the decay-electron detection. In the ordinary 
method of delayed coincidences it is necessary that the pulse 
width of the counters detecting decay electrons be less than 
the chosen delay. A considerable narrowing of the counter 
FIG. 1. Schematic diagram pulse necessitates, however, a much more elaborate elec- 
of the apparatus tronic circuitry, increases the dissipated power and the total 
weight of the apparatus, etc. It is therefore necessary to 
increase considerablythe delays in experiments sent into the stratosphere, which reduces the detection 
efficiency of decay electrons. The background cosmic radiation is a further reason for reduced efficiency 
of the decay electron detection in the conventional counter connection. The total time of counter insensi- 
tivity due to dead time becomes appreciable at high altitudes, thus reducing the efficiency. The pulsed 
operation of counters eliminates all those deficiences of the delayed coincidence method. 

The measurement of chance coincidences recorded during the flight was carried out as follows: after 
each operation of the delay counters due to the master pulse trigger, the counters were operated again 
about 100 psec later, when chance coincidences only could be detected. All data obtained during flight 
were relayed by a radio transmitter, displayed on an oscilloscope, and recorded photographically. 

The experiments on the altitude dependence of slow yp mesons were carried out during 1953 — 1955. 
Two flights were made at each latitude, 51° and 
31° N. The results of corresponding flights were 
consistent. The number of chance coincidences 
was subtracted from the measured number of de- 
layed coincidences. At high altitudes chance co- 
incidences amounted to ~ 40 —50% of all recorded 
events. The detection efficiency 7 of stopping 
41 mesons was then accounted for. The efficiency 
was determined in the course of an auxiliary ex- 
periment at sea-level by comparison of the meas- 
ured number of delayed coincidences with the ab- 
solute intensity of » mesons at sea-level;? it was 
pig/em? “00 00 600 7 200 Y) found that n = 0.23 + 0.02. 

The altitude dependence of slow p mesons at 

FIG. 2. Altitude dependence of slow mesons the latitudes of 51° and 31° N is shown in Fig. 2. 

for 51° N latitude (upper curve ) and The x axis represents the pressure in g/cm?, 
31° N latitude (lower curve ) and the y axis —the number of mesons in 
g ‘sec 'sterad!. 

The measurements of the slow p-meson intensity at high altitudes make it possible to correct the low- 
energy end of the production spectrum in the atmosphere averaged over the total flux of nuclear-active 
particles. The expressions for the y-meson production spectrum in the atmosphere given in Refs. 1—4 
are not accurate for low energies. This is due to the fact that the experiments!” upon which the calcula- 
tions are based were carried out at relatively low altitudes (up to 10 —11 km) where the intensity of slow 
up mesons is insensitive to the shape of the meson production spectrum in the low-energy region. 

The data on the absolute intensity of slow p mesons in the stratosphere at the altitude of ~ 30-50 
g/ em? obtained in the present experiment were used for the determination of the p-meson production 
spectrum in the low-energy region. The differential equation® expressing the balance of the number of 
mesons with total energy € at any atmospheric depth was used. The chosen spectrum had, on one hand, 
to satisfy the measured intensity according to the equation of Ref. 5 and, on the other, to coincide with 
the known p-meson production spectrum for energies = 7 pc? & The obtained ~-meson production spec- 
trum in the atmosphere at 51° N latitude can be written as follows: 


N:104 sectg* sterad™ 


360 
(B +)? 


(wer) min” sterad+ | 


TIsien (¢) = 
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where B=(2+0.3)uc? and ¢€ is the total energy of the » mesons in units of pc’. For the latitude of 


31° N the expression for the spectrum is: i) 


2700 ts é 2 
IIgien (¢) = Gaqper c?)"! min-!sterad-* for 2pc?<Ce< ThtVere 
" 360 DB 
Igien (8) = @4 or (uc?)"! min“ sterad“ for ¢>7 uc’, 


under the condition 


Ten (7402) = Ugien (7yC?). 


It can be easily seen that the observed spectrum exhibits a large latitude effect for slow mesons and 1 
that such an effect is absent (cf. Ref. 6) for mesons with energy = 7yc? between the latitudes of 51° and ! 
31° N. It should be noted that the p-meson production spectrum at 51° N latitude, obtained as the result | 
of the present work, yields a slightly larger value for the number of mesons with energy between 2 and | 
Tyce compared with Ref. 1. 1 

In the present experiment, therefore, | 

(1) new apparatus has been developed for the study of slow p mesons in the stratosphere by the de- 
layed coincidence method; 

(2) the altitude dependence of slow p mesons has been measured at 51° and 31° north latitude; 

(3) the meson production spectrum in the atmosphere at the latitudes of 51° and 31° N has been deter~- 
mined in the low-energy region (E 2 100 Mev). 

In conclusion I wish to express my deep gratitude to G. B. Zhdanov and A. N. Charakhch’ ian for direct- 
ing the work, to S. N. Vernov, Iu. A. Smorodin, and T. N. Charakhch’ ian for their valuable remarks in the} 
discussion of results and to A. F. Krasotkin for help in assembling the apparatus and carrying out the 
flights. 
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Using a magnetic spectrometer in conjunction with a multiplate cloud chamber, a momentum 
spectrum was obtained for cosmic-radiation electrons in the range from 4 x 108 to 4 x 10° 
ev/c. The penetrating power of fast electrons (E = 4 x 10° ev) is discussed. 


1. INTRODUCTION 


Tue energy spectrum of cosmic-radiation electrons at sea level and at various altitudes in the atmos- 
phere has been studied in Refs. 1—10 and elsewhere. The principal methods of investigation were: 
(1) a comparison of the absorption of cosmic rays in heavy and light substances such as Pb and Al,” 
(2) a cloud chamber with lead plates,**®’? (3) large flat scintillation counters separated by lead absorb- 
ers,®® (4) a cloud chamber with lead plates ina magnetic field,4 and (5) an old form of the magnetic 
mass spectrometer of Alikhanian and Alikhanov.>* 

In the present work the electron spectrum was studied by means of an Alikhanian-Alikhanov mass 
spectrometer in conjunction with a multiplate cloud chamber.!! The principal advantages of this method 
are that, unlike methods 1, 2, and 3, it enables us to determine the energy of an electron directly by 
measuring the radius of curvature of its trajectory in the magnetic field and to determine the sign of 
the charge in each instance. The transmission is much greater than for method 4. The advantage over 


method 5 is the possibility of identifying electrons reliably by their multiplication in the lead plates of 
the cloud chamber. 


2, ELECTRON SPECTRUM 


I Counter 1 10 20 30 90/49 


Gounter Our measurements were obtained at 3200 m above sea level 
Tray 


Tray and pertained to electron energies E in the range from 4X 108 
8 to 4X 10° ev. For the same altitude and for the same energy 
region the electron spectrum was previously obtained by Mus- 
khelishvili,® and the electron and photon spectrum was obtained 
by Hazen® and Lovati, Mura et al.® using a multiplate cloud 
chamber. 

In Ref. 3 the energy of the primary particles was deter- 
mined on the basis of the calculations of Rossi and Greisen™ 
from the observed number of particles in the shower maximum. 
In Ref. 6 the electron and photon energies were determined 
from the total number of shower particles, using the cascade 
curves of Wilson" for (for E < 3x 10% ev) and of Arley!4 
(for E >3xX 10® ev). Both methods are indirect, because the 
energies of the primary electrons and photons are determined 
from theoretical cascade curves by using the number of sec- 

TE tb «= « ULE. ondary particles observed in the cloud chamber. However, as 

a ae we know, the cascade curves have recently been considerably 
improved (as in Ref. 15) and lead, in particular, to different 

FIG. 1. Experimental arrangement values of the average number of particles at given depths. It 


1 10 20 $040 49\ 2 


*In Ref. 10 a magnetic spectrometer was used in conjunction with a proportional counter. 
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TABLE I must also be noted that aside from) 
the errors in determining the pri-, | 


mary electron energy, (errors as-+ 


Counter Numberof |: “@auner soccer Counter | Material and wall sociated with fluctuations inthe | 
Tray, fa an ee eae, ae ee ee a number of secondary particles), 1 
the secondary particles in multi- | 

1 and 5 49 46 5.3 120 0,4 Cu plate cloud chambers can often be 1 
cre re ri on sao ae A determined only approximately be-- 
i, II, IV 13 8 8.5 290 OS Al cause of the background of extran- || 
ee 97 20 900 0.45 Cu eous particles and the relatively | 


large number of slow electrons, as} 
was pointed out by Wilson in Ref. 16. 
With respect to Ref. 5 it can be stated that although electron energies were here determined directly 
by measuring the radius of curvature of trajectories in a magnetic field, the electrons were feat by 
an insufficiently reliable method. In approximating the differential spectra by the law N(p)dp = Nop d dp 
in Refs. 3, 5, and 6 the values yg = 3.0, 1.5, and 2.5 were used, respectively. It was important to deter 
mine the electron spectrum by a direct method which would be free of the shortcomings mentioned above. 
Figure 1 shows the experimental arrangement.* In the 100 xX 30 X 12 cm gap of the electromagnet, 
which provided a field of 4500 oersteds, we placed a hodoscopic system of Geiger counters which enabled | 
us to “trace” the trajectory in two mutually perpendicular planes A and B, using 5 points in each plane., 
Details concerning the counters are given in Table I. Between the poles of the magnet we placed a rec- 
tangular cloud chamber (620 X 280 X 180 mm) containing 7 lead plates each 7 mm thick. An 8 cm thick 
lead block was below the cloud chamber and counter tray ac was below this block. Practically all of the 
electrons which entered the apparatus could be registered because the total thickness of the matter above 
ac was ~ 28 shower units. At the same time there was a considerable reduction of the dead time result- 
ing from the elimination of the “hard” component, which is of no interest here. ; 
Electrons were identified by their cascade mul- 
TABLE II tiplication in the lead plates of the cloud chamber, 


lntegrallmumbermonelecrons because for electrons with E > 4x 10% ev there 
< ae positrons (corrected for is practically no possibility of passage through two | 
& = | Integral number} *"° eer ae ore or three lead plates without multiplication. The 
No. of 2 9 of registered apparalus : 
inter- | 3 & | electrons and Assuming Resuming a momentum p of a primary electron was deter- 
va Ey positrons isotropic cos? @ dis- i j i 
ies & x pa ee nee cron the messes ment of its radius of curv- | 
ature in the magnetic field. The probable error in 
é nh Bee ae te momentum determinations because of the finite di- | 
2 4.5 264 266 270 mensions of the counters is given by (see Ref. 11) 
: 5.0 233 234 236 
6.0 172 172 472 rE | 
b) te 138 138 138 (Ap/P)prob = 0.66-1071° p. 
6 8.0 417 417 417 | 
7 2.0 96 96 96 The electron momentum measurements are given 
Ghee G se a oF in Table II.+ Column 3 of the table contains the 
10 43 0 e & & integral number of registered electrons. In order 
7 ; o : 
12 20.0 29 22 29 to determine the true ratios of the numbers of par- 
13 30.0 10 10 10 


ticles in different intervals it is necessary to take 
into account the relative transmission in the re- 


. cording of particles of a given momentum. The 
method used in calculating the transmission of the mass spectrometer is described in Ref. 11. We 


note that the relative transmission depends not only on the geometry of the apparatus but also on the ang- 
ular distribution of the primary particles that enter the apparatus. However, under our experimental con-_ 
ditions the trajectories of particles with p=4x108 ev/c form a small angle with the vertical and the 


*A detailed description of the apparatus is given in Ref. 11. In the present experiment the thickness of 


the layer of light material over the apparatus was about 2 g'/ cm’, The roof of the chamber was 8 
mm of Al. 


+ We shall give henceforth the total number of electrons and positrons. 
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| ieee transmission is relatively insensitive to the angular distribution of 
Beis A fT the particles. Column 4 gives the numbers of electrons corrected 

7 for the transmission upon the assumption of isotropic scattering of 
incident particles. Column 5 gives the corresponding numbers for 
a cos*@ distribution. 

Figure 2 is a logarithmic representation of the integral electron 
spectrum, Electron momentum (or energy) is denoted on the hori- 
zontal axis, while the vertical axis denotes the numbers of electrons 
which possess energy above each given amount. In the energy range 
4 x 108—2 x 10° ev the points fall on a straight line and the corre- 
sponding integral spectrum can be approximated by N(p) = N)/p*int 
with yjnt = 1.45 + 0.20. It should be noted that the passage of an 
electron through the telescopic system is accompanied by the trigger- 
ing of counters which do not lie on the trajectory of the particle. 
This may be caused by extraneous particles, random coincidences, 
cH io a etc. Yet even in such instances it is easy to establish the true tra- 

meen jectory, because the counters which determine the latter lie on a 


8 ; I 1O% 
eames SE) 2 >A Hage straight line in plane A and onacircle in plane B. In addition 
| FIG. 2. Integral electron to the total spectrum in Fig. 2 we have plotted the spectrum of sin- 
spectrum gle electrons, which is described by the exponent yjpt = 1.55 + 0.20 


and does not differ from Fig. 2 within the limits of statistical error. 


3. ELECTRON FLUX 


For the purpose of determining the absolute electron flux we used data on the proton component which 
we obtained at the same time. Taking the transmission into account, approximately 135 protons, which 
were stopped in plates 3 —6 were registered during the measurements. Taking into account the increase 
of the range due to the inclination of the trajectories with respect to the planes of the plates as well as 
due to scattering in the plates, the proton momentum interval corresponding to these residual ranges is 
approximately 4.8 Xx 108 —6.15 x 108 ev/c. From the data of Ref. 17, obtained at the same altitude, the ab- 
solute proton flux in this momentum interval is 0.18 x 10-3 cm~ sterad! sec™! and comprises (0.18 
x 1073) /( 13.8 x 1073) = 1.3% of the muon flux with momenta p > 370 Mev/c. Since the 311 electrons 
which we counted exceed by 2.3 times the number of protons in the same solid angle, it can be concluded 
that the electron flux for momenta p > 4 X 108 ev/e is ~ 3% of the muon flux for momenta p > 370 Mev/c. 

The absolute flux of electrons with momenta p = 4 X 108 ev/e is 0.41 x 10-3 em sterad™! sec™!. 
This value is probably somewhat too low because it is not always possibie to take into account all of the 
electrons in dense showers. References 3, 5, and 6 give the intensity of the electron-photon component 
as a percentage of the flux of “hard” particles, which are muons with momenta p 3 1.6 —2.0 Xx 108 ev/c 
and protons with momenta p 3 5—8 X 108 ev/c. If for convenience of comparison with these references 
we relate our electron count to the flux of “hard” particles, we obtain ~ 2.5% for the electron flux with 
momenta p = 4X 108 ev/c. 

We shall now compare our results with those of Refs. 3, 5, and 6. According to Muskhelishvili® the 
electron flux for 2 x 108 < p <= 10° ev/c is ~ 3%, while for 4 x 10° < p < 10° ev/c it is 1.5%. According 
to our data the number of electrons in the interval 4 x 10° <ps 10° ev/e is ~ 1.8% of the number of 
“hard” particles. Hazen? gives the total intensity of the electron-photon component as 7% and the ratio 

2.5:1 for the numbers of electrons and photons 


TABLE I with p > 2X 108 ev/c. Thus, according to Hazen, 
the electron flux for p > 2X 108 ev/e is ~ 5%. 
Electron flux |e ae acoe flax Lovati, Mura, et al.® give the total intensity of the 
Author Momentum range, of ent from the pre- electron-photon component in the same momentum 
exe aie ae Eee al meraneeaD bales 108 ev/c) as 12.2%, which is almost 


1.7 times greater than the result obtained by Hazen. 
Hazen? 1.61.8 Using Hazen’s ratio between the numbers of elec- 
Lovati et al.6 {24-108 3.0=3.6} SI trons and photons, from the data of Lovati et al. we 
Muskhelishvili® ce eau Age obtain 8.6% for the electron flux. For comparison 
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with our own results we take yjpt = 1.5 as the exponent of the integral electron spectrum in the momen~ 


tum range 2—4 x 108 ev/c (for p < 2X 108 ev/ce this exponent is apparently redicese Then for the | 
electron flux with p > 4 Xx 108 ev/c we obtain 1.8° and 3%® instead of our result, ~ 2. oe ae i 

According to Refs. 3 and 6 it is possible to estimate the electron flux by another epee Bee 
histograms given in these references it follows that the total number of electrons an je ’ Ca 
>4x108 ev/c is 2.2% (Ref. 3) and 5.1% (Ref. 6). Assuming the elect One aian ratio to be es 
this momentum range, we find that the electron flux with p = 4x 10% ev/c is 1.6% (Ref. 3) and 3.6/_ 

EB): | 

ae: ‘ae that these values for the electron component (with p = 4X 108 ev/c), based on the data of | 
Refs. 3 and 6 for the total electron-photon component with p > 2X 108 ev/c, must be regarded as very 
approximate. We also note that even the value given for the total intensity of the electron-photon compo- 
nent in Ref. 3 is in need of correction. For example, Hazen determined the energy of a primary electron 
(or photon) on the basis of Rossi and Greisen’s calculations!* and assumed that a given number of partis 
cles in the shower maximum corresponds to identical energy for a primary electron or seeds Specif- _ 
ically, it was assumed that when the energy of the primary electron (or photon) is 2 X 10 ev, the ae 
number of particles in the maximum is 5. According to more recent data (see Ref. 15) abe number of | 
particles corresponds to higher energy for the primary electron or photon, that is, 2.4 x 10° ev for elec- 
trons and 3.3 xX 108 ey for photons. Therefore Hazen’s form for the total spectrum of electrons and pho- 
tons can hardly be regarded as correct and his value for the intensity of the electron-photon component 
is too low. 

In conclusion we summarize the data for the electron component in Table III. Keeping in mind the low, 
accuracy for all of the results presented, we find our data in agreement with those of Refs. 3, 5, and 6. 


4. REMARK ON THE PENETRATING POWER OF FAST ELECTRONS 


TABLE IV We know that calculations of cascade curves 
for lead, which take into account the energy depen 


Average number of particles at depths: ence of the photon absorption cross section as well 


Energy of the 
primary elec- 


tron, ev —_| According to| According to ecules to| According is sentially new results concerning the penetrating 
Rossi’? | Ivanenko!§ | Rossi Rene oeCaE power of fast electrons.* As an illustration, Tabie 
7-108 0.0026 0.19 0 One IV shows the average number of particles at depthul 
10» 0.0045 0.48 0 ; Ne : ie | 
5.109 0.049 3.93 0.002 0.62 of 22 and 28 t-units (shower units) for a few fixec 
1010 0.3 11.6 0.013 2.10 values of the primary electron energy, based on both | 


22 t-units 


We see from the table that: (a) according to Rossi the average number of particles at depths of 22 anc 
28 t-units is negligibly small even for showers produced by electrons with the high energy E~ 5X 10° 
ev; (b) Ivanenko’s work yields much larger values for the average number of particles at the same depth: 
and thus greater penetrating power of the showers. | 

To check these conclusions experimentally, we measured the electron spectrum again with a somewhat 


28 teunits 


as electron scattering (see Ref. 15), lead to es- 


older work” andthe most recent work of Ivanenko.® 


/ 


different experimental arrangement (Series II) in which the total absorber thickness above counter tray 


ac was 22 shower units instead of the 28 units of Series I. It is clear that according to Rossi’s theory” 
this reduction in the thickness of absorbing material should have practically no effect on the form of the | 


| 


spectrum. A quite different result follows from Ivanenko’s work: Since in a considerable number of in-- 
stances electrons are able to pass through 22 t-units of absorbing material and enter counters ac, thus — 
being eliminated from consideration, the resultant spectrum must be steeper. In Fig. 3 the electron spec: 
trum of Series II is represented by crosses. The spectrum of Series I is given for comparison after ad- 


justment for the total number of electrons. 
tive agreement with Ivanenko,® 


Despite the small statistical accuracy, we can affirm qualita- 


We shall now attempt, on the basis of Ref. 15, to introduce a correction into spectra I and II by taking 
into account the electrons which escaped registration in our experiments because their multiplication 
products entered counters ac. It is obvious that after this correction spectra I and II must be approxi- 


mated by curves with the same exponent V> 


*References to earlier work are given in Ref. 15. 


which is the true exponent for the spectrum of the electron 


j 
; 
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ga TABLE V 
1000 ale Se 
pau . 
ae 22 t-units 28 t-units 
500 an E-10-8 ev | | ; 
a ae 
rT 
200} aa | 
aaa 4.0 0,014 0.007 99.3 0,04 0.005 99.5 
100 6.0 0.12 0.06 94.0 0,025 0.012 99,0 
41=S=: 8.0 0.27 0.135 87.4 0.045 0.022 98.0 
4 10.0 0,48 0.24 78.7 0.072 0.036 96.5 
Sm 12.0 0.59 0.295 74,4 0,088 0.044 95.7 
b 15.0 0.77 0,385 68,0 0.13 0.065 93.7 
men 20.0 1.09 0,545 58.0 0,18 0.09 91.0 
20 30.0 1,89 0,945 38.8 0,297 0.148 86.0 
a 50.0 3.93 4.965 14.0 0.62 0.34 73,0 
J 100.0 11.6 5.8 0.3 24 4,05 35.0 
flux entering the apparatus, and that the straight lines which approx- 
imate these spectra must be parallel if Ivanenko’s cascade curves, 


upon which the calculation is based, are correct. Since the exclusion 


| ST aS ae op of high-energy electrons occurs because their multiplication prod- 

FIG. 3. Electron spectrum. ucts enter counters ac, it is necessary to calculate the probability 
x — for Series II (22 t-units); o that, for a primary electron of given energy, the number of sec- 
e—for Series I (28 t-units ) ondary electrons at a given depth (above ac) becomes zero when 


the average number of secondary electrons is n. o is thus the 
probability that our apparatus will register an electron of a given energy. 

At the present time this problem cannot be solved exactly, because the distribution function of the num- 
ber of particles is unknown. However, there are some grounds for assuming that the Poisson distribution 
can be used to approximate o. For example, Wilson’s data'® on the fluctuations of the number of particles, 
which were obtained by the Monte Carlo method, show that the numerical value of o is approximately that 
calculated from Poisson’s formula.* In determining o we have not used the average number of particles 
at our depths n as given by the theory but rather n/2, because the theory takes into account the reflux 
of electrons back-scattered in lower-lying layers of lead, which constitutes about half of the total number 
of electrons. Figure 1 shows that this reflux is absent in our experimental arrangement. 

Table V contains the values of o which were calculated from the Poisson distribution for lead filters 
22 and 28 t-units thick. The energy of the primary electron is given in column 1. Columns 2 and 5 give 
the average number of electrons at depths of 22 and 28 t-units, respectively, which we calculated from 
the formulas in Ref. 15. The table shows that with an absorber. thickness of 28 t-units the efficiency of 
electron registration is large even at the high energy E ~ 2—3 x 10° ev. With 22 t-units of absorber 
thickness the picture is quite different: At E ~ 8X 108 ev ow 87% and at 2—3 X10 ev o is below 50%. 

The values of o which are given here were used to correct our experimental electron spectra. Nu- 
merical values for intermediate energies were determined by interpolation. For each energy interval we 
related the number of registered electrons to o, after which we plotted the integral spectra I’ and I’ 
shown in Fig. 4. It can be seen that in the energy range which is of interest spectrum I’ duplicates spec- 
trum I (Fig. 2) and the exponent y;p¢ = 1.4—1.45 remains practically unchanged. The total number of 
particles in the spectrum increased by only ~ 4%. 

Spectrum II’, which was obtained by correcting spectrum II (Fig. 3), differs considerably from the lat- 
ter in its slope and in the integral number of particles, which have increased by ~ 23%. The figure shows 
that the straight lines which approximate II’ and I’ are now practically parallel. 

It is interesting that the ratio of the total numbers of electrons in spectra II andIis N,/N, = 370/319 
= 1,16, whereas the ratio of the durations of the measurements is t,/t; = 1.4 For the corrected spectra 
Il’ and I’ we have the ratio No /N4 = 1.4; this also shows that the total number of unregistered electrons 
has been taken into account correctly. Our results show} that Ref. 15 gives the correct average number 


*We note that according to the same data the probability that one or two particles will appear at a given 
depth, given the average number n, differs greatly from that calculated using the Poisson distribution. 


+ If the comments made in connection with the calculation of o are valid. 
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4 a | | of secondary electrons at various depths for primary electron ener- | 
1000\— L| | mnt pote gies E = 4X 108 ev. Of course, the tow statistical accuracy of our , | 
SESS experimental data must also be kept in mind. 
500 an SSC 
SSeS esa ae 5, ELECTRON-POSITRON RATIO 
200 , ' 
Z . *. 
PTT nN There is apparently no reason to expect a predominance of either 
i Sees ee electrons or positrons, but it is of interest to obtain pertinent data. 
6 Perth + i Table VI gives the results for the two series of measurements. In 
e mia TTT | all energy intervals the electrons and positrons are equal in number 
Pia Http HH within the limits of statistical accuracy. 
10 : Ht 4 
=a =e ce 6, GENERAL RESULTS OF THE INVESTIGATION 
ie 
St (a) The integral electron spectrum in the energy range 4 x 108 
HH cH < E < 2X 10° ev at 3200 m above sea level can be approximated by 
ee > N(p) =No/pYint, where yjp¢ = 1.5 + 0.2. 
rae CE ids P (b) The vertical flux of electrons possessing momenta p = 4 
FIG, 4 x 108 ev/c is 0.41 x 107? cem~ sterad~! sec™!, which comprises 
~ 3.0% of the flux of muons with momenta p > 370 Mev/c. 
TABLE VI (c) The number of electrons is equal to the number of positrons 
in all momentum intervals with p = 4X 108 ev/c. 
hee Neher ah lt Numbortet (d) Our Sspeanentee data OEE T penetration by ‘aoe elec- 
x10 ev/c| Electrons | Positrons trons (p = 4 108 ev/c) are in approximate agreement with calcu- 
5 lations based on Ivanenko’s cascade curves.” 
naa ae i The author is profoundly grateful to Professor A. I. Alikhanian 
10—15 48 53 for making it possible to do this research and for valuable sugges- 
Lee 13 a tions, to B. A. Doleoshein, who took an active part in the measure- 
ee ments, and to A. A. Abagian for assistance with the measurements 
Totals 359-+19 330-418 and analysis of the data. 
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Experimental data have been obtained on the number of secondary electrons at the depth of 
1.4, 2.8, and 4.2 radiation units in lead for primary electron energies of 200 —500 Mev. A 
comparison is made with theoretical calculations carried out by the Monte Carlo method. 


1. INTRODUCTION 


A large number!??* of theoretical studies has been devoted to the passage of electrons through matter 
and particularly to the calculation of the so-called cascade curves. In recent years, an advancement in 
the methods of computation was accompanied by a further improvement of the cascade curves due to a 
more accurate account of the ionization losses of electrons and of their scattering, and of the energy de- 
pendence of the photon absorption coefficient. Many other important aspects, however, remain obscure 
or are known only to a crude degree of approximation. These comprise fluctuations of the number of par- 
ticles, angular and lateral distributions, etc. 

It should be noted that, apart from its intrinsic interest, the problem is of great value for various ap- 
plications. The study of the cascade multiplication of secondary photons, for instance, makes it possible 
to determine the energy of a’ mesons produced in nuclear interactions. Another example is supplied by 
the application of the cascade theory to energy measurements of y-rays emitted in the decay of unstable 
particles (e.g. K mesons). We do not have to stress the widely recognized importance of the cascade 
theory for the general picture of cosmic radiation. 

In the present work we deal with the electron cascade multiplication in a dense material, namely lead. 
It is our aim to compare experimental data on cascade multiplication of electrons in lead with the cascade 
theory. 


2. EXPERIMENTAL PART 


The study of electron cascade multiplication was carried out by means of a multiplate cloud chamber 
combined with the magnetic spectrometer of Alikhanian and Alikhanov.3»4 The momentum of primary elec- 
trons was determined from the curvature of the trajectory in the magnetic field by means of a counter 
hodoscope placed in the field. Data concerning the accuracy of momentum 
Soe eee MA PAD) ea ga-% measurement of a single particle are given in the table. 


Eaeesue Electron multiplication was observed in a large rectangular cloud cham- 
ber (650 X 280 X 180 mm) placed below the hodoscope array. The chamber 
a ac contained seven lead plates, 7 mm thick. The top of the chamber consisted 

4.0 af of 8 mm Al and 2 mm Cu. The tracks were photographed with a stereo- 


scopic camera. 

The conditions of the experiment made it possible to identify electrons 
without any difficulty. The momentum of primary electrons was determined in every case and secondary 
electrons under the first, second, and third lead plates were counted in the cloud chamber pictures. The 
most appropriate procedure, evidently, was to compare the results with the cascade curves obtained by 
Wilson® by means of the Monte Carlo method. The reason for this, as correctly observed by Wilson,° is that 
a marked background due to stray slow electrons is usually present in cloud chamber pictures. These 
electrons could be erroneously identified as slow electrons of the shower, which, in general, propagate at 


*For additional bibliography cf. Refs. 1 and 2. 
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large angles to the shower axis. For this 
a reason Wilson introduces apart from the ord-.« 
‘ ri inary cascade curves [denoted in the following 
s / by (I)], another set of cascade curves (II) for ff 
Ce f P / comparison with cloud-chamber results. The | 


/ 
oe / m4 cascade curves (II) give the mean number of I | 


>] 


40 


a 


30 


4 ° electrons n at a given depth going in a rel— 
ig atively narrow cone of angle + 30° to the axis. 
Ps A marked background of slow electrons was 
observed in the present experiment, and the 1| 
electrons going at an angle of + 30 — 40° to the 
shower axis were therefore counted and the 


~b ; 
4 400 500 E10 ev : | 
aa ns gl BE ea eee qf io y results compared with the curves (II). 


ae : The results are shown in Fig. 1. The 
FIG. 1. a—1.4; b—2.8; c —4.2 radiation units x-axis represents the primary electron en- 
ergy, and the y-axis —the mean number of 
secondary electrons at a given depth. The graphs 2a, 2b, and 2c correspond to depths of 1.4, 2.8, and 
4.2 radiation units respectively.* The points in the graphs represent the experimental values of the mean 
number of secondary electrons at the given depths for mean primary electron energies equal to 250, 300, 
350, 400, 450, 500, and 550 Mev. The width of the energy interval at each point is 100 Mev, and the inter- 
vals overlap. For example, the mean energy of 350 Mev, corresponds to the 300 — 400 Mev interval, and 
the mean energy of 400 Mev —to the 350 — 450 Mev interval of primary electron energy. Values obtained 
from Wilson’s theoretical curves for the energies of 200, 300, and 500 Mev are denoted by crosses. The 
dashed line gives the interpolated intermediate energies. 


20 


| 
| 
| 
i 


3. DEDUCTIONS 


Comparison of the experimental data with the theory shows that for the primary electron energy of 
~ 200 Mev the observed number of secondary electrons at depths of 1.4, 2.8, and 4.2 radiation units ap- 
proximates the values predicted according to Wilson. For large energies, the theoretical values are sys- 
tematically greater than the experimental results; the 


M difference in the mean number of particles amounts to 
50 ~ 25 —30%. This discrepancy cannot, however, be re- 
40 garded as quantitatively accurate since the experimen- 
0 tal bias has been different from conditions represented 
a by the curves. In particular, the theoretical curve 
gives the average number of particles within a solid 
@ angle while experimental data are expressed in plane 
fe ae et ue mR angles measured in the photographs and are therefore 
a b c rather low. Inclinded incidence of primary electrons, 
RIG eel ans diatianiintiseee een 50 a factor increasing tae effective uence of plates, 
Mev; Niot = 110; n = 1.97; eeSTnem - 0.5: has not been taken into account. The inclination is 
b—2.8 radiation units, E = 350 Mev; Ntot aoe for electrons of E = 300 Mev and the effect is 
= 82; n= 2.24; (n—n)*/i=0.76; c—4.2ra- eeigible. ; 
diation units, E = 450 Mev; Niot = 71; H = The following explanation of the observed discrep- 
2.07: aan? Say! 0.88 ancy seems very plausible: the cascade curves (1) 


have been obtained by Wilson from the general cascade 


curves by exclusion of all secondary electrons with 
energy E < 8 Mev. It has been assumed that essentially electrons with E > 8 Mev are present in the 


narrow cone close to shower axis. It is clear that such a criterion is approximate and that no great ac- 
curacy can be claimed for cascade curves (II). The cascade curves would fall lower than those shown 
in the graph were the limiting energy greater. It should be noted that Wilson’s general cascade curves 


are in a good agreement with accurate calculations of Ivanenko* based on computation of the moments of 
cascade curves. 


*It has been assumed, as in Ref. 5, that one radiation unit in lead equals 0.5 cm. 


CASCADE MULTIPLICATION OF ELECTRONS IN LEAD 905 


Two experiments on the multiplication of electrons in lead plates of a cloud chamber can be mentioned. 
Wilson® reports that the experimental results of Shapiro® are in a good agreement with the theory for elec- 
trons of 200 Mev. The results of a detailed study of d’Adlau’ refer to primary electrons with mean ener- 
gies of 63, 104, 170, 280, 460, and 770 Mev and do not contradict our results in the region that permits 
comparison with the curves of Wilson. We have not considered the experiments of Hinotani et al.® since 
an indirect method of primary electron energy determination had been used, nor that of Hazen’ dealing 
mainly with electron cascades in copper. 

In conclusion we shall discuss several histograms (Fig. 2) representing the fluctuations in the number 
of particles observed at a given depth, for a given energy of the primary particle. In Fig. 2 the x-axis 
represents the number of particles within the angle of + 30° with the shower axis, and the y-axis — the 
corresponding number of cases. It should be noted that in some cases similar histograms for high-energy 
primary electrons have a wider distribution, although the statistical accuracy of the results is then con- 
siderably lower. It has been found that almost in all cases the expression (n —n)?/n is smaller than 
unity, while it should equal 1 for the Poisson distribution. 

The author wishes to express his deep gratitude to A. I. Alikhanian for making it possible to carry out 
the experiment and for his valuable advice, and to B. A. Dolgoshein for taking part in the measurements. 

The experimental part of the work was carried out at the High Altitude Laboratory on Mt. Aragats and 
the author takes advantage of the opportunity to express his appreciation to the staff. 
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OBSERVATION OF PARTICLES OF CHARGE Z > 2 IN DISINTEGRATIONS PRODUCED 
IN PHOTOGRAPHIC EMULSIONS BY HIGH-ENERGY NEUTRONS 


V. M. SIDOROV and E. L. GRIGORIEV 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 8, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1179-1184 (November, 1957) 
Experimental data are given on the observation of particles of charge Z > 2 in disintegra- 
tions produced in nuclear emulsion by high-energy neutrons. The neutrons had a broad energy 
distribution with a maximum in the 395 Mev region. Measurements have been made of the 


cross-section for the emission of heavy particles, their angular and energy distributions, and 
their charge distribution. 


Tue emission of heavy particles in nuclear interactions has been studied in many experiments both with 
cosmic rays and with artificially-accelerated particles.!~®. A considerable portion of the evidence con- 
cerning such heavy particles has been obtained from observations of the disintegration of nuclei in emul- 
sions. Notwithstanding the known deficiencies of the photographic technique, it has been established by 
this method that the emission of heavy particles, especially those with high energies, occurs by a mech- 
anism different from that connected with evaporation from an excited nucleus. 

We present in this paper experimental data on particles with Z > 2, obtained from observations on 
nuclear disintegrations (“stars”) produced by high energy neutrons in photographic emulsions. 

A total of 10,037 stars were registered. The prongs of these stars included 19 hammer tracks, 16 
pairs of a particles differing by very small angles, 2 emissions of 3 a particles within a narrow cone, 
4 tracks of Be® decomposing in flight, 1 case of the emission of B® decomposing in flight, and 23 tracks of 
particles with Z > 2. 


CONDITIONS OF THE EXPERIMENT AND THE METHOD OF CHARGE DETERMINATION 


Photographic plates having emulsions of high sensitivity, 200 p thick, were placed in a collimated neu- 
tron beam produced by 480 Mev protons bombarding a Be target. The energy distribution of the neutrons 
in the beam has been investigated in special experiments and has been reported previously.’ The spec- 
trum covers a large energy region and has a maximum in the region of 395 Mev. The scanning of the 
plates was carried out with a microscope having a magnification of 1350 x, 

The following were recorded: (1) all stars with more than 2 prongs, except those having centers at 
the surface of the glass or emulsion and those having a fast particle moving in the same direction as the 
neutron beam; (2) all single tracks that begin and end in the emulsion; (3) 2-prong stars (a) whose 
prongs make an angle less than 90° and (b) whose prongs differ in grain density. 

The charge of the majority of particles was determined from the appearance of the disintegration (ham-: 
mer tracks, pairs of a particles, etc.). In the remaining cases the charge Z was determined from 
measurements of the thinning-down length, L, using the relation L = cZ? (Ref. 8). The value c = 0.8 
was found by counting the 6-electrons and measuring the length L of one of the fragments. It should be 
pointed out that this is not a very accurate way of determining charge and depends on the validity of the 
relation L~ Z? and c =constant for all the charges measured. However, over the narrow range of Z 
values studied here, there are apparently no significant deviations from these relations. [This method 
yielded values Z=4 (5 tracks) and Z=5and6, (13 tracks ).] 

The magnitude of L was measured with an ocular micrometer at a total magnification of 2025. The 
thickness of the track was measured over 2.26 yp of its length. Another method was also used for the de- 
termination of L in the cases of stars lying in the plane of the emulsion. For these tracks the variation 


of the thickness with length was taken from photometric measurements of the tracks. The two methods 
give commensurate results. 
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STAR CHARACTERISTICS 


The table shows the principal characteristics of the stars formed by 390 Mev neutrons in emulsions. 


The prong distribution is based on the measurement of a thousand stars. The average number of prongs 


per star is 3.8. From the table 
Nomor bros ‘ | 5 | 5 i ; A - : 5 (0 it is evident that the distribution 


by prongs of stars with heavy par- 
No. of stars, % Poon ev eer ies | 67 13.5 | 00) oe | ee oe Conk cae 2) igreliallam tore 
che with parti 5 ‘ s “6 7 , 3 ny ols ; distribution of stars without such 
cles with Z>2, % particles. 
No. of stars with parti-| 3.1 | 14.0 | 35.2 | 24.8 | 10.7] 6.2] 46] — | — | 4.4 
cles with Z>2, % Lie 
A i> EMISSION 


Hammer tracks having an elec- 
tron decay can be produced by either Li® or B® decaying according to the schemes: 


Li§-+ Be§* + e + %; B&— Be&* + et + 
las Ze — 2He? 


Owing to its larger charge, the emission of B® is less probable than the emission of Li®, For this reason 
all the hammer tracks with electrons were assigned to Li®. Those tracks which were not accompanied by 
electrons were attributed to Be® decaying, after slowing down, into two a particles. Since the efficiency 
of observation for electron tracks under our conditions depends on their orientation in the emulsion, it 
may be that a portion of the tracks 
assigned to Be® really belong to 
Li® whose decay electrons were 
missed. However, the measured 


a 
a 3 efficiency for observing electron 
oy é tracks, carried out by observations 
5 + of the decay process pt > e*..., 
3 sh S gave a high value for the efficiency, 
o around 90%. 
& The kinetic energy of the Li 
J nuclei was determined from a re- 
lation R=f(E) for the emulsion, 
0 4 a 12 6 20 Mev FIG. 2. Energy Distribu- obtained from the range energy re- 
tion of a Particles. The dot- lation for @ particles? In this it 
FIG. 1. Energy Distribution ted curve represents the data was assumed* that R(Li) = i, 
pf Li® of Ref. 1 x R(a). 


The energy distribution of the 
Li® nuclei is shown in Fig. 1. From this it follows that Li® is most frequently emitted with an energy of 

~ 5 Mev. Such a value for the most probable energy can be used as evidence that Li® in the majority of 

cases is emitted by light nuclei.2 In support of this conclusion is also the fact that, with the exception of 
one case, all Li® nuclei observed are parts of stars having less than 5 prongs. 

The energy spectrum of a particles found in the decay of Li® is shown in Fig. 2. The dotted curve is 
constructed from the data of Ref. 1. In spite of the relatively small number of cases found here, there 
is obviously agreement in the spectra. A similar agreement is also observed upon compariosn with the 
data of other authors.2»!! The most probable energy of the a-particles is ~ 3 Mev and reflects the first 
excited state of Be® at 2.8 Mev. 

In 14 out of 10,037 stars one of the prongs was found to be due to Li®, The correction required to ac- 
count for loss of Li® tracks from the emulsion is negligibly small, since all the tracks are much shorter 
than the emulsion thickness. Our value of the probability of the emission of Li® agrees satisfactorily with 


the value predicted by evaporation theory (~ 15 per 104 stars)? 


*The energy of Li® obtained in this way agrees well with the value of the energy of Li as a function of 
its range, determined in the work of Ref. 10. 
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It is known that the lifetime of a Be® nucleus in a ground state with even angular momentum is ~ 107} 
sec, In this case the visible picture in a photographic plate will be 2 tracks of a particles coming out 
from the star center in the same direction. If the angular momentum of the Be® is large and odd and the 
emission of a y-quantum requires a large change in angular momentum, the Be® lives a long time and | 
stops in the emulsion prior to the radiation with subsequent decay | 
into two a particles. In this case the emulsion shows a hammer | 
track. | 

There were found 16 cases of the emission of two a particles 
within a narrow cone from the center of the star. The angle be- 
tween such a particles was close to zero. The calculated proba-_ 
bility of accidental occurrences that would lead to similar pairs 
of a particles is 5 X 10-4, These pairs of a particles were at- 
tributed to decay of Be® which had not had time to leave a track in | 
the emulsion. Knowing the energy of the a particles and the angle: 
between them it is possible to find the energy of excitation ¢€ of 

FIG. 3. Energy Distribution of the Be® nucleus. The values of € cluster about 85 kev, as ex- 
a Particles from the Disintegration pected from consideration of the mass defect of Be®. Besides thes 
of Be® 16 cases of a-particle pairs, there were found 5 hammer tracks 

attributable to the decay of Be® after stopping, and 4 cases of 
decay of Be® in flight. Evaluation of the lifetime of Be® based on measurements of the track lengths in 
these last four cases leads to rt = 107'? — 107" sec. 

Figure 3 shows the energy distribution of the a particles from the decay of Be®. In the graph shows 
clearly the level corresponding to the ground state and that corresponding to a state of excitation of about 
3 Mev. The distribution in the 4—7 Mev interval, in which there may be other excited states, !2+13.14 is 
less clearly defined. The absence here of detailed data concerning the highly excited states is due to the . 
fact that, in these cases, the angle between the particles should be large and such pairs of a particles can 
thus be hidden among the a@ particles that have been emitted isotropically.* 


S 


Ss 


7 


No. of Particles 


CS 


a 2 q 6 8 0 Mev 


PARTICLES WITH Z=5 AND Z=6 


Sixteen cases were assigned to the general category of particles of charges 5 and 6. Thirteen had 
tracks with a sharply defined taper toward the end of the track. In two cases three a@ particles were ob- 
served to come out from the center of the star within a narrow angular cone. These could be considered 
as a disintegration of a carbon nucleus according to the scheme 


C+ Be®* + He? 


Is 2He4 


However, it is not possible to say definitely that a C’? nucleus is involved since the excitation of the C2 


as measured by the a-particle ranges and by the angle between Be® and He! was smaller than the energy 
of the disintegration (7.4 Mev). 


DISTRIBUTION BY CHARGES 
We present below data on the distribution of the 65 particles by charges: 
zZ 3 4 5 6 6—9 


Number of Particles 18 30 9 tf u 


As in disintegrations produced by cosmic rays, the distribution shows a preponderance of particles with 


*The question of the levels of Be® is still not settled. Some experiments confirm the presence in Be® 
of several excited states, others show only the known state at approximately 3 Mev. 


OBSERVATION OF PARTICLES OF CHARGE Z > 2 909 


he 4. Out of 65 particles, 15 were B-active; 14 of these show hammer type tracks Cris), one particle 
with Z-=5 was possibly the B® nuclide emitting an electron. 


DISTRIBUTION BY ENERGIES 


The distribution according to energy, as determined for 63 particles, is shown in Fig. 4 (one @ pair 
has not been included in this since the range of the a particles did not stay in the emulsion; a particle 
whose charge was not accurately determined has similarly been omitted). The Li energies were deter- 

mined from the range vs, energy curve of Ref. 7. The energies of Be’, 
in the cases where it was emitted in the form of two a particles, and the 


29 : 
energies of C” were measured as the sum of the energies of the @ par- 

0 ticles. In all other cases the energy was determined from the relation 
13) 
5 EE OL2 020i (R Len /M).575 Mev, 
eke which was obtained from the empirical relation 
5 
oes E = 0.262 Re5% Mev 


valid for protons.'® Taking into account the fact that the average range 
of the particles being studied here is approximately equal to the tapering- 


0 £0 40 £0 0 Mev 
down length and assuming that the nuclei lose their charge smoothly, the 


FIG. 4. Energy Distri- magnitude of Zeff was taken as Z/2.* 
bution of Particles with Z The great majority of the particles have energies less than the maxi- 
> mum electrostatic repulsion energy, which, for the particles considered, 


is about 30 Mev. Only very few particles are emitted with energies 
greater than this. Among these are four cases of the emission of Be® and one case of the emission of C”, 
The analysis of the stars disclosed also very fast a particles having energies much higher than the Cou- 
lomb barrier of a heavy nucleus in the emulsion (30 a particles with energies greater than 60 Mev). 
Such a@ particles are easily distinguished from protons from the number of 6 electrons in an equal region 
of the track. The a particle tracks had 5 —7 6 electrons, the proton tracks 2 —3 6 electrons. As has 
been shown earlier,°*® such cases of the emission of “higher than barrier” particles can hardly be ex- 
plained as an evaporation from an excited nucleus. All the experimental data indicate that such particles 
arise in the primary interaction of the incident particle with the nucleus. However, the mechanism of 


their formation is still not clear. 


ANGULAR DISTRIBUTION 


From Fig. 5 it is evident that a considerable fraction of the heavy particles is emitted in the direction 
of motion of the incoming neutron. There are four times as many particles with Z > 2 in the forward 
hemisphere than in the backward one. An even greater anisotropy is observed for particles with Z > 4: 
out of 16 such particles, 15 go out into the forward hemisphere. Particles with one or two charges, how- 
ever, have a significantly smaller anisotropy: only about twice as many of these are emitted in the for- 


ward hemisphere than in the backward one. 


PRODUCTION CROSS-SECTIONS 


The absolute cross-section for the emission of particles with charge Z > 2 was found, using the 
measured cross-section for star production, as determined in the same experiment. The number of 
neutrons passing through the photoemulsion during the time of irradiation was measured by counting the 
recoil protons with telescopes consisting of three proportional counters. The targets through which the 
neutron beam passed before impinging on the photographic plates were polyethlene and graphite. In order 
to determine the fraction in the beam of fast and slow neutrons of significantly different n—p scattering 
cross-sections, an absorber was placed before the third counter. This stopped the protons coming from 


neutrons having an energy less than 245 Mev. 


*The energies calculated in these situations for the fragments agree satisfactorily with the values ob- 


tained for the same R, Z, and M in Ref. 8. 
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No. of Particles 


bution of Particles with Var- 
ious Charges: Solid curve — 

Particles with Z > 2; dashed 
curve — Particles with Z>4. 


V. M. SIDOROV and Es G. GRIGORIEY, 


n-p scattering cross sections for the two 


Using the values of the 
0-4 cm? 


a energy groups, we found that a cross-section of (0.43 + 0.2) X1 

for star production in the photographic plate for neutrons having the ] 
energy spectrum reported in Ref. 7. Using this value, the cross-section | 
for the production of particles with Z > 2 was found to be (2.8 + 1.4) | 


1§ 


0 x 10-27 em?, The cross-sections for the emission Li® and Be® nuclei 
are (0.8 + 0.4) Xx 1072" cm? and (1.3 + 0.6) X 1072 cm? respectively. 
The value of the cross section for the emission of Li® obtained heré 
b differs very little from the corresponding cross section found for the 


interaction of 340 Mev protons with carbon and nitrogen,? and from the 
cross section for the emission of Li® in the bombardment of the light 


” vs ae 120° — 160° nuclei of emulsion with 170 Mev protons. 
ngle of Emission The authors are deeply grateful to V. B. Fliagin for help in carrying 
FIG. 5. Angular Distri- out this experiment. 
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! KNOCKOUT OF DEUTERONS FROM Li, Be, C, AND O NUCLEI BY PROTONS OF EN- 
ERGY 675 MEV* 


L.S. AZHGIREI, I. K. VZOROV, V. P. ZRELOV, M. G. MESCHERIAKOV, B.S. NEGANOV, and A. F. 
SHABUDIN 


Joint Institute for Nuclear Research, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor duly 1, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1185-1195 (November, 1957) 


A study is made of the momentum spectra of charged particles emitted in the bombardment of 
deuterium, lithium, beryllium, carbon, and oxygen by 675-Mev protons. The investigation was 
carried out by the method of magnetic analysis at an angle of 7.6° to the proton beam. A group 
of deuterons of energy about 600 Mev is found to be emitted for all elements. In the case of 
deuterium the source of fast deuterons is elastic (p-d) scattering; in the remaining cases, 
deuterons are emitted in the reaction p+(Z, A) ~+d+p+(Z-—41,A-—2), which is proton 
scattering by quasi-deuteron groups inside the nuclei. With an accuracy of about 20%, the dif- 
ferential cross sections of this reaction are 2.9, 2.2, 3.7, and 4.6 x 10727 cem?/sterad for Li, Be, 
C, and O respectively. For the same nuclei, the mean energy of motion of the quasi-deuteron 
groups is evaluated at approximately 8, 11, 14, and 14 Mev. In the high momentum part of the 
spectra, no perceptible quantities of knocked out tritium nuclei have been detected. 

The experiments that have been carried out show that in the passage of nucleons of a given 
energy through light nuclei, an essential role is played by the processes of three-particle inter- 
action which are accompanied by large momentum transfer to the deuteron. The results obtained 
are in accord with the concept that underlies the high-momentum model of the nucleus. 


1. INTRODUCTION 


From the time of the early attempts to explain characteristics ofthe interaction of nucleons with nuclei at 
high energies (E > 100 Mev) one usually considers the process of the traversal of the nucleus by a nu- 
cleon as a series of successive collisions of the indicent nucleon with the individual nucleons located in its 
path. Such an approach to the problem of nucleon-nuclei interaction appears reasonable in the framework 
of the independent-particle modei if the wavelength of the incident nucleon and the effective radius of the 
nucleon-nucleon interaction are small by comparison with the average distance between nucleons in the 
nucleus. 

There is, however, reason to believe that the assumed existence of a cascade of two-particle collisions 
inside the nucleus give a rather rough approximation to reality. One shouldfirst mention that in the energy 
region from 100 to 1000 Mev the effective radius of the nucleon-nucleon interaction is only approximately 
one and one-half times less than the average distance between nucleons in densely packed nuclei. This 
circumstance by itself demonstrates that many-body interactions of nucleons in a cascade process are not 
rare. Nor should one overlook the fact that in the simplest form of the independent particle model the 
space correlation of nucleons inside the nucleus is not taken into account. Besides, as has been pointed 
out by Brueckner, Eden, and Francis,! the available experimental data show clearly that in a number of nu- 
clear processes high-energy effects related to the space correlation of the nucleons play an appreci- 
able role. Among these effects are the nuclear photoeffect, successfully described by the quasi-deuteron 
model of Levinger,” the absorption of mesons by nuclei, and the creation of mesons in nucleon-nuclei col- 
lision, the scattering of nucleons inside nuclei,® ~*° and also the capture of nucleons from nuclei by the in- 
cident nucleons with formation of deuterons. 


*Communicated May 17, 1957 at the Second Session of the Scientific Council of the Joint Institute for 
Nuclear Research. 
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A particularly noteworthy feature of the last process, formed upon irradiation of different elements by) 
neutrons and protons with energy of around 90 Mev,’ ~ !° is the emission of deuterons predominantly for- | 
ward with energies only slightly less than the energy of the incident nucleon. The analysis of this process 
is based on the premise that the incident nucleon interacts simultaneously in the nucleus, only with one | 
corresponding nucleon that moves approximately with the same momentum as that of the incident nucleon, 
It was shown that the data obtained near 90 Mev on the angular distribution and yield of deuterons can be 
explained, at least qualitatively, by using for the nucleons in the nucleus a momentum distribution which | 
extends much farther in the direction of large momenta than the distribution corresponding to the model | 
of the Fermi gas of the non-interacting particles.’*’'3 This corresponds to the admission that strong loca 
interactions exist inside nuclei. 

The formation of fast deuterons has also been observed under the action of 300-Mev protons and neu- 
trons as the result of the capture of nucleons from nuclei not by directly-incident particles, but ratte by, 
relatively slow secondary nucleons which have undergone one or more collisions inside the nucleus.! | 

In this article some results are presented of experiments carried out with the aim of studying the col- 
lisions of protons with the tightly-bound strongly-interacting nucleons in the nuclei of Li, Be, C, and O at | 
an energy of 675 Mev and particularly with quasi-deuteron groups. At the same time the results of an- ‘ 
other experiment on the observation of the elastic scattering of protons by free deuterons, at an energy c 
675 Mev, is also presented. The comparison of data obtained under the same conditions on (p-—d) elastic! 
scattering, with the ejection of deuterons from light nuclei by protons, permits one to make definite con- > 
clusions on the character of the latter process. In the described experiment information was obtained c 
cerning the following: (a) the momentum spectrum of the secondary charged particles emitted in p+ Li, 
p+ Be, and p+C collisions at 7.6 degrees relative to the beam of the primary protons; (b) the differen- 
tial cross section of the processes of the direct ejection of deuterons from the nuclei, Li, Be, C, and O ang 
also the differential cross section of elastic (p—d) scattering; (c) the average kinetic energy of the quas: 
deuteron groups in the bombarded nuclei; (d) the upper limit of the value of the contribution of tritium nit: 
clei in the yield of emitted deuterons. 


2. METHOD OF INVESTIGATION 


To detect the direct knockout of deuterons from light nuclei under the action of fast protons, we carried 
out experiments in which the momentum spectrum of the secondary particles was determined by the methe 
of magnetic analysis. This method was already used by us in studying the momentum spectrum of the pro 
ucts of the reactions p+p—-n+p+m, p+p—~ptipt n°, and pt+p—-d+7* (Ref. 15). The place- 
ment of the analyzing magnet with poles of 100. 
cm diameter and with a 10-cm air gap relative: 
to the primary beam and the concrete shield of 
the synchrocyclotron is shown on Fig. 1. The 
intensity H of the magnetic field in the gap of 
the magnet was measured by the method of nu-- 
clear absorption with an accuracy of 0.2% and 
remained constant within 0.2% with the help of 
an electronic stabilizer. The average radius of 
curvature, p, was 367.6 cm. The angle of de- 
it viation of the particles in the magnetic field 
was 19°, 

A beam of unpolarized protons of 675 + 6 
Mev energy,* obtained from the 6-meter syn- 


cement {i brass lead steel 


* This value of the average energy of the proton: 


FIG. 1. Experimental setup: 1— magnetic channel; in the beam ejected in the atmosphere, after in- 
2—proton beam; 3—vacuum pipe; 4—vacuum pump; troducing several changes in the setup of the 
5 — telescope; 6 —shielding wall; 7— magnet; 8 — syn- synchrocyclotron, was obtained in our laboratory | 
chrocyclotron chamber; R —target; M—monitor; A, by L. Soroko, O. Savchenko, and Iu. Akimov from 


B, C, D—collimators with slits 3 cm high and 1, 2, 3, measurements of the proton ranges in copper 
and 1 cm wide, respectively. by a differential method. 


a 
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chrocyclotron of the Joint Institute for Nuclear Research, was used in our experiment. The beam current 


_ at the location of the target was ~ 3 x 10° protons/cm2-sec. The intensity of the beam was controlled by 


an lonization chamber filled with helium. The brass collimator A determined the dimensions of the pro- 
ton beam incident on the target. Alignment of the proton beam with the collimator A was attained by 


j shifting the beam in the horizontal and vertical direction by means of an additional magnetic field made 


up of two movable steel bars, placed in the deflecting 


TABLE I field of the accelerator at the point where the proton 
7 beam is ejected from the vacuum chamber. Secondary 
Height, | Width, | Thick- eh ; ; 
Target cae pes aviee AE, Mev ee = particles emitted from target R at an angle of 7.6° 
in a a with respect to the primary beam, passed through col- 
HAO o® ise AiB ae ve limators B and C, the analyzing field, and collimator 
Li 2.5 1°0 ret 230 0.08 D, and reached a telescope made up of four scintilla- 
Be 2 : : y Be 4 _ a tion counters arranged for three and fourfold coinci- 


dence. The first three counters had as scintillators 
tolane crystals of dimensions 3 X 3, 2.5 X 2.5, and 

4 x 4cm, respectively, while the fourth counter had a 
liquid scintillator (a solution of terphenyl and phenylcyclohexane) of 10 cm diamter. The efficiency of the 
detection of the particles in the momentum interval investigated was approximately constant. The entire 
path of the particles from their entrance in collimator B until the telescope was in vacuum. Collimator 
D was used to decrease the importance of effects connected with the scattering and the slowing down of 
the particles in the walls of collimators B and C. Because of the high level of the irradiation near the 
synchrocyclotron, it was impossible to separate the beam of secondary particles ahead of the analyzing 
magnet by means of an array of scintillation counters. 

Chemically pure targets of Li, Be, and C were used, The elastic (p—d) scattering was observed from 
the difference in the effects with targets of D,O (99.93% pure) and H,O, poured in thin-walled aluminum 
containers. A target of H,O was used in the observation on the direct knockout of deuterons from oxygen 
nuclei. The dimensions of the targets, and also the energy losses and the average angle of multiple scat- 
tering of 675-Mev protons in the targets, are displayed in Table I. 

The resolving power Ap/p of the spectrometer was approximately 3% for the targets used with the di- 
mensions shown and for secondary-particle beam angle of ~ 0.3°. 


3. ANALYSIS OF THE MEASUREMENT RESULTS 


The ordinates of the momentum spectra were computed by dividing Hp into the number of coincidences 
corresponding to one and the same number of protons passing through the target. The background in the 
absence of a target was less than 2%. Upon computing the spectra, corrections were introduced as follows: 

1. The absorption of secondary protons and deuterons in the target, in the scintillators, and in the foils 
covering the entrance and the exist of the vacuum pipe. This correction was at most 4%. 

2. Counting errors in the detecting setup. This correction reached an appreciable value only in the 
narrow region where the peaks of the diffraction scattering of protons were located. When measuring the 
spectra in this region, the intensity of the beam was decreased sufficiently to keep the counting error 
below 10%. 

The distortion of the forms of the spectra, due to variation of the angle of multiple scattering in the 
momentum interval examined and to the energy losses of the secondary particles in the target, was within 
the limits of experimental error. 

In order to obtain the absolute value of the differential cross section d’a/dwdp, separate direct 
measurements were made of the cross section do/dw of the emission of secondary charged particles with 
Hp > 1100 x 10° gauss-cm from p+ Be and p+C collisions. The area under the curve representing 
spectra of charged particles with Hp > 1100 x 108 gauss-cm, were normalized to the corresponding ex- 
perimental value do/dw. The accuracy of this procedure was approximately 20%. The ordinate of the 
spectra obtained with lithium and oxygen were determined by comparison with the yield of the secondary 
particles from these elements and carbon, and by the use of the known cross section for carbon. The same 
method was used to compute the ordinates of the peak corresponding to deuteron emissions in elastic (p-—d) 


scattering at an angle of 7.6°. 
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1 ‘| 
The momentum spectra of the secondary particles from lithium, beryllium, and carbon for ee interviag 
from 3600 X 10° to 6200 x 10? gauss-cm are presented on Figs. 2, 3, and 4 together with the statistical er- 


3 7 y » 
rors of the measurements. The section of each spectrum from 4000 x 10? to 4500 x 10° gauss-cm consists jf) 


of an intense peak, corresponding to protons diffraction-scat- 
tered by nuclei, and a closely adjoining projection to the left, 


oO 

' 4300 corresponding to the lower part of the momentum distribution 
"5 : sf tans of the protons from the quasi-elastic scattering by nucleons 

8 p inside the nucleus. In the case of elastic scattering of 675- 
— 8 7 Mev protons by nuclei of lithium, beryllium, and carbon, the 


diffraction peaks should be located at 4355 10°, 4360 x 10°, | 
and 4370 x 10° gauss-cm respectively, while the peak corre- | 
BOO ps cus ee sponding to protons from elastic (p—d) scattering should be 
ed ee ee at 4300 x 10° gauss-cm. The experimentally-observed posi- 
' tions of the diffraction peaks differ by less than 0.5% from the 
computed values. The appearance of the spectra indicates 


secondary protons is due chiefly to diffraction scattering by 

the nuclei. 
6000 Hp The experiments in which deuterons were knocked out di- 
rectly from light nuclei by 675-Mev protons were preceded 
by the observation of the deuteron yield from elastic (p—d) 
scattering at an angle of 7.6°. Figure 5 shows part of the 
spectrum of secondary particles from the (p-—d) collision 
corresponding to this process. The distinct peak observed 
at 5405 x 10° gauss-cm is due to the recoil deuterons from 


4000 5000 6000 elastic (p-d) collisions. The shape of this peak represents 
gee the experimental resolution curve of the spectrometer. The 
FIG. 2. Momentum spectrum of the half width of this peak is approximately 150 x 103 gauss-cm. 
secondary charged particles from (p+ Li) The value of the differential cross section of the elastic (p-d) 
collisions at an angle of 7.6°. I and Ia — scattering with emission of a deuteron at 7.6° to the primary 
total spectrum of secondary charged par- beam is found to be (0.55 + 0.12) x 1072? cm?/sterad.* 
ticles; II —proton spectrum (the ordi- Bearing in mind the results of the experiment on the elas- 
nates of Ia and II represent d?c/dwdp tic (p-—d) scattering, we measured carefully the momentum 
magnified 100 times); II —spectrum of spectra in the interval from 5000 x 10? to 6200 x 102 gauss- 
particles stopped in the absorber. cm. The experiment was carried out with lithium, beryllium, 


carbon, and oxygen under an 18-cm copper absorber, suffi- 
ciently thick to stop the ejected deuterons completely, placed ahead of the fourth counter. The number of 
particles stopped by the absorber was obtained from the difference between the number of three and four- 
fold coincidences. At the same time, experimentally -determined corrections were introduced for the ab- 
sorption and the scattering of the protons in the absorber and in the scintillators. The four-fold coinci- 
dences with absorber to the right of the diffraction peak, are due to diffraction-scattered protons sub- 
jected to additional scattering along their path in the spectrometer. 

The observed results are shown in Figs. 2—4 and 6. In the momentum interval studied the ordinates 
of the spectra are magnified 100 times compared with the ordinates of the remaining part of the spectrum. 
Well resolved peaks near 5400 x 10° gauss-cm are observed on the spectra of the secondary particles 
from lithium and beryllium. In the same region of the carbon and oxygen spectra one notices character- 
istic tails to the right of the diffraction peak. No peculiarities were remarked in the spectra of the par- 
ticles passing through the copper absorber. The experimentally observed spectra of the particles stopped 
in the absorber involved in all cases peaks with maxima around 5350 X 103, 5250 X 103, and 5230 x 103 
gauss-cm for lithium, beryllium, carbon, and oxygen respectively. 


*Results of experiments on the study of (p—d) collisions at an angle of 7.6° will be discussed in an- 
other communication. 


that under the conditions of these experiments the emission of 
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| yom the spectra obtained by us it follows that 675-Mev protons interact with light nuclei to cause, with 
4 ees probability, emission of particles whose momentum is greater than the momentum of the pro- 
| ons diffraction-scattered by the nuclei. The momenta transferred to such particles are grouped around 
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4000 5000 SAU) 
tp. kg-cm 4000 5000 6000 
FIG. 3. Momentum spectrum of as 
the secondary charged particles from FIG. 4. Momentum spectrum of the 
(p+ Be) collisions at anangle of 7.6°. secondary charged particles from (p+C) 
I and Ia — total spectra of the sec- collisions at an angle of 7.6°. I and Ia — 
ondary charged particles; II — proton total spectrum of secondary charged par- 
spectrum (the ordinates of Ia and II ticles; II — proton spectrum (the ordi- 
represent d’a/dw dp magnified 100 nates of Ia and II represent d’o/dwdp 
times); III —spectrum of the parti- magnified 100 times); III — spectrum of 
cles stopped in the absorber. the particles stopped in the absorber. 
2 rite values that are only slightly smaller than the momentum of the deuteron 
r air a! emitted in elastic (p-—d) scattering. Like the recoil deuterons from elas- 
slg tic (p-—d) scattering, the observed group of particles is completely stopped 
9! 0 in 18 cm of copper. Under the conditions of these experiments, in the mo- 
i mentum region Hp > 5000 x 10° gauss-cm the only particles heavier than 
aE f protons that could penetrate were deuterons and tritium nuclei. The latter 
a 4, could be emitted by quasi-elastic collision of the incident proton with a 
5000 6000 group of three strongly interacting nucleons and would have a momentum 
Mp, kg-cm of approximately 6000 x 103 gauss-cm, which is appreciably greater than 
FIG. 5. Part of the mo- the momentum of the particles in the observed peaks. 


The above experimental results evidence that 675-Mev protons some- 
times knock out deuterons from light nuclei. This process is kinematically 
very similar to elastic (p—d) scattering. From the presence of such a 
correspondence between the two processes one can conclude that deuterons 
are knocked out as the result of almost elastic collision between the inci- 
dent protons and quasi-deuteron groups inside the nuclei. 

It should be emphasized that the observed group of deuterons could not 
result from capture of neutrons within the nuclei by the incident protons, 
i.e., in reactions of the type p+(Z, A) —~-d+(Z, A-—1). Indeed, the 


mentum spectrum of second- 
ary charged particles from 
(p+d) collisions with the peak 
of the elastically-scattered 
deuterons. O—results of 
measurements without ab- 
sorber to stop the recoil deu- 
terons; @—the same with 
absorber. 
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TABLE II | 


oO 
> 
: e ‘| ! 
Be ido | do do Zz yer, p 
: eas | (a ii Gal AE, | Binding energy | 
3 Element cm? Semen: Se scms Mev | of the Deuteron, § \ 
8 AVN h ee SAE Q-27 eet 40-27 
's 40 isterad sterad ‘sterad Mev 
ols 
Ast: — 0.55+0.12 0.59 — — | 
; i = 2.9 Sr 0.97 40 Ae gi 
5000 G00 Hp B 590-+30 2.2 40.5 0.55 . 
C 300-550 3.7 +0.8 0.64 30 PRA? 
O — 4,6 +1,0 0.58 33 20.7 { 
( 
deuterons emitted in this process must have momenta greater th E 


the momentum of the recoil deuterons in elastic (p—d) scattering 
For instance, in the case of neutron capture by protons in the Cc? 
nucleus without excitation of the residual nucleus cil, deuterons | 
would be emitted with momenta approximately 225 x 10° gauss-cm |) 
greater than the momentum of the deuterons in elastic (p-—d) scat- 
tering. Actually, however, the observed peak is below the peak of 
the elastic scattering of deuterons by ~ 150 X 10° gauss-cm. Nei-— 
ther can the observed group of deuterons be identified with the 
deuterons resulting from capture of nucleons from nuclei by rela-_ 
tively slow secondary nucleons that have become involved in the 
5000 $000 nuclear cascade by the primary proton. Deuterons emitted in such 


fp, kg-cm a process of indirect nucleon capture must have a smeared mo- 

FIG. 6. Momentum spectrum of mentum spectrum without any correlation with the deuteron peak 
the secondary charged particles from in the elastic (p-—d) scattering. The observed peaks cannot fur- . 
(p+O) collisions. I—total spec- thermore be assigned to the deuterons formed in the reactions 
trum of the secondary charged par- p+p—-d+m and p+n—~-d+ n°, which possibly take place in- 
ticles; II — proton spectrum; II — side the nuclei. The deuterons corresponding to these reactions 
spectrum of the particles stopped in would have to have momenta not more than 4560 x 10? gauss-cm, 
the absorber. which is approximately 800 x 103 gauss-cm less than the studied 


region of the momentum spectrum. Finally, by virtue of the prin- 
ciple of detailed balance, one would expect to observe the production of deuterons in the reaction p +n 
—+d+y, the inverse of the photodisintegration of the quasi-deuteron group in the nuclei. At an angle of 
observation of 7.6° and at a proton energy of 675 Mev, deuterons in this reaction must be emitted with mo- 
menta not greater than 4690 x 10° gauss-cm, which is almost 500 x 103 guass-cm lower than the observed 
region of the spectrum. 

One can say thus that the peaks observed at the upper limits of the momentum spectra correspond ac- 
tually only to deuterons ejected from nuclei by collision of protons with quasi-deuteron groups. An approx-: 
imate estimate of the absolute magnitude of the differential cross section of this process was carried out 
by comparison of the areas, on one hand, under the diffraction and quasi-elastic scattering spectra of the 
protons and on the other hand under the peaks corresponding to particles with a range less than 18 cm in 
copper. The numerical values of the differential cross sections (do/dw)q obtained in such a way for the 
knock-out of deuterons are given in Table II, together with the corresponding values of the differential 
scattering (do/dw), for the emission of secondary charged particles with Hp > 1100 x 10° gauss-cm 
from p+ Be and p+C collisions. 

In the case of Li, Be, and C the spectra were measured up to Hp = 6200 x 103 gauss-cm, which includes 
the region in which one would expect the occurrence of groups of tritons ejected from the nuclei. A study 
of the high-momentum component of the spectra showed that if the ejection of tritons from the nuclei oc- 


curred at all under the conditions of this experiment, their yield constituted less than 2 to 3% of the deu- 
teron yield. 


5. ANALYSIS OF THE DEUTERON PEAKS 


A distinguishing feature of the spectra obtained is that the peaks corresponding to the ejected deuterons 
are appreciably wider than the peak observed in the case of the elastic (p-—d) scattering. This difference 
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apparently results to a large extent from the momentum distribution of the quasi-deuteron groups inside 
the nuclei. The average kinetic energy of the quasi-deuteron groups in the nuclei can be estimated from 
data on the widths of the experimental peaks and from the resolution curve of the spectrometer, assuming 
the effect of the scattering of the deuterons as they leave the nuclei to be small. Simple computations 
have shown that the average kinetic energies of the quasi-deuteron groups are approximately 8, 11, 14, 
and 14 Mev for Li, Be, C, and O respectively. 

The observed peaks are not clearly resolved on the left side. This may be due in part to energy loss 
of the protons and deuterons in the nuclei and in part to the slowing of the deuterons in the walls of the 
collimators, Nor can one exclude the possibility that adjacent to the left of the observed peak are smeared 
deuteron peaks from the possible reactions p+p—-dimt and p+n—~d+ , 

The experiment has demonstrated that in the spectra of light elements, the deuteron peaks are shifted 
slightly to the left of the peaks due to the deuterons from elastic (p-d) scattering. The next to the last 

column of Table II lists the difference between the energy of 
TABLE III elastically-scattered deuterons and the average energy of 

the deuterons ejected from nuclei corresponding to the ob- 
served shift, while the binding energy of the deuterons in the 


Nucleus | Li | Be | c | O 
nuclei is given in the last column of Table II. This difference 
: represents principally the binding energy of the deuteron in the 
oy, 10-%7cem | ~4.5) ~6 ~9 ~12 , Atle 
oo ee rea, potential well due to the remaining nucleons. If the proton, 
oy, 10°" cm| — = as + after colliding with the quasi-deuteron group, also leaves the 


nucleus without further collisions, then the observed process 
can be envisioned as a reaction of the type p+ (Z,A) ~d+p+(Z-—1,A-—2). According to the data 
obtained, the recoil energy and the excitation of the residual nucleus (Z— 1, A — 2) must not be large. 

It is necessary to mention that the scattering of protons from quasi-deuteron groups with transfer of 
high momenta to the deuteron represents basically a process connected with three-particle interactions. 
For a given angle, the cross section of this process, as seen from Table II, increases with increasing di- 
mension of the nuclear target. Normalized to one proton in the nucleus, the differential cross section for 
the ejection of a deuteron does not differ strongly from the cross section for elastic (p—d) scattering, ob- 
served under the same conditions. This fact apparently means that the character of the three-particle in- 
teraction is the same both in the collisions of protons with quasi-deuteron groups in light nuclei and in 
collisions of protons with free deuterons. Such a situation seems possible only if the other nucleons within 
the nucleus do not participate effectively in the interaction between the incident proton and the tight quasi- 
deuteron group. 

The total cross section for the ejection of deuterons from the nuclei was estimated by assuming that 
the angular distributions of the recoil deuterons in elastic (p—d) collisions and in collisions of protons 
with quasi-deuteron groups are the same. The angular distribution of the cross section for elastic (p—d) 
scattering at an energy of 660 Mev was measured in our laboratory by Leksin"® in the interval 40 — 150° in 
the proton-deuteron center-of-mass system. From these data it was estimated that the total cross section 
of elastic (p—d) scattering is approximately 1.5 x 1072" cm”. From this, assuming that the yield of deu- 
terons is proportional to Z, we determined the total cross sections og for the ejection of deuterons. 
Their values are listed in Table Il. For comparison, this table contains also the values of the total cross 
section o, for the interaction of protons with the nuclei of the elements mentioned at an energy of 650 
Mev.!"” The contribution of the three-nucleon collisions to the total cross section for the interaction of the 
protons with the nuclei must apparently be even greater because of the collisions between the protons and 
quasi pp and nn groups and also with pn groups in states other than 3S, and 204s 


6, CONCLUSION 


The experiments carried out show that bombardment of Li, Be, C, and O by 675-Mev protons results 
with appreciable probability, in emission of deuterons with almost the same momentum as in elastic (p—d) 
scattering. Such a close relation between the processes named leads to the assumption that the deuterons 
are knocked out from light nuclei by collision of the incident protons with quasi-deuteron groups. Exam- 
ination of the broadening of the deuteron peaks shows that the average kinetic energy of the quasi-deuteron 
groups in the potential well of the remaining nucleons in the nuclei is approximately 8, 11, 14, and 14 Mev 
for Li, Be, C,.and O respectively. As suspected, the average kinetic energies of the quasi-deuteron groups 
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are less in lithium nuclei than in the nuclei of the other elements investigated. A similar result was ob- 


tained in Massachusetts!® upon investigation of the photodisintegration of quasi-deuteron groups. From a 


comparison of the differential cross section of elastic scattering of protons by free dentenone and by 
quasi-deuteron groups, it follows that the character of the three-nucleon interactions in free (p—d) col- 
lisions and in collision of protons with quasi-deuteron groups do not differ in any noticeable way. If under 
the condition of these experiments, any tritons were knocked out at all by collisions between proteus and 
tight three-nucleon groups, the yield of tritons comprised less than 2 to 3% of the yield of the ejected deu- 
terons. 

The results of these experiments can be considered as an important argument in favor of the nuclear 
model proposed by Brueckner and his colleagues’ ~?! and recently analyzed by Bethe.” This model is 
based on the assumption that in nuclear matter strong short-range interactions exist between pairs of nu- 
cleons, in consequence of which the wave function of the ground state of the nucleus contains an appreci- 
able admixture components corresponding to large momenta of individual nucleons. This is equivalent to 
assuming an appreciable correlation in the locations of the nucleons inside the nuclei or, in other words, 
to assuming short-lived formations of two or more strongly-interacting nucleons. 

Within the framework of the high-momentum model of the nucleus, the ejection of deuterons from nuclei 
by high-energy protons can be considered either as the result of transfer of high momentum to the tight 
two-nucleon groups as a whole, or as the capture of a neutron from such a group with the formation of a 
deuteron emitted forward. The fact that the ejected particles do not include many tritons is apparent ev- 
idence of the relatively rare event whereby a three-nucleon group, capable of undergoing recoil as a 
whole, is formed inside the nucleus. An analogous result follows from the high-momentum model of the 
nucleus.?!:22 

The problem of the transfer of high energy from the incident nucleon to the nuclear fragment was in- 
vestigated by Blokhintsev’? under the assumption that short-lived tight clusters of nucleons, which can be 
ejected from nuclei in the form of separate particles upon collision with nucleons are formed inside the 
nuclei. Calculations based on such a picture show the dependence of the cross section for ejection of en- 


ergetic deuterons on the atomic number and on the atomic weight of the nucleus to be of the form Z2a-1/3 


for nuclei containing few nucleons, and of the form ZA71/ 3 for nuclei in which the effect of saturation 
of nuclear forces is already substantial. The probability of emission of tritons comprises only several 
percent of the yield of deuterons, which is not in disagreement with experiment. The absolute value of the 
cross section also appears to be in agreement with the results of these measurements. 

It is impossible to say anything definite at this time on the nature of the forces acting between the inci- 
dent proton and the quasi-deuteron group. At a given energy, the wavelength of the proton, in the center- 
of-mass system of the two nucleons is A = 0.35 X 107!3 em, which is only 1.7 times greater than the 
Compton wavelength of the nucleon, H/Mc. The possibility is not excluded that such tight collisions of 
protons with quasi-deuteron groups are accompanied by a strong deformation of the meson cloud of the 
three colliding nucleons, and by an interaction which occurs through the simultaneous exchange of pairs 
of mesons. From this point of view, the high-energy collisions of nucleons with quasi-deuteron groups, 
like three-body collisions appear as favorable for the observation of effects connected with three-body 
forces and therefore warrant further investigation. 

In conclusion the authors express their thanks to D. I. Blokhintsev, G. A. Leksin, and V. I. Ogievets 


for discussions, and also to Iu. N. Denisov for help in the measurements of the magnetic field of the spec- 
trometer. 
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A classification is obtained for the states of a relativistic quantum system. The irreducible 
representations of the inhomogeneous Lorentz group are divided into four fundamental classes: 
Pm Pn Po, Op. All the representations of classes P,, and Py, both unitrary and non- 
unitary, are found explicitly. 


1. CLASSIFICATION OF THE STATES OF A RELATIVISTIC QUANTUM SYSTEM 


W: have previously! found all the possible invariants of the inhomogeneous Lorentz group, and have 
noted that the classification of the irreducible representations of the group reduces to finding the eigen- 
value spectra of these invariants. However, we as yet do not know the independent variables contained 

in the wave functions, which transform according to a particular irreducible representation. In order to 
find these variables and their domain of variation, we must select from among the operators of the group 
a complete set, i.e., a complete system of operators which commute with one another (but not with all the 
operators of the group). The choice of such a system of operators is, of course, not unique. This non- 


*Notations used without explanation are the same as in Ref. 1. References like (1.8) are to the corre- 
sponding formula in Ref. 1. 
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uniqueness corresponds to the possibility of performing an equivalence transformation of type (1.8) ont 
particular representation. As such a system of operators, we might select the invariants of the homoge 
eous Lorentz group, Mi and €ypyr»gMyv Myo» and in addition the square of ute three =dime ner Cue ang- 
ular momentum M2? and one of its projections, M3. However, this classification is not convenient since 
it is not translationally invariant. The motion of the system as a whole is not separated out, so that the 

wave functions of individual states do not belong to a single value of energy and momentum. The most 

natural classification is one which is translationally invariant, in which the complete set selected consist 
of the four operators p, and one of the projections of Tg, for example Y;. In a given irreducible rep-§ 
resentation, only three of the four operators py, are independent, since the eigenvalue of the invariant 
Pr is the same for all the functions of the irreducible representation. The set of eigenvalue spectra Of 
the operators of the complete set (for example, pj, Py, P3, I'3) also give us the complete system of in- | 
dependent variables and their domain of variation for the particular irreducible representation. 

Let us summarize our results: 

1. In order to find all the irreducible representations of the inhomogeneous Lorentz group, i.e., all the 
wave functions admissible in quantum mechanics, we must find the eigenvalues and simultaneous eigen- 
functions of the operators py, Po, P3, Po» 1s, T3, satisfying relations (1.41). 

2. In a given irreducible representation, only those eigenfunctions can appear which belong to the sami 
eigenvalues of the group invariants Py and Ie . As mentioned in Sec. 12 of Ref. 1, additional invariants } 
may exist for certain classes of representations. 


2. THE FOUR FUNDAMENTAL CLASSES OF REPRESENTATIONS OF THE GROUP G 


The group of four-dimensional translations characterized by the operator Py is a commutative sub- 
group of the inhomogeneous Lorentz group. Its irreducible representations are one-dimensional and uni- 
tary.** Each representation is defined by the set of four numbers py, Py, P3, Po = P4/i, which are eigen - 
values of the operators Dy, Po, Ds Pp. The eigenvalues p, can be any real numbers. Only those func- . 
tions can belong to the same irreducible representation of G which have the same value of p*. The ir- 
reducible representations of the whole group differ qualitatively from one another according as Py isa 
negative number (timelike Pu ), positive (spacelike Py) or zero. In the last case, representations in 
which Py paiva Py lies on the light cone) and in which Py = 0 are qualitatively different. Accordingly, 
we get four classes of representations of the group G, which we shall investigate in turn: 

I. Class Pm: py is a timelike vector. 

II, Class Po: py is a vector on the light cone. 

Ill, Class Py: Pu is a spacelike vector. 

IV. Class Op: Py = 0. 

For the unitary representations of the inhomogeneous Lorentz group, the division of the representation 
into these four classes was first done by Wigner by a different method. He also obtained the detailed clas; 
sification of the unitary representations of classes Pym and Py.” The complete system of irreducible 
representations of class Oy coincides with the complete system of representations of the homogeneous 
Lorentz group which was found by Gel’ fand and Naimark.? 


3. CLASS Py, 


For the class Py, the sign of the energy, Sy = p/|po|, is an invariant of the group, so that for each 
set of eigenvalues of p? and ee there will be not one, but two irreducible representations, one for each 
sign of the energy. Instead of the energy, it is convenient to use the mass m defined as 


m = (pol pol) V — p2, (1) 


*The group of translations also has non-unitary representations, corresponding to complex values of 
the components of the four-momentum. The representations of the inhomogeneous Lorentz group ob- 
tained from them belong to complex values of the invariants m and I] of the classes P,, and Py 


Representations of this sort occur, for example, when we add an imaginary term to the mass in calcula- 
tions with Green’s functions. 
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‘and can be any real number except zero (since zero mass corresponds to classes Py and Oy). In each 
(irreducible representation, only those functions can appear which belong to the same value of m. There- 
Fiore, of the four variables p, in the wave functions of the irreducible representation, only three (for ex- 
i ample, Pj, Pg, Pz) will be independent, while the fourth, po, will be equal to 


m m ACT 
| Po = Tm Ee =p VPP Em. (2) 
2 : 
| One can also proceed differently, by forming the 4-velocity vector 
My = py /m, y=—1, u=u,/i= Vw +I. (3) 


In this case, for each value of m the functions of the irreducible representation will depend on the 4-ve- 
locity u,, which has three independent components. 

| To find the eigenvalues of I%, it is convenient to go over (for fixed Py» Which is permissible since 
om commutes with I) to the rest frame in which 


= 05 fon Sin (4) 
We then find from (1.39), (1.41) that 
r,=0, P=T7?, 1, 0). = imeipl p. (5) 
Defining S; by 
Sin (6) 
we have 
[S74 Oj = leijnSp- (7) 


The commutators (7) define a three-dimensional Euclidean group of rotations, which is natural since 

e. =m? s? represents the intrinsic angular momentum of the system. The irreducible representations of 
the three-dimensional rotation group are well known. All of them are unitary. Each is characterized by 
a positive integer or half-integer s, where 


S*0, = (T2/m®) OQ, = s(s + 1)Q,, (8) 
and the operators S; are (2s+1)-row matrices. For example, for s = 4, S=0/2, where o is the 


Pauli matrix vector. The explicit form of the vector Tg in an arbitrary coordinate system is obtained 
from (6) by Lorentz transformation: 


[= mS + p(pS)/(|p.| +m) =m{S+u(uS)/(u,+ 1}, Tyo=T,/i=pS = mes. (9) 

The commutation relations between the components Ig, as defined by (7) and (9), coincide with (1.41). 

For a complete description of the representation, we have only to find the explicit form of the operator 
gu. One can verify directly that the operator gy, = (g, igo), where 


gi = — (ipip; 9 /Op;) — (im®d / Op;) — 3ipi + eijnPjSk, Bo = (— iPoPi9 / Opi) — 31 Po (10) 
satisfies the commutation relations (1.41). 
By using (1.40), we can find from (9) and (10) the explicit form of the operator My p for the 4-angular 
momentum: 


: ; a2 £0 S 4, © 
M = —i[pd/dp] +S = —i[ud/du] +S, N= ips — SPL = ins — SOL (11) 


where My, = My; etc., Nj = Mjy/i. The square brackets denote the vector product. In this representation, 
the 4-momentum operator Pu has the form 
Di=Pi Py =(m/[|m|)V p+, or py = muy. (12) 

Relations (11) were first used in the theory of elementary particles in Ref. 4. 

Thus the irreducible representations of type Py, with timelike 4-momentum are characterized by two 
numbers: a real number m which is non-zero, and s which is integral or half-integral. The number 
m determines the rest mass of the system, and s_ its intrinsic angular momentum (i.e., the spin, in the 
case of an elementary particle). The wave functions (mshi) £ OF Qms (44) ] corresponding to a par- 
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ticular representation are matrices of degree 2s + 1, depending on three independent variables pj de- 


fined over the whole real axis. : " 
The probability density CeaeOm a is a scalar. In calculating mean values (or norms), the integration 


is carried out with respect to the invariant volume element 


4 


dyp =dp/|po| or dou = d®u/ uy, 
<Q" (p) 2 (p)> = | dop2* (p) 2 (0), (13) 
<Q (u) Q(u)y = \ dquo" (u) Q (u). (14) |B 


We shall assign representations corresponding to positive and negative masses to different subclasses, 
and denote them by Piy, and P_m respectively. Single-valued representations, corresponding to inte- — 
ger s, will be denoted by P¥,,(P&,,), and two-valued representations with ee s by 
Ber ( Dee): The results found for the classification of P,, coincide with Wigner’s* results, and can be 
summarized in the following table: 


Table of Representations of Class P,, 


Fundamental | ae 
Represen-| Unitarity Dimension- invariants fad oael 
i ality in the spin vari- mi——p', >0, INE HMED) 
tation ante rg/mt=s (s+), Sy 
Ps Unitary, finite-dimen- (Ve oe 4 
oie sional 
Pi ” 1/>, Wp coc 4 
pone ” OF do ieee —1 
Pe » Ls saat —4 
4. CLASS Py 
For the class Py, the square of the 4-momentum 
p=? (15) 


is positive, i.e., the vector py, is spacelike. The search for simultaneous eigenfunctions of the operators 
Pu» r2,, and one of the projections of Ig, for example Ty) =I, Jv is conveniently done in the coordi- 
nate system in which 


Pp = (0, 0, Il, 0). (16) 
From (1.39) and (16) we find that in this coordinate system 
Te 0: (17) 
With the notation 
P+ if, = UT, f,—iT,=T-, T= LEE (18) 


the commutation relations (1.41) between the components Tg, and the invariant I. become 


[ies Lele a ae, IPS ees Tele = ie, ( 19) 
eS Ll = oT (20) 


Tey LP ee lg ae ee (21) 

The commutators (19), (20) define the group of rotations in three-dimensional pseudo-Euclidean 
space. All the unitary representations of this group were found by Bargmann.® T? in formula (21) is, 
of course, an invariant of this group. The wave functions satisfying (19), (20), are of the form Q ag, 
where a, B are the eigenvalues of T* and To respectively: : 


T?Q x6 => HOG, PQs => BQ... (22) 
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_ Only functions with the same value of a can appear in an irreducible representation. To determine 
the spectra of eigenvalues a, 8, we operate on Qq_ With the first relation in (19): 


| [T,°T)]_Q33 = — (T*Q,,). 
Using (22), we then get 
| PCT Qash= (8 1) (T*O,.,). (23) 
Similarly, from the second relation in (19) we find 
Ty (T Que) = (8 — 1) (TQag). (24) 


Thus the functions (TTQqapg), (T Qqpg) belong respectively to the eigenvalues 6+ 1. From this it fol- 
lows that the spectrum of eigenvalues of Ty is 


8 = By + n, (25) 
mores I> By =0, n=.7 —2;)=1)0) 1, 2) 2., while the matrix Ty is infinite-dimensional and has 
the form 

(Chass —— Boom aR NOmns (26) 


We do not exclude the possibility that for certain values of 8, T*Qag (or T-Qyg) may vanish. However, 
this case need not be treated specially, but will be obtained automatically from the general investigation. 

The operator Tp) is the operator for an ordinary three-dimensional rotation in the hyperplane perpen- 
dicular to py. The full rotation through 2m must either leave the function unchanged or (for a two-valued 
representation) multiply it by (—1). Thus {» can only be zero for single-valued representations, and 3 
for two-valued representations, 


Bo = 9, */2, (27) 
since the matrix for a finite rotation through angle g has the form 
(exp {27 o2})mn = Omn EXP {iBo9 + ing}. (28 ) 


To find the eigenvalues of the invariant T?, we must determine the form of the matrices Tt, T™. 
From (19) and (26) we get 


Pa eit 0! (29) 
Tit iN ie=.0, (30) 
so that 
Tie OS, ne (31) 
Tinn = Ombin4i, n- (32) 
Substituting (31), (32), (22), and (26) in (21), we find 
(T?) mn = mn = OmOndm-+1, 191, n$1 — Omn (M + Bo) (A + By + 1)= mn {Ann — (1 + Bo) (2 + Bo + 1}; 
1.C., 
Andn =%-+ (n+ Bo) (2+ Bo + 1), (33) 


where, according to (27), Bo is equal to 0 or 4, We should mention that in (29) — (33) there is no summa- 
tion over the repeated indices m, n. 

Formula (33), expressing the coefficients am, by in terms of the eigenvalue a of the invariant, to- 
gether with (26) essentially determines all the irreducible representations of the rotation group in three- 
dimensional pseudo-Euclidean space and all the irreducible representations of class Py for the group G. 
Only the product a,b, of the matrix elements is given uniquely by (33). The elements ay, by them- 
selves are not determined uniquely, which corresponds to the possibility of subjecting the system of oper- 
ators T+, T-, Tp to an equivalence transformation using an arbitrary non-degenerate diagonal matrix 
V, which leaves the operator Tp) unchanged. Formulas (26), (31), (32), and (33) can be rewritten as 
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(Ta estat a Omens (fi eal ar = one n’+-19 (Lo) ene — On Om, n'y (34) 
A; On =a+tn'(n'+ 1). (35) 


Here the indices m’, n’ are assumed to run through all integral (half-integral) values for single-valued 
(double-valued ) representations. 

Now we must first see for which values of a a representation of the whole group corresponds to the 
infinitesimal representation in the neighborhood of the identity. Secondly, we must check whether all the 
representations we have found are irreducible, since an additional splitting of the representations is pos- 
sible, for example, with respect to a sign invariant. Thirdly, we must separate the representations into 
unitary, real non-unitary and complex representations. Finally, we must construct the operators Ig 
and Zu, or the operators Myp. 

In order to solve the problem of the continuity of the representations (34) and (35), we shall attempt 
to construct the operator for an arbitrary finite rotation in the three-dimensional pseudo-Euclidean space 
The third axis of our space is the time axis, and a rotation about it is a space rotation. The first and sec-}} 
ond axes are space axes, while rotations about them are Lorentz transformations. As in ordinary Euclid-~ 
ean three-space, any rotation can in our case be represented as a product of rotations through three Eule 
angles: a space rotation about the third axis, a Lorentz rotation about the first axis, and a space rotation | 
about the rotated third axis. The matrix for the rotation about the third axis was given in (28). It exists 
for any a. To get the operator for a rotation around the first axis, it is convenient to go over to the con-: 
tinuous spectrum, i.e., to take as the wave function not an infinite-dimensional matrix, but a continuous 
function Q(¢) of a variable @ which ranges from zero to 27. Then the operators T*, (Dty eT) cane 
taken in the form: 


Toa eyo Dr (363. 
ay i 1 (6) a LO —f x 
r =e(t 51), T =(Fatl+ le ®, (37), 
where 
tele (38) 


A direct check will show that the operators Ty, T+, T~ defined by (36) and (37) satisfy (19) —( 22). 
The transition from (36) and (37) to (34) and vice versa is accomplished by a Fourier transformation. 
In accordance with (35) and (38), we find for a,’, b,’, from (37), 


an = (n'—1), by = (n’ + 1+ 1). i (39) 


Rotation through the angle g around the third axis is accomplished in the new representation by using 
the operator U( 9): 


U (2) = exp(2/d®), U (2) Q(®) =Q(0+ 9g). (40) 
The operator T, for the infinitesimal rotation around the first axis is 

T, = (T* + T)/2 = —ilsinD — icos®. 0/0. (41) 
We find the eigenfunctions and eigenvalues of the operator Tj: 


TiPor = pon. ( 42) 


After a simple integration we find that for any real k, 
bon = (4) (cos O)! {ran( > si a) ae (43) 


An arbitrary function (4) can be expanded in terms of the Pak: 


co 


(0) = J dkeparQ, (44) 


—c 


so that we may consider Yok as the kernel of the operator of linear transformation from @ to k, ices 
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to the basis in which the operator T, is diagonal. The kernel of the operator reciprocal to Yok iS 
i 


Vio = (4r)—"h (cos @)-F1 {tan(-> 4 zh. (45) 
In fact, we can verify directly that 
, on 
| | dO did bon = 3(k—R'), (46) 
0 
| | dkboubidy = 3 (0 — 0’). (47) 


For the wave function Q (k) in the new representation, the operation of rotation through the Lorentz 
| angle y around the first axis is trivial, and reduces to simply multiplying Q(k) by eiky, 


| Un (x) Q (R) = eF*Q (k). (48) 
By using (43), (45), and (1.9), we can transform the operator Ux (x) tothe é-representation, 


co 


Vow (xX) = \ dkbgre™ dra = 8(Intan8 — Intan6’ + x) 


—— OD) 


(cos @)! _ 5 (Intan—Intan6"+ x) / cos ® \Vi1a—« 49 
(cos @’)'+1 V cos ® cos ©’ (= 0’ ) Mem se, 


where 0 =@/247/4, 0'’= 6/24 7/4. The rotation operation itself takes the form 


2m 
(U (x) 3o = | dU ae (x) 2(®’) (50) 
0 
or, in somewhat different form, 
1+ taré \—-! 
U (x) Mo = e% Be gous 
{U (x) jo = e*() 2 (®), (51) 


where 
van(F =- t) => eran J ao z) A 


From (51) we see that the transformation for rotation around the first axis actually does exist for any 
finite values of a, y. As we said earlier, we can construct the-operator for any rotation by using (40) 
and (51), and this operator will exist for arbitrary a. The theorem we have just demonstrated is not 
trivial since, for example, for the group of three-dimensional Euclidean rotations there exist representa- 
tions in the neighborhood of the identity which cannot be extended over the whole group. 

We shall now select the real and unitary representations of class Py. According to Sec. 13 of Ref. 1, 
the representations will be complex for complex a and real for real a. For unitary representations, the 
operators T*+ and T~ must be Hermitean adjoint to one another. In this case, we find from (31) and 


(35) that 
Ay = by, | Qn =a +n’ (n' + 1). (52) 


From (52) it follows that a representation can be unitary only if the quantity a + n(n +1) is not nega- 
tive for any integral (half-integral) values of n. For integer n, the requirement that (52) be positive 
is satisfied for a =a > 0. (The case of a =0 will be treated later and assigned to another subclass). 
The corresponding single-valued unitary representations will be denoted by P®. For half-integral ne, 
(52) is positive for a=a > 1, (the case of a@ = 1, also will be assigned to another subclass). These 
two-valued representations will be denoted by Py: However, the subclasses PH and PH do not ex- 
haust the unitary irreducible representations of class Py. The point is that for w= —s(s+1), where 

s is an integer (half-integer) for single-valued (double-valued) representations, the representation (34) 


ceases to be irreducible. For n’=s and n =—-s—1, the coefficients ap’, by’ in (34) and (35) van- 


ish, and the matrices Ty, Tt, T~ simultaneously assume the “block” form. 
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In this case the representation (34) breaks up into three irreducible representations, two of which are 
infinite-dimensional and unitary, while the third is finite-dimensional and non-unitary. The matrix ele- « 
ments of the infinitesimal operators are given by formulas (34), (35) for all three cases. In one of the 
representations, the indices m’, n’ run through values from —© to —s — 1; in the second they go fro 
s+1 to ~, andinthe third from -—s to s. These representations are respectively designated by 


= -0 +2 7S e . 
bee oie ie for integral 2, s, and by Pr ; Pr ey ele half-integral 2, s. The representation 


eee pe pie ee (and Bee for s=0) are unitary. For them the sign of Ty is an invariant. The 


representations oe (s #0) and Pr are non-unitary. For them, the sign of Ty is not an invariant. 
The indices £, s can take on the values: 


for representations Py: £=0, 1, 2, ...; 


TT 
| 
oS 
oF 
os 

uo 
~ 


for representations Py : 2 
(53) 


for representations Py: s=0, 1, 2,...; 
for representations Py: s='%, %, *h,...5 


We may mention that the unitary representations PT PT and Po are all different. The first two 
are infinite-dimensional and correspond to the case of mn =0, I, #0. The representation Ph corres 
sponds to the case of Tg =0. a 

A peculiarity of the subclass Py” is the presence of the representation with 2 = —3, corresponding : 
to the case when (34) splits into two, instead of three, irreducible representations. The finite-dimen- 
sional (in the spin variable ) non-unitary representations of the group of 3-rotations in pseudo-Euclidean ~ 
space corresponding to the subclasses Pr and Pi can be gotten by Weyl’s® unitary trick from the ir- 
reducible representations of the ordinary group of 3-rotations. 

The real, infinite-dimensional, non-unitary representations, which are not included in the subclasses 


b ' b 
enumerated above, will be denoted by Py (for integer n ), and by Pr (for half-integer n’); the com- 


plex representations will be assigned to Pr (for integral n’), and Pep (for half-integral n’ ): 

To complete our treatment of class Py there remains only the construction of the components of the 
operator Myp. This rather involved problem is probably solved most simply as follows. In treating the 
class Pym we had occasion to transform to the rest system, which explicitly singled out the time axis. 
Accordingly, formula (11) is symmetric with respect to the three space axes but not symmetric with re- 
spect to the time axis. In the present section, we explicitly distinguished the third space axis whereas 
the first two space axes and the time axis were essentially not distinguished. We may therefore expect 
that we will get formulas which are relatively simple and similar to (11) if we introduce three-dimen- 
sional vectors and tensors defined in the pseudo-Euclidean space x,, xX, x4. We shall mark such vectors 
with a superior tilde. One of the components of each such vector is imaginary. For example, in this 
space the three-dimensional momentum will have the form 


Di=Pin Pan ipo); (54) 
while the component ps3 will be the three-dimensional scalar 
pPp= +) IP =p. (55) 
From the operators Tt, T-, To, we can form the vector 
TSUTL Ts Tea oe (Rae. (56) 


Using (19), we can easily verify that the T; satisfy the covariant commutation relations 


~ 


(TT. = teil rn. (57) 
We now note that the relations (11) can be rewritten as 


Mi = "28M jx = — (ieijn0)0/Opx) + Sir — Mia = (ips0/Opi) + €1jnSjPn/ (Pa + VB? + P2)- (58 ) 


K 


r 
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bo egao a. 2_: 
,where p* + pj = —m/* =inv, and the three-dimensional vectors are “ordinary” vectors. The tensor M yp? 


defined by (58), satisfies the commutation relations (1.31); in deriving this, we use only the relations (7) 
and 


Opy/Opy = Spy. (59) 


| Since relations (7) are completely analogous to (57), it is obvious that the tensor M y» expressed in 
I terms of the vector Mj; and the pseudo-vector Mj in the pseudo-Euclidean 3-space (x4, X9, X,) 


ne ee ee Vad ro ; x = ie 
Mj ="/28ijr Mj = — Leip a= + 7%, ea es os pee + ¢;; Pr (60) 
Pk Op Ips } 


i 


will satisfy (1.31). In Eq. (60), 
i,j,k =1,2,4, p? =I. 
Writing (60) in terms of “ordinary” components, we get 
My = Mos = — i (p20/0p3 — p30/Opz) + (T1Ep + Tox) / (ps + 1), 
M; = Ms, = — i (p30/0p1 — pi0/Ops) + (T2Ep + Tops) /(Ps + 1), Ms = Miz = — i (p10/0p2 — p.0/Op,) + Ty; (61) 
N, = My/i = ((E,0/0p1) —T1, No = May/i = (iE,0/Op2) + T2, Ng = Magali = (iE ,0/Ops3) + (Top, — T pz) / (ps + ID). 


In (61), Ep = —ipy == Vp’? — I?, The independent continuous variables are Py, Po, Pg. Their domain of 
variation is limited by the condition  >]p| = Il. The energy is not an independent variable, but for 
given values of p;, py, and pz, its sign can be arbitrary within the representation. Thus the sign of the 
energy is a discrete independent variable which takes on two values, and relations (61) will give the cor- 
rect commutation relations over the whole domain of definition of the independent variables only if this 
point is taken into account. The simplest way to take account of the two signs of the energy is to express 
the components of the 4-vector Py in terms of the four-dimensional polar angles 9g, 4%, x: 


y= IIcoshy sin 9 cos ®, Po = IIcoshy sin? sin, P3= Icoshy cos 3, Po = II sinh y, 


25 > opm0, cr >3F0, co >y>— ow. (62) 


The two-valuedness of the energy is then obtained automatically. The components of Mupv> expressed in 
terms of the angle variables, become 


Tisinhy + Tocoshx Sin 3 cos 9 
1+ cosh cos 3 y 


oie 0 : 0 
M, = tsin @ 55 + tect cos 9 5° + 


. 0 : : ) T,sinhy + To coshy sin > sin 9 : 
M, = — 1008 9 55 + icot 9 sing Be ob eee De OOo eel 
see 7) : a) ; _ sing d 
i= isin cos 9 5 ++ itanhy Cos cos p 55 tanh y a8 ae Lae, (63) 


nee A ta) - ; OE. _, COS @ O 
N, =isinSsing > + itanhy cos $sing 5g + ftanmhy og 55 + Tes 


coshy sin 9(T2 cos ¢ — T; sin 9) 
l+cosh x cos > 


0 : : ) 
N3 i cost a it y sind s+ 


Formulas (62), (63), together with (34), (35) give the complete solution of the problem of finding all 
the irreducible representations of the class Py. 

One may try to construct the tensor My,p by a procedure different from ours, by simply replacing the 
vector S; in(11) [or, what amounts to the same thing, in (58)] by the vector Tj with components (iT, 
iT,, Ty). This vector is analogous to the vector T; of (56), but, unlike it, is defined in a Euclidean 
rather than a pseudo-Euclidean 3-space. The components of the angular momentum tensor formed in this 
way, 

Mi; = "o8ijrM jr = — é (€ijnPj0/OPrk) + Ti, Mia = (ips0/Opi) + eijnT iPr | (Pa + Ve + pi) CC 


satisfy commutation relations (1.31), and one might get the impression that we have constructed repre- 
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sentations which are equivalent to (63). As a matter of fact, however, (64) is equivalent to (63 ) only fon} 
representations which are finite-dimensional in the spin variable. For infinite-dimensional matinees Tix 
formulas (64) do not in general define a representation at all, since in this case it is impossible to con- 
struct a finite three-dimensional rotation about the x or y axes. This is apparent from the fact that th 
components of the vector Tj are infinite-dimensional and, at the same time, irreducible with reBpers to 
three-dimensional rotations; i.e., they constitute an infinite-dimensional irreducible representation os the 
group of Euclidean 3-rotations in the neighborhood of the identity. Such a representation cannot be built 
up over the whole group, since all the irreducible representations of the group of 3-rotations (and of any 
compact group) are finite-dimensional. 
In conclusion we give a table of the irreducible representations of the class Py: 


iT 


Fundamental Invariants 


| 
Represen- Unitarity. Dimensionality Tip, >0 | Additional 
F : : : , ae 
tation in the spin variable. Pera ie mm | invariants 
Ph Unitary infinite-dimensional a= oF 0 = 
Pa ” ” 4=a>7T = 
Pi! ” ” Sea), A Phe Sr, =1 
Pa ; » s=l=0, eke Sp, =—1! 
1 
, | Eee coe Sie ="| 
Pan > ” salam, Fe ye Sr, 
/ 1 4S 
Pea ” a s=l=— 3) 3 Dine Sr, =—1 
Pa Non-unitary; 2s + 4 SAN Ws. Ahoed 
P's wrk ees AS 
n ” ” Se Ee LD) 
Py Non-unitary infinite-dimensional CaO) Sail Ay Bocce ze 
, 4 tiers 
Pa ” ” a=b<yZ SAD, Te = 
Pr wv a@ = complex = 
Pe ” ” @ = complex — 


‘Tu. M. Shirokov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 861 (1957), Soviet Phys. JETP 6, 664 (1958). 

2E. P. Wigner, Ann. of Math. 40, 149 (1939). 

31, M. Gel’fand and M. A. Naimark, Journ. of Phys. (U.S.S.R.) 10, 93 (1946); M. A. Naimark, Usp. Mat: 
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. A GROUP-THEORETICAL CONSIDERATION OF THE BASIS OF RELATIVISTIC QUANTUM 


MECHANICS, Ill. IRREDUCIBLE REPRESENTATIONS OF THE CLASSES Po AND Oo, 
AND THE NON-COMPLETELY-REDUCIBLE REPRESENTATIONS OF THE INHOMO- 
GENEOUS LORENTZ GROUP* 


Iu. M. SHIROKOV 
Moscow State University 
Submitted to JETP editor December 11, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1208-1214 (November, 1957) 
All the unitary and non-unitary irreducible representations of class Py) for the inhomogene- 
ous Lorentz group are obtained in explicit form. The isomorphism of the representations of 
class QO) and the representations of the homogeneous Lorentz group is discussed. We indi- 


cate certain non-completely-reducible representations of the inhomogeneous Lorentz group 
which are of importance for physics. 


1. IRREDUCIBLE REPRESENTATIONS OF CLASS Py) FOR 
THE INHOMOGENEOUS LORENTZ GROUP 
Tue representations of class Py) are characterized by a non-vanishing 4-momentum having zero length 
Pi =9, Py. 


In this case there is no system of coordinates in which all except one of the components of Pu would van- 
ish. We can, however, choose a system of coordinates so that 


Pi=P2=0, pp=ps/i=p. (1) 
From (1) and (1.39) we find for the components of the intrinsic angular momentum operator Ig: 
Pyle Sy fee 1 (2) 
With the notation 
eet a) eee (3) 
the commutation relations (1.41) between the components Ig, and the invariant Be become 
ey We 2 Wee ab Ral Ut eal Bleek (4) 
[I", I] = 0, (5) 
jt BE Bee (6) 


The relations (4) have the same structure as (II.19), and I, like Tp in (11.19), is the operator of an 
infinitesimal Euclidean rotation. Repeating word for word the derivation in Sec. 4 of Ref. 2 (formulas 
11.22 — 32), we find that the admissible wave functions have the form Yoyn, where a, n are the eigen- 


values of Is T: 
V30en = AYons Ten = Man, 
and n runs through all positive and negative integer (half-integer ) values for single-valued (double- 


valued ) representations. The operators T+ and I- respectively increase and decrease the index n by 
unity. Only those functions can appear in an irreducible representation which belong to the same eigen- 


*Notations used without explanation are the same as in Refs. 1 and 2. References like (1.39) and (II.19) 
are to the corresponding formulas in Refs. 1 and 2. 
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value qa of the invariant. The operator I’ has the form 
Dinn a Omnll, (7) 


; 1/ 
where m, n=... —2, -1, 0, 1, 2,... for single-valued representations, and m, n=... —%, —"hy "hy 
% ... for double-valued representations. 

The operators It, I~ satisfy 
Ti,(n—m+1)=0, Pra(a—m—t) 0 (8) 


and have the form 
Len = QnOmndas lin Onn ein ( 9) 
At this point the analogy with the treatment for class Py ends because of the difference between the 


commutation relations [(II.20) and (5)] and the expressions for the invariants [(II.33) and (6)]. Using 
(9) and (6) instead of (II.33) and (II.35), we now get 


Andy = &. (10)) 


For a #0 we can, without loss of generality, set 


Wg iO), (11}) 


for all n. 

The sign of the energy is the invariant for representations of class Po, so that to each value of a 
there correspond two irreducible representations, P,y(E >0) and P_)(E < 0). For unitary represen— 
tations, 


(eels (125 — 
and, consequently, 
Ox Oem Oe Ue (13) 


i.e., the representations of class Py) are unitary for real pe seo a@=c >0. We shall designate 
scl single-valued (double-valued) representations by eer GRea)s 
In the special case of a =0, we find from (13), 


ot teas Re PY Rem | Peas (14) 
From (1), (2), (3), and (14) it follows that for a = 0, 
Do = pol’, (15) 


i.e., in this case I is the additional invariant which was mentioned earlier in Sec. 12 of Ref. 1 (cf. 1.46 

and 1.47). Because of the invariance of IT, the representation which was infinite-dimensional in the spin 
variable splits up into one-dimensional representations. Thus, for a =0, for a given sign of the energy 
there aa to each eeaen integral (half-integral) value 2 ce the operator I the representations 


at +2 +2 
Pi) and ene (Bex and eon ), where for the representation 1 CP a0) 


aye == LPs; ( 16) 

-2 1-2 

while for the representation Pig (Po ) 
To —Bpe,) B= 052, Ce eee (17) 


For a representation of this type, the fundamental invariants p* and ine are equal to zero, but then 


there are three supplementary invariants: the sign of the energy, the sign of Tp, and the factor of pro- 
portionality between Tg and pg. 


All other irreducible representations of class Py are non-unitary. We shall denote the single-valued 


(double-valued) representations, corresponding to real negative a =—c by Ba, 0 CPs ). The remain- 
ing complex non-unitary single-valued (double-valued) representations, corresponding to complex a, 


will be denoted by i (Pei By analogy with Sec. 4 of Ref. 2 we may assume that for each non-unitary 
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tepresentation of class Po in the neighborhood of the identity we can construct a representation over the 
whole group, but this point, of course, requires a special proof. 


| ; seas : 
s For the representations Py) which are one-dimensional in the spin variable, the operator Myp has 
he form 


M, = — i (p20 /Ops -— p30 / Op2) + Epp. / (p? + p®), 
} Mz = — i (p30 / Op, — p,0 / Ops) =F Epp2/(p? + p2), Ms = —i(p,0/dp2,— pd /Op,), (18) 
| Ny = ipo / Op; + Epeps / (p? + p3), Nx = ipd / Op, E pips /(p2-+ p2), Ng = ipd/ Ops. 


With Eeepect to the classification of the unitary representations, the results found here coincide with those 
of Wigner.’ We give a table of all the irreducible representations of class Pp: 


Fundamental 


Represen- Unitarity. Dimensionality in Invariants 


tation the spin variable. p2=0, Th ma Additional invariants. 
pt? Unitary, one-dimensional 0 Sy =+1, Sp =+1, B=0,1,2,... 
Pay ” ” a=0 Si =1,Sp=41, D=1/2,8/2,... 
, Unitary, infinite- 
Ps0 dimensional ee) Sy =i1 
Pe ” ” a =c>0 Sy =H! 
Non-unitary, infinite- | 
PO dimensional 2=—c<0 S;, =1 
Poa ” ” a =—c<0 SiH =+1 
aes ” ” a = complex Sy =1 
Pes ” ” a = complex Sy =-+1 


2. THE CLASS 0, 


Unlike the three and four-dimensional rotation groups, the inhomogeneous Lorentz group is not simple, 
but contains a normal divisor (invariant subgroup), the subgroup of translations. 

We shall denote by b, b’, ... those elements of G which are in the subgroup of translations, and by 
a, a,... the remaining elements, which represent rotations about different points. By definition, a sub- 
group is a normal divisor if its right and left residue classes with respect to any of the elements of the 
group coincide, i.e., if the sets of elements ba, b’a, b”a... and ab, ab’, ab” ... coincide. In other 
words, for any a, b, there exists an element b’ such that ba = ab’, or 


OF “oy = te’. (19) 
We can verify directly that (19) is satisfied for the group G: 
Kp = Oy Xy <= Ory (iy tl) edb = Spe 


The classes corresponding to elements aj,,, a, will be denoted by A;, A,. Geometrically, a class con- 
sists of rotations through the same angle about different points. Each of the elements of the group G is 
either in one (and only one) of the residue classes, or is in the translation subgroup B. If the product 
of the elements a», ay, taken from classes A», Aj, belongs to the class Az, 

a;Q, = a3, (20) 
then the product of any other pair of elements aj, a;, taken from these respective classes also will belong 
to Az, 

pA, == As. (21) 


We can therefore introduce an operation of class multiplication, defining the product of classes as the set 
of all possible elements of the form a,a;. All elements of this type are in class A3, so that we may write 
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AGA =a Ag: (22 


The translation subgroup B plays the role of the identity in the class multiplication, 
AB = BA =A. 


Together with B, the set of residue classes A forms a group with respect to the multiplicative opera-. 
tion which we have introduced. This group, which we denote by L, is the factor group of G with respea 
to the invariant subgroup B. More detailed information concerning factor groups is given, for example, | 
in Pontriagin’s* book, where, in particular, proofs of all the above assertions are given. 

The factor group L is isomorphic to the homogeneous Lorentz group. Now let us assume that we ha 
found some representation of L, i.e., we have associated with each of the elements Ay, A, ... a matri 
U,, Uy, ... so that for each relation of type (22) we have 


OSU; Os. (23 | 


It is not difficult to see that the matrices U will at the same time also give a representation of the grou 
G, if we associate the matrix U, with all the elements aj, aj, aj,... inthe class Ay, etc., and if th 
elements b, b,... are associated with the unit matrix. Thus to each irreducible representation of the 
homogeneous Lorentz group there corresponds an irreducible representation of the inhomogeneous group) 
in which all the translations are associated with the unit operator, so that for these representations Pu. 
= 0, and all of them belong to the class Op. The invariants for the class Og are the invariants of the 
homogeneous Lorentz group: 


F =1/.M?2, = M’?—N?, (24° 
W = (1/43) euyceMuyMig = MN. (255 


All the representations of the homogeneous Lorentz group were found by Gel’ fand and Naimark,® and we | 
shall not review them in detail. Each representation is defined by a pair of numbers (ky, c), where kp 
is non-negative and integral or half-integral, and c is an arbitrary complex number. The representati 
is unitary and infinite-dimensional if c is pure imaginary (fundamental series), or if c is real and lie 
between zero and one, 1>c 20 with ky) =0 (the complementary series). The invariants F, W are 
expressed in terms of kp, c by 


F=khtc—1, W=ike. (26' 
We give the operators M, N for the finite-dimensional non-unitary representations, which are the most 
interesting for physics, and which are obtained for c =ky +n, n=—(2k) -1), ... —1, 0, 1,2, ... The 


symmetric undotted spinor of rank 2k) transforms according to the representations go a (c =kp + 1),) 
for which Mupv is Ko 


Mit S 5 NG ars (27) 
In (27) S is the operator for the three-dimensional angular momentum of magnitude Ko, 
[Sis Sil = tei Sie 1S een ene nee (28) 
The dotted spinor of rank 2k) transforms according to the representation Si Koes (c =—ky -—1), for 
which Myy is . e 
M=S. N=—iS. (29} 
. . . . . . = fs 
All other finite-dimensional irreducible representations are found by taking direct products Si) Ko 
Kp ctl ‘ s , ” 0 
x Si" with all possible kp, ky. For such irreducible representations the operator Myp has the form) 
M=S, + S,, N = iS, — iS,, (30) 
where 


SiQ = hy (hy + 1) 2, SO = by (ky + 1)Q. (31) 
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« p f F : 
A ane iea computation of the invariants of the representation (30) will show the validity of the 
relations 


te. k 44 Wee ay 
Se Sn 
"9 0 0 


/ ” ” , 
1k Rgtl Rok 


(ho > oli Sy °XS,F =S,? i (o> fa), (32) 


ay 
0 
li 


which show that we have obtained all the finite-dimensional irreducible representations of class Op. 


3. THE NON-COMPLETELY-REDUCIBLE REPRESENTATIONS OF 
THE INHOMOGENEOUS LORENTZ GROUP 


The reducible representations which we have treated up to now were not only reducible, but also fully 
reducible. In mathematics, there occur, in addition, representations which are not fully reducible.* A 


representation is said to be non-completely-reducible if all its matrices can be brought simultaneously 
to the form 


en 
U a Gs yo} > (33) 
where U(?!) is not identically zero. For the product of two matrices U,, Up», of type (33) we find 


12 3 Uy) Uu2yu® UME De Yen UPU ¢ 


(34) 
from which we see that the matrices U") and ul) also give representations of the group. The repre- 
sentation U) is either fully reducible, or non-completely-reducible, or irreducible. In the first case 
we can expand u() in irreducible representations, while in the second case we can use the procedure 
just described to separate out representations of lower dimension from ul), Continuing this process 
until we obtain irreducible representations, we find that any non-completely-reducible representation is 
built up from irreducible representations in the sense that all its matrices can be brought to the form 


an Owen 
Coe be? Ope ay (35) 
yy y 82) U® 


where u@), ul), ... constitute irreducible representations, and yl), u(34), ... are not all zero. 

Non-completely-reducible representations have various features different from those of irreducible 
representations. In particular, whereas a matrix which commutes with all the matrices of an irreducible 
representation must be the unit matrix, for a matrix commuting with all the matrices of a non-completely- 
reducible representation we can only say that its eigenvalues are equal (cf. Ref. 6, p. 39). Thus the non- 
completely-reducible representations cannot be classified by means of the invariants defined in Ref. 1. 
All the non-completely-reducible representations are non-unitary. 

One might get the impression that non-completely-reducible representations are of purely mathemat- 
ical interest and have nothing to do with physics. This is not the case. The simplest example of a physi- 
cal quantity transforming according to a non-completely-reducible representation is the non-relativistic 
4-dimensional radius vector (x, t). This vector transforms according to the non-completely-reducible 
representation of the Galilei group: 


(5 — SUX —— Xa VI (36 ) 


In fact, (36) can be written as 
Xe = Veer, (37) 


ee 


where a, B= 0,1, 2, 3; Xy =t; Xa = (ts X4, Xp» X3)> 


* Everywhere except in the present section we have, in order to simplify the terminology, used the term 
“reducible” for “fully reducible” representations, since both terms are equivalent for all questions in 
which we can disregard the existence of non-completely-reducible representations. 
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thle a MS, 
p07; 409 38 1 
Yao = Be 0 17011 (38) 
0,0) Ot 
The matrices Vg are obviously not fully reducible. 
Going on to the inhomogeneous Lorentz group, =a 
Xy, = Ay xX, + Dp, (39) ) 
we rewrite (39) in homogeneous coordinates yy,... Y5, 
Ke SY Ye: (40) ) 
We get 
Ys = Assis (41) / 
where s, s’ = 1, 2, 3, 4, 5, 
GovOu 
— : . 42 EF 
ee (a) 


The five-rowed matrices Ag,’ form a non-completely-reducible representation of the group G. (It is 
interesting that the representation (42) is not only finite-dimensional, but also faithful, i.e., different ele~ 
ments of the group correspond to different matrices.) Thus the relativistic radius vector, expressed in 
homogeneous coordinates, transforms according to a non-completely-reducible representation of the 
group G. | 

By considering direct products of the representation (42) with itself, we can get new non-completely- — 
reducible representations of the group G. ; 

The representation (42) is fully reducible with respect to rotations, while the matrices for translations 
have diagonal elements equal to unity. We may pose the problem of finding all possible representations of 
this type, for which the matrices of rotations and translations have the respective forms 


yw 0 4 Ws 
Gel 2 an ae (43) 


For such representations, the infinitesimal operators M oN have the form 


pv? 
M® 0 OME | 
Mao = ("4 Mauhoe Vast to BIOS) (44) 


while the commutation relations reduce to 


(Dae ean PR)? WR A ae ae ae ‘ x x 
[MivMio] == (850M), a Onr»M ye a= bvoM oR ar 3M), [M2 Me | Sl (ByoM? fe BuaMye sli 36M} ate OavMe), (45) 


FY bed een Or aaron A OB ree =U BER. (46) 
In general the matrices u(t) : mM?) have different dimensions, so that the matrices L. can be rectan- 
gular. According to (44), ’ 
Pp.Pyv = 0, (47 ) 


and no Seen are imposed on the commutation relations between the matrices Ly: For the special | 
case of mt) = mM), the matrices Ly are square, and the relation (46) becomes 


[M, Ly] =1 (Ly8u9 a Ly Sy,). (48) 


On the other hand, we know that any relativistic equation for an elementary particle can be written in the 
form: 


(ile ae t “J b= 0, | (49) 
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-° the Ly are matrices satisfying (48). Thus the problem of finding the possible equations for ele- 
eettary particles reduces to the problem of finding the possible non-completely-reducible representa- 
tions of type (44) with m()) = mu’) - 


1 ° 
| We M. Shirokov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 861 (1957), Soviet Phys. JETP 6, 664 (1958). 
I Re M. Shirokov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1196 (1957), Soviet Phys. JETP, this issue, 

iE. P. Wigner, Ann. of Math. 40, 149 (1939). 

LS. Pontriagin, Henpeppisunie rpynner (Continuous Groups), 2nd ed., Moscow, GITTL, 1954. (See 

an the English translation of the 1st edition: Topological Groups, Princeton University Press, 1946.) 
| I. M. Gel’ fand and A. M. Naimark, Journ. of Phys. (U.S.S.R.) 10, 93 (1946); M. A. Naimark, Usp. 
at. Nauk 9, 19 (1954), (Translation in Amer. Math. Soc. Translations, Ser. 2, Vol. 6, 1957.) 
F. D. Murnaghan, Theory of Group Representations, Johns Hopkins Press, 1938. 


1 ’ 
| I. M. Gelfand and A. M. Iaglom, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 703 (1948); H. J. Bhabha, 
Revs. Mod. Phys. 21, 451 (1949). 


Translated by M. Hamermesh 
247 


BOVIET PHYSICS JETP VOLUME 6 (33), NUMBER 5 MAY, 1958 


EQUATIONS FOR THE GREEN’S FUNCTIONS OF A SYSTEM OF FUNDAMENTAL PARTICLES 


V. G. SOLOV EV 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1215-12250 (November, 1957) 


Green’s functions for fundamental particles are introduced. On the basis of Lagrangians de- 
scribing all strong interactions of mesons and baryons, closed systems of equations for the 
Green’s functions are obtained in variational derivatives with respect to the external currents, 
in both three-dimensional and four-dimensional isotopic spin space. 


Tue scheme of Gell-Mann! for the description of heavy mesons and hyperons is well confirmed by the 
experimental data. On the basis of this scheme d’Espagnat and Prentki,”*? Salam,* Matthews and Salam,” 
and others have constructed Lagrangians that describe all the strong interactions of the fundamental 


particles. 
The purpose of the present work is to obtain a complete system of equations for the Green’s functions 


of the fundamental particles. 


1, THE INTERACTION LAGRANGIAN. THE GREEN’S FUNCTIONS 


Let us consider all the strong interactions of mesons and baryons. Let the spinors A(x), 2% (x), 
(x), and N(x) describe A, 2, and & hyperons and nucleons, and let the pseudoscalar g(x) and 
the scalar k,(x) describe 7 and K mesons, respectively. Furthermore we assume that in the isotopic 


Pi zy Kt 
p 
spin space A isascalar, g={ g2 | and 2 = a, are pseudovectors, N = () and ky = (5) are 
P3 3 
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Zo 


spinors of the first kind, and == (=) are spinors of the second kind.” H 


~ 


On the basis of Ref. 4 we write the interaction Lagrangian in the following form: 


= 2 N(x) tgs! (2c) N (xe): eget A (x) vo! (x) EE (x) $ EM) ol (x tA): + Ba bs Te (late!) sD! (x) te" (x) B(x): 


lm! 
BS. 
Ray 

| 


ry Te pny WT T v l 3 
Lg E(x) vette! (x) Z (2): 4 gg NT (x) 9 (x) A(x) + (x) 0° (x) M (x): + ge WT (x) 21S! (x) 8 (x) +O (x) D(x) TN (2) 
ey ET (x) ta)" (x) A(x) + A (x) 07 (x) 2B (x) 2 + Be: EB (4) cyt! S! (x) 0° (x) + 07 (x) tL! (x) to (x):, (1) 
where W = Uy, the sign T means transposition in the isotopic spin space, * means the complex con- 


kt ~ 

jugate, and the matrices y are those of Feynman; @ and @* are constructed from k, = ( ay and k, 

50 ; 
= < 2 The summation over Latin indices is taken from 1 to 3, that over Greek indices from 1 to 4. 
The sign Sp means that the trace of the Dirac matrices is to be taken, and Tr means the trace of the iso- 
topic spin matrices. 

Let us also add to the Lagrangian (1) terms containing external currents, f(x) for the 7-meson 
field, and n(x) and 7*(x) for the K-meson field, namely the terms 


L’ (x) = 1" (x) 9! (x) £07 (x) (x) +97 (x) 9 (2). (2) 
Besides the ordinary Green’s functions 
Gn (x, y) = i <T{N (x) N* (y) S}¥o/KS>o (3) — 


and so on, let us introduce generalized Green’s functions in which the external lines belong to different 
particles, namely 


Gra i) = tT IN AGS a -S, (4) 


and so on. 

The variational derivatives of these generalized Green’s functions with respect to the external fields 
determine the cross-sections for the corresponding processes. For example, the transition amplitude 
for the process m + p-—- A+ Kg is proportional to® 


\ dp) 


, d eu 3°G \ 7 (—P1,—P2) U é 
\ det \ dp8U (ps) | ony U (Pi) (5) 


2, 3" (—h)30 (Fe) 


where the integration with respect to pt and Pp) is carried out along closed contours enclosing the points | 


al st —_ 
Pi = [pj + m{]2 and p, = [pj +m%4]2 and U=Uty and U are spinor functions. The variational deriv- 
atives are taken with respect to the external fields, which we define as follows: 


D1 G)=<7T GS Se (Sa 
OC) = (its ae (6’) 


2. THE COMPLETE SYSTEM OF EQUATIONS FOR THE GREEN’S FUNCTIONS 


In the derivation of the equations for the Green’s functions we use the generalization given by N. N. 
Bogoliubov of Wick’s theorem on the development of T-products of field operators. We assume that the 
spinors describing different fields anticommute. Confining ourselves to the strong interactions given by 


Eq. (1), we find the following system of equations for the Green’s functions in variational derivatives with 
respect to the external currents: 


fue 0 en res l 8 > 
[An gg: tw — Bates! (O! (2) — i ty) Gw (x y) = Ox — 9) 
—y,10 a Pak ph SON rt : 
ts (H(2) — i ar Gy) Gan (a) — or!) — f5P—) Gv (x9); (7 
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(oa ae Oe l ; 3 n 
| ite ge + me Baise! (Pl (x) —7 7) Ge(x, y) = 8x —y) 
— Site (8° (2) + iF) Gaz (0 y) — gates! (O"() +i5=>— a : 
sy eer eae hea) Ke) 
icone shoe ae, at qigme Mm” 8 i i 
{( tie gg + mes) Bar = SE Te (alo!) 3 (D" (2) — 6 Ps || GE (x, w= 3 ev) + Bets (O' (x) —1 SP) GAs (sy) 
3 alt (x) ) ; 
— 86(O" (1) +i 55) “he (x, 9) — 65 (O" (0) — gates) sis (x, 9); (9) 


ee 
{iin geet ms} Ga be 9) = 3 (x — 9) + Bats (! (x) — 1 >) Gea (a4) 


+ (0° (x) +i sy) [eoGva (419) + BraGer (x WN (10) 


[itn age + mew — greet (@" any) Gua (ty) 


: 
=; (8 (x) — ant (x,y) + get! (8 ( meee Sa} oe y)); (11) 
| tin ae + Bris (o*( ee atom 
= 6 (80) ioe Hy ry) +8 sled: Levels (12) 
{—ite 5 + ma} Ghz (x, ¥) = Beis (O" (iF ) GE (x,y) + g6(8" (0) +1 5G) he (% W) 
— g,(0"(x) -1 sa <Gex (X,Y) 5 (13) 


) Gea (X, Y) 


Pp) a OW) ar 


i ite aN as 
= gat AG Ciawis « * ) stp) On Y) + Sete (8°) big 


i ie a + ms — Bats” (o' (ie? Wipe (¥, 9) 


sre 
= 8 (O (a) tig =~) Gaz (x.y) + gstet* (A(x) +6 


8 kL : 
@ sr) Oe (15) 


(CO) —u2) @! (x) = — I (x) + igi Sp Tr yst'Gu (x, x) — 182 Sp Tr tsGha (Xx, xX) — igs Sp Tr sGaz (x, x) 


28 Ty (cic'ck) Sp Try Ae (x, x) — ig, Sp Tr y5t'Gz (x, x) ; (16) 


(CO — 2)9 (x) = — 0 (x) — igs Sp Gra (x, x) — igg Sp =!Givz (x, x) — iG7 Sp G2 (x, x) + iga Sp tet'G3@ (x, x). (17) 


The equations for Gan (® y), chs y), caves y)> Gar (x, y), and Gh = me (% y) are analogous to 
Eqs. (11), (12), (18), (14), and (15). It is not hard to obtain them if we Rr the appropriate operators 
acting from the right on the variable y; for example, we find the equation for G AN (*® y) inthe form 


—— 


Gan (%, 9) sep nn gt 0" (y)—iz 5 =(O*(y) + isp) [gsGa (x, ¥) + Set 'Gax (x, y)I. (11') 
dy, \ 311 (y) ii 


The functions GT} ( ey) =T (x) M(y)S}>0/<S>o, G ai) (xy), oT x, y), and ohh x, y) 


satisfy equations obtained from Eqs. (14) and (15) by carrying out transpositions in the isotopic spin 


space. 
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The system of equations (7) — (17) is a closed one. This system of equations is exact; it does not in- 
volve any approximations. 
The system (7) —(17) must be supplemented if in addition to the scalar 9 mesons there are also 
pseudoscalar T mesons. Some of the equations are considerably changed in case the hyperons (for ex- 
ample 2) turn out to have spin greater than 3. 

It is easy to obtain from the complete system of equations (7) — (17) the partial closed system essen- 
tial to the treatment of any given concrete process, if one confines oneself to part of the terms of the — 
Lagrangian (1). 


3. THE EQUATIONS FOR THE GREEN’S FUNCTIONS IN 
THE FOUR-DIMENSIONAL ISOTOPIC SPIN SPACE 


The system of equations (7) — (17) for the Green’s functions not only is very cumbersome, but also 
contains eight independent interaction constants. To reduce the number of coupling constants, Matthews — 
and Salam? have formally expressed all the strong interactions in a four-dimensional isotopic spin space, ~ 
without making any essential change in the d’Espagnat-Prenkti formulation of the Gell-Mann scheme. We 
shall use the interaction Lagrangian obtained in Ref. 5 to find the equations for the Green’s functions in 
a compact form containing only three independent coupling constants. 

For this purpose we introduce the following isotopic spinors 


N \ i) 
Y — ( 2 5 a 6 
A ae 0 
(X, N <p 
and tensors 3,,=| | iT hie 
=e 2 1 
0 0 OA 
O ips 192 0\ 
‘s a ROSE Oem 
0 0 0 0 


al 


where 6 = Ca 


: ( of 
92 aon. 
We write the interaction Lagrangian in the form 
L(x) = Le oF?) Vala lor Gr) an Oto ever tis) le er SW (Ola Dove t Cee) 
f = 1 
+ FSP Twtvtetetate : Dav (%) 1e2e0 (x) tap (0) + Luv () Ray (x) + 1° (x) oF (x) + 00°? (x) H (x). (18) 


Here the T are matrices in the four-dimensional isotopic spin space, and 


ese ea") kG) 
Dy teed Ons n=(5 Hh r= ( ih 


We determine the Green’s functions from 


G(x, 4) =i dT (¥ () Fy) SPo/ Sp =i ee N(x)B"(y)\ ol. 
YET MOE WY M/ emis T(TO RO NOLO) sl (19) 
Guico (% Y) = ECT {Buy (2) Bos (Y) S}o/4SY03 (20) 
G¥'n (2, 9) = 1 CT {¥ (x) Bay (Y) S}0/KSYos (21) 
GY (x, y) = FCT (Duy (x) F (y) So, CS)o3 (21) 


II. (*) = <T {Tv (x) or “Sos (22) 
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K (x) = <T {x (x) SPoZ<S)o' (23) 
K* (x) = <T {%* (x) So /<S)o- (23°) 


We obtain the complete system of equations for the Green’s functions of the fundamental particles in 
the following form: 


| 4 fe 8 x 
{ iar = $M BTML 5 (Tos (2) — 21 say} G (Hs w= BE — 9) — DTP AL, (K () — i ae) ORY Un y); (24) 

) 
| ; 0 2 v 

er 5 — + M— 2 Tr Py, (T,5 (x) 27 >) GS (x, y) = ETT To (K (x) =i | Coonan (2): (25) 

( pb oles (x) 2 SH*T (x) 

a 
ey , 0 f , 8 5 Se eK 
GEY (x, y) {iw ayo +M— EDD Tor, (Tee (y) — ii 5 ear) ea "W) + i gag PRT Gavi (%y)s (28) 


ie UY ps i tiVh 1) op — Is Sp ({nTe{oTe) Ys (ie (x) — 2i sT(5)} Fetseol*4) 


= 48,03 (x — y) + Bf: (K" *(x N+i sas 5) PG (x, y); (26) 


° 0 , > if 7 9 . 
((— Mw Ge, 1 Mh ) (alg — B29) + 76 (PnP n—B rin) SP [({m'tn —Bmn){netartels (Tne (*)— 26, 7 } oe! 


= 2 Beg — Tole) 8 (x —y) — 2D a (K(X) + 8 gapey ) PaGE (x, ¥), (26") 
Ca Pn) TVinn (*) = — I mn (*) — ife SpTrT al al nysG (x, x) + ro fs SP YaTetetetm tn: SP Tr ysGoo;ae (x, x); (27) 
(O — vk) K (x) = i (22 Spy TyGes (x, x). (28) 


On going over from the four-dimensional to the three-dimensional isotopic spin space the system of 
equations (24) — (28) goes over into a system closely similar to Eqs. (7) — (17), if in the latter we ex- 
press the interaction constants gj in terms of the fj by the formulas: 


29, = —-2g,=8.=—Bs=h Sr.=—Bi=fea Ss = Se =fs. 


1M. Gell-Mann and A. Pais, Proceedings of Glasgow Conference on Nuclear and Meson Physics, p. 342, 
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3B. d’Espagnat and J. Prentki, Phys. Rev. 102, 1684 (1956); Nuclear Physics 1, 33 (1956). 
44. Salam, Nuclear Physics 2, 173 (1956). 

5p, Matthews and A. Salam, Nuclear Physics 2, 582 (1956). 

6. G. Solov’ev, Dissertation, Moscow State University, 1956. 
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The influence of the interaction of charged mesons with a nucleus on the cross section of the 
production of mesons on nuclei is considered for the case in which the meson wavelength 
exceeds the size of the nucleus. A relation is obtained connecting the cross section of photo- 
production of mesons with the shifts and widths of mesoatomic levels. Comparison with ex- 
perimental data permits some conclusions concerning the interaction of mesons with groups 
of nucleons and the mechanism of the photoproduction of mesons on nuclei. 


1. INTRODUCTION 


Tue interaction of the meson field with groups of nucleons is of decided interest. Information concerning 
this interaction is obtained from the analysis of data on the scattering and the production of mesons on 
nuclei.! However, these works are usually concerned with the interaction of rather energetic mesons. 
The interpretation of the data is then strongly dependent on the model representations, and in particular 
on the form of the effective potential of the meson-nucleus interaction. In order to talk about the interac- 
tion of the meson field with a group of nucleons, it is reasonable to consider effects in which the meson 
wavelength is considerably greater than the size of the nucleon group. One such effect is radiation during 
mesoatomic transitions.” Along this line are the great advances in the measurement of the shifts and the 
evaluation of the widths of the mesoatomic levels, which may be interpreted in terms of the specifically 
nuclear interaction between the meson and the nucleus. 

The purpose of the present work is the investigation of effects which may yield similar information. 
We have in mind the scattering and creation on nuclei of mesons whose wavelengths are greater than the 
nuclear dimensions. These effects have their own peculiarities. The most important role is played by the 
meson-nucleus Coulomb interaction. It is true that these effects are less “pure” than radiation during 
mesoatomic transitions. However, they still have some advantages, namely, the possibility of varying the 
meson wavelength within known limits, and the possibility of studying the interactions between mesons of 
various signs and nuclei of all the elements in the periodic system. Moreover, on the basis of the study of 
these effects, conclusions may be drawn with regard to the mechanism of the creation of mesons on the 
nucleus. As regards the possibilities for the experimental study of these effects, there is at present al- 


ready some data on the photoproduction of slow mesons,**4 which we will discuss below in comparison 
with our theory. 


2. THE INTERACTION OF 7 MESONS WITH NUCLEI 


The wave function of the relative motion of the meson and the nucleus, outside the nucleus, will be a 
linear combination of regular and non-regular eigenfunctions of the Hamiltonian Hy, which in the case of 
charged m mesons contains the Coulomb interaction Ze?/r in addition to the kinetic energy operator. For 
a definite angular momentum £, the wave function has the form 


or (Rr) = ees {AF i (kr) + BG, (kr)}, (1) 


where the constants A and B may be determined by using a concrete model for the meson-nucleus in- 
teraction potential for r < 1 a Wily a (i/pc)A!/2 is the radius of a nucleus with atomic number Z|, or they 
may be expressed by the shifts and widths of the mesoatomic levels by considering the interaction poten- 
tial v’ inside the nucleus to be a perturbation v on the Hamiltonian Ho. 


The wave function gy of a meson interacting with a nucleus must satisfy the following integral equation: 


940 
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1 
Xt Fee (2) 


Ons = 


Limiting ourselves to the first order perturabtion theory and writing Eq. (2) in the Ilr], 2, m represen- 
_ tation, we find 


Xp (kr’) 0 (r’) xy (R’r’) 2 dr’ 
oF (br) au (er) + | SEE Ce ery etan, (3) 


where «€ is an infinitely small quantity and y g(kx) = Vv 2/n¥ » (kr)/kr is the regular eigenfunction of the 


operator Hy with the eigenvalue E,,. For charged 7 mesons, x g(r) is expressed by a hypergeometric 
function and as r — © has the form 


x1 (kP\rwee = VW % sin (tr — an 2&r — 12 +11). 


Integrating Eq. (3) with r— ~ and letting € approach zero, we obtain the following asymptotic form 
for the function 25 (kr): 


| : , 
oF (irom = V Ze {(1 cite) sin (er — atm der — © + 1) + f1008 br — ain 2kr — 2 4 mh, (4) 
where 
ore ° 
I= — SE \ tyler) ito) dr = — FV Filer) Pv (ar. (5) 
0 0 


Remembering that in Eq. (1) 
= Ir 
Gr lAF);. co = COS (er = ei = + mt) : 


and comparing the asymptotic forms of Eqs. (1) and (4), we find that A=1+ il, and B=I,. If I, is 
small, then 


ob kr) = Vi ee Fale) + Gi (br. (6) 
In the remainder of this section we will limit ourselves to the case £ =0 and will consider the interactions 
of m mesons with light nuclei (Z < 15), for which rz «R, where 2R =a is the radius of the lowest mes- 
onic orbit: R = fi?/2uZe?. We will express Ip through the shift and width AE of the 1S level of the meso- 
atom.* In the first order of perturbation theory we have 


1 
AE = aps \ u(r) r2dr. (7) 


Since we are considering slow mesons (kr < 1), the functions Fo(kr) and Go(kr) in a region of the order 
of the dimensions of the nucleus will have the form 


Fo(kr)=Cokr, Go (kr) ~z-{I—-% [In F +27 —1 +A(@)]}; 


o cove (8) 
\ 4 s 2x|a| Ze? yc? a 
Ha) ae Lapa Mav Ce = Toes? OES ie Gee 2B? Ki Osohi 2a. 
n= 
Now, using Eq. (5), we obtain 
2u.C2 k 4uC? RR? 
L=-— = \We@yideeem AE (9) 


*AE is a complex quantity. Im(AE) (width of mesoatomic level) is connected with the interaction that 
leads to meson absorption. The level shift Re(AE) is due to nuclear as well as to non-nuclear interac- 
tions. The part of Re(AE) which arises from a specifically nuclear interaction has been measured ex- 
perimentally.” 
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3. PRODUCTION OF SLOW MESONS 


If the interaction leading to meson production is either weak (for example, photoproduction) or very } 
strong (production during collisions of nucleons with nuclei), the production matrix element may be writte 


in the form? 


T = (9, Ups), (10) 


where g~ is the wave function of the final state, U is the interaction leading to meson proauc tion: and- thay, 
wave function ~°t is independent of the interaction in the final state. Summing and integrating over all 
variables in this expression, with the exception of the meson-nucleus relative coordinate, we find that the 
corss section for meson production is 


z= W|\o" (er) T(r) ar 2 (11) if 

| 

where W is the usual factor connecting the square of the transition amplitude with the transverse cross 
section, and T(r) differs from zero in the region where meson production occurs, i.e., in a region on the | 


order of the nuclear dimensions. 
Using the theorem of the mean, we take the wave function 7 (kr) at some mean point of the interval 


es lm = ry out in Has 11; 


,| & Bra)? 


$° (frm) 


@” (RF) 
9! (Rr in) 


i (12) 


39, 


(er(ér) T(r)dr| =| 


where o° is the production cross section without taking account of the interaction in the final state, and 
gy? (kr) is the wave function for free motion. 

Let us suppose that ry, =rz. Then the function in Eq. (1) may be used as yg (kr), if production occurs 
in a state with definite momentum 2. In the case of S-production of slow m mesons, this function is 


gy (ery = VW ZL {AP, (br) + BG, (kr). (13) 


For light nuclei, the functions Fy (kr) and Gy(kr) have the form of Eq. (8). The factor los (kr 7)/op(kr 7) [ 
is expressed in this case (y}(kr) = V2/n sin kr/kr) by the width and shift of the mesoatomic level. If data 
were available at present regarding the cross section of the production of slow mesons on light nuclei as 

a function of Z, and also regarding the widths and shifts of the mesoatomic levels, the above relations 
could be used to draw conclusions regarding the mechanism of meson production on nuclei. The functions 
Fo(kr) and G)(kr) presented above are not suitable for heavier nuclei (Z >15), because in this case the 
radius of the Bohr orbit becomes comparable to the radius of the nucleus. For the case of a Coulomb 

field of repulsion, expansions of F (kr) and Gy (kr) with respect to kr are known® which do not use the 
smallness of r/R. These expansions are easily obtained for an attractive field by changing the sign of R 
and going to Bessel functions with imaginary arguments. Then for 2 = 0, we have 


ratte'= cote) 42(4) ERY AGFA]. ect z (ayers 2G) 


HNC) LPC) ] + Se) Ce) ore 2a) ] + tee) ER}, 


where J,, Jj, Y; and Y, are Bessel functions of the first and second order, of the first and second kinds, 
respectively, The factor | 9p (krz)/g)(krz)|* is determined for all nuclei by the constants A and B, 
which may be determined by joining the logarithmic derivatives at the boundary of the nucleus. 


4, MODEL OF THE MESON-NUCLEUS INTERACTION POTENTIAL FOR ? = 0 


Since we are considering the interactions of mesons with wavelengths much greater than the dimensions 
of the region in which nuclear forces act, we may expect that our conclusions will depend only weakly on 
the model, i.e., on the form of the potential. We will therefore consider it to be constant: v’ = Vo + iK 
+ V’, where Vy + iK is the specifically nuclear interaction between the 7 meson and the nucleus, and Vv’ 
contains all the non-nuclear interactions, among which we will consider only the electrostatic potential, 
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since the calculated results do not depend critically on the magnitude of the real part of the potential. For 
the same reason, we will consider V’ equal to the value of the Coulomb potential at the boundary of the 
nucleus. For the potential V ), we will use a value ~ 5 Mev, which corresponds to the magnitude and sign 
of the shift of the ls level (Re(A E)nuc]) in mesoatoms.’~® The quantity K must have a value of 1—2 Mev 
in order to conform to the observed width of the mesoatomic level. !9-# 

The potential v’ is independent of meson energy for small energies. 


; 


| 5. PHOTOPRODUCTION OF SLOW t MESONS 


‘ 
N 


Using the proposed model, it was possible to interpret the experimental data®»4 on the photoproduction 
of very slow 7 mesons (with mean energy of 2 Mev) on nuclei of various elements (see also Ref. 13). 
Since in this case, the mesons are produced in the form of an S-wave, the production cross section based 
on Eqs. (12) and (13) is* 


2) 
3°{[ Fo (rz) bz tz— tz Fo (krz)\? +l rz Go (krz)—G,(rz) bar z}2}7}; 


y sinh 23r —6 sin 2yr 


x BSinh 2Br + y sin 2yr d 
cosh 28r—cos2yr ”’ (15) 


cosh2Br — cos 2yr 


+i 


6 = (4x)*[VVoFV EF ERT + (Vi + —E)]"s 1 =(4e)"[VO VEER, +E]. 


It follows from Eq. (15) that the finite dimensions of the nucleus have a very strong effect on the in- 
fluence of the Coulomb field of the nucleus on the photoproduction of mesons. In fact, if the nucleus was a 
point (rp — 0), theno = Ce o°. For slow mesons, Cy is a large quantity, depending sharply on Z. The 
photoproduction cross section would then increase very rapidly with increasing atomic number, which is 
not observed experimentally.?»4 For ~ 2 Mev mesons, for example, the factor Ci leads to a transverse 
cross section for heavy nuclei 20 — 40 times greater than that for light nuclei, while the ratio 07/07, 

calculated by Eq. (15) is only 2.5—5. Experiment gives 4.0 


0 oI r + 1.0 for this ratio.® 
Let us assume volume photoproduction of mesons, 
F o° = const (A—Z) One (16) 
8 ad We shall try to explain the experimentally observed Z-depend- 
; ence of the m~-meson yield by reabsorption, i.e., we shall pick 
_-—-- a value for K which yields agreement between the calculated 
6 Ais Gar Ga e Sabin esol Shh De and the ob- 
pth 4 The Z-dependence of the ratio o,/03. served depend- 
5 ‘< ? The solid curves I and II were calculated ence of o on Z. 
20 for K = 0 from Eq. (15) for the case of The experi- 
gee PA TIRE LOPS 0) 22 ie YS 25 volume and surface meson production, mentally ob- 
inebe ets IO respectively. The dotted curves were tained Z-depend- 
i 7 calculated for volume production, taking ence of the ra- 
2 account of self-absorption; the corre- tio o,/og of the 
sponding values of K are indicated photoproduction 
‘ alongside each curve. The experimental cross sections 
points were taken from Ref. 4. for slow mesons, 


0 10 20 JZ and also curves 


calculated from Eq. (15) taking account of Eq. (16), are shown in the figure. As is clear from the figure, 
the magnitude of the imaginary part of the potential must be taken as K = 15—20 Mev in order to explain 
the experimental data. This value disagrees sharply with the value of K = 1—2 Mev obtained from meso- 
atom data.!°-” 

Thus, assumption (16) does not correspond to reality. 

On the other hand, the curve calculated on the assumption of surface photoproduction of mesons withK =0 
(the curve calculated withK =1.5 Mev practically coincides with this curve) agrees well with experiment. 


*The primes on F(kr) and G(kr) denote differentiation with respect to r. 
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6. CONCLUSIONS 


(a) According to the theory presented here, the mechanism of meson reabsorption cannot explain the : 
dependence of the photoproduction cross section on atomic number. Some mechanism must be introduced 
to forbid meson production inside the nucleus. This result was obtained on the basis of a concrete model a 
the meson-nucleus interaction potential. However, since the interaction of mesons with wavelengths consi 
erably greater than the nuclear dimensions are considered, the results do not depend critically on the 


—_ 


choice of the model.* 
(b) Without referring to a model of the potential, the same result may be obtained on the basis of the 


material presented in Sec. 2, if data on the photoproduction of mesons of low energy on light nuclei (Z 
< 15) and on the shifts and widths of mesoatomic levels are accumulated. | 

(c) The finite dimensions of the nucleus have a great influence on the photoproduction of slow mesons | 
by sharply changing the action of the Coulomb field.t | 
| 
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*Effects connected with the increase of the yield of low-energy mesons because of the rescattering of 
higher-energy mesons lead only to an increase of the slow meson output with an increase of Z. Thus, 
these effects will not influence our conclusions. 


+The ratio of the yields of positive and negative mesons, which is very sensitive to the effect of the 
Coulomb interaction, is described well by Eq. (15) (according to the preliminary experimental data of 
Popova, Semashko, and Iagudina, private communication). 
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A study is made of the spin oscillations of a paramagnetic Fermi-liquid (He?) placed ina 
constant magnetic field at low temperatures, where collisions can be ignored. 


Lanpav, using a phenomenological theory, ! has carried out an investigation of the oscillations of a 
Fermi-liquid? by generalizing certain results obtained earlier for a gas with weak interactions*»4 (also 
see Ref. 5). In particular, he has shown that it is apparently possible for neutral sound waves to be propa- 
gated in actual liquid He? at low temperatures, but not for spin waves. 

The present paper is devoted to a study of spin oscillations in a Fermi-liquid placed in a magnetic 
field. In formulating the relevant kinetic equation, Landau! ignored the presence of a magnetic field; con- 
sequently in the first section of this report we derive a kinetic equation which takes it into account.® In 
Sec. 2 we investigate spin oscillations for the isotropic case and obtain the characteristic frequencies of 
these oscillations. These frequencies appear to be the limiting values of the spin-wave frequencies when 
the wavelength goes to infinity. Section 3 is devoted to a study of spin waves. Here it is shown, in con- 
trast with the results of Landau quoted above, that it is possible for spin waves to be propagated in actual 
liquid He® in the presence of a constant magnetic field. 


1. THE KINETIC EQUATIONS 


To obtain the kinetic equations which describe the quasi-particles of a Fermi-liquid in the presence of 
a magnetic field, we start from the equation for the density matrix 


h -" Pmn (id r; t) = Amn Prin (rs r; t) <7 Hw Omn’ (r’, r; ae (1.1) 


where p is the density matrix, whose subscripts indicate the spin properties of the quasi-particle (we 
shall actually concern ourselves later on with the case of spin 4). H is the Hamiltonian operator of a 
quasi-particle. The possibility that such a Hamiltonian exists is tied in with the possibility of being able 
to speak in general of quasi-particles. Transforming to a mixed representation for the density matrix, 


= : i h \ 
Ran (Det; t) = (25)? \ dee "P Pan (r = a pnts e = ’ t) , (1.2) 


we can rewrite equation (1.1) as follows: 


< Amn (DP, t,t) = Tay = \ dx dk dy dq exp {4,[t(4 —p) +k (q—r)]}, 


x [ena (4 a - q —*=) Nak (Ns q,t) — enn (1 as = : +5") Kimw (N G, i)| : (1.3) 


Here €)y (P, Yr) has the same functional dependence on the c-numbers p and r as the Hamiltonian H 
has on the momentum and coordinate operators. 

The equation of the quasi-classical approximation can be obtained by expanding (1.3) in powers of h. 
However, Eq. (1.3) does not take account of effects described by the collision integral in the usual 
Boltzmann equation. In Eq. (1.1) it is assumed that there is a Hamiltonian operator for each individual 
quasi-particle, different from the Hamiltonian of a free particle in that there is a certain self-consistent 
field of the other particles. The Hamiltonian does not depend explicity on the coordinates of these other 
particles, however, and in this sense does not take into account the interaction between them. It is possible 
in principle to take such an interaction into consideration. On the other hand, it is clear that the collisions 
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which have been ignored in Eq. (1.3) are the result of such an interaction. We consequently add a collision 
integral Jy ny to the terms obtained from (1.3) in the equation of the quasi-classical approximation: | 


on i 1 /de On On dc 4 [{ de On On 0c \ __ 1.4 
Sa ele M+ a(S ets Se) —alseoe tp oe) a ( 4 


where [¢€, n] is the commutator of € and n, which are matrices with respect to the spin variable. 

It is convenient to get rid of the matrices and to introduce instead of n a distribution function f of th 
particles in phase space and a vector function o of the spin density in phase space, determined by the 
relations: 


f(pyest) == Speni ws( ps tet) = Sp, 6n. (1.5) 


Here the o are the Pauli spin matrices. 
Then, noting that e(p, r) can be written in the form 


Emn = Omn £1 + Smn &e, (1.6) 


we obtain the following equations for the functions f ando: 
of de, Of de, Of | Oe, OG Oey OF __ 


at + ap or or Op * Op, Or; Or, Op, (1.7) 
ae de, 0 de, 9 2 COs ii 
THs $)\o— (Fg et ela + (5 Sr) 8 

ay Porte & 
me (sos) pel (1.8) 


Here the quantities J and J denote SpgJ and Spood, , respectively. 
The functions €,; and €, depend on the space coordinates because of the fact that they are functionals — 
of n(p, r). Actually, if there is no magnetic field, then according to Landau 


8&mn (Pp, F) = Spor \ fine (P, P’) Sfnm (p’, r) dp’. (1.9} 


If we ignore the small spin-orbit coupling in the expression for ¢€(p, r), then in the presence of a magnetic ! 
field 


be (p,r) = —-5-B(@ A) + Spor | {¢(p.p’) + (0°) b(P, P')} 87 (P', 1) dP, (1.10) 


which, according to (1.6), permits us to write down the following expressions: 


be, (p, r) = (p.P’) of (p’, r) dp’, (1 
g 1 nd , , 
Sep (p,t) = — + BH + Spo: | (p, p’) 3¢ (P', r) dp’. (1.12) 
Furthermore, because of the fact that 
0 ¢ , 0 if / 
Sont Spo | f(p, P’) ue ” ap’, (1.13) 
we have 
0 , 0 i / 
=e +) 20,7) 22 ap’, (1.14) 
Oe, 


: , ) ke , 
=\o(p,p') 22 ap’. 


Op Op; 


(1.15) 
In Eq. (1.8) it is necessary to know not only the derivatives of the functions €, and €, but the entire func- 


tion €,, Regarding the magnetic field as negligibly small, or , to be more precise, considering that 


B (cH) <e(p,r), (1.16) 


we can also consider the quantity o(p, r) to be small, and therefore drop the 6 operation in Eq, (1.12). 
At the same time we ignore quantities of second order in expansions in powers of the magnetic field (H/e). 
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j 2. SPIN OSCILLATIONS FOR AN ISOTROPIC DISTRIBUTION 


| When there is no spatial anisotropy, then, according to the results of the preceding section, it is possi- 
, ble to write (1.8) in the following form: 


Sr + %\ 9 (0, p') [5 (p’)o (p)] + Slo xtl= J. (2.1) 


In particular, we can obtain from (2.1) an equation describing the time rate of change of the magnetization 
_ density 
| 


M = (8/2) \edp. (2.2) 
Integrating (2.1) over dp and noting that ~% (p, p’) is a symmetric function of p and p’, we obtain 


OM / dt + (8 / &)[MxHI= (8/2) Jap, (2.3 


which for the appropriate approximation of the collision integral agrees with the ordinary Bloch equation. 
Thus, given a certain constant magnetic field Hy, we find that if we disregard collisions, which, gener- 
ally speaking, lead to attenuation, the principal frequency of oscillations of the magnetization turns out to 
be 
Qy = Ho /h. (2.4) 


However, in contrast with the corresponding results for a gas, the frequency Q») here will not be the only 
frequency characterizing spin oscillations. 


We consider a state, slightly out of equilibrium, in which there is a constant uniform field Hp. Then 
¢=6)(p)+o,(p,¢t)} H=H y+ Hi (4); o%|)Ho Ao Ai; o> 4. (2.5) 


Resolving o; into components parallel (o@,) and perpendicular (g, = o,i+ dyj) to Hp, we obtain 


in the linear approximation the following equations for o, and for og (+) = Ox + ioy: 
da /0t = Jj, (2.6) 
FrH2FiQyot2) Fi || dp’ {55 (p) a*) (P") — 99 (p") o*) (p)} ef  %0 (0) (Haz iMhyy) = Jt, (2.7) 


from which it is clear that only the component of o lying in a plane perpendicular to Hg can oscillate. 
Noting that 


6) (p) = fe 8H, Of, 02, (2.8) 
where fy is the Fermi distribution function, so that oy has the form of a 6-function, we can express the 
solution of (2.7) in the form 


of) (p) = (Ofy/ de) S*) (6, 9, £). (2.9) 
Then, introducing the notation 
UL, : 
Y (cosy) = 4" ays = © (Po) By)» (2.10) 


where pg and vp are the momentum and velocity of the particles on the Fermi surface and x is the 
angle between the vectors py and po, we obtain from (2.7) the following equation for ¢(): 


uae = iO, t+) 4 in, | do" XB (cos x) 16) (6°, 9) — 2) (6, @)} +10 Ha = Je. (2.11) 


The solution of (2.11) can be written as an expansion in spherical harmonics: 


ere? 


m f2n+1 (n—m)! Vb 
+) 
sented) = x Cit, (t) Cox Pr (cos) ("3 mr) (2.12) 
If we now represent the function ¥(cos x) as a series of Legendre polynomials 
¥ (cosx) = Dj an Pn (cos x); (2.13) 


n=0 
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we obtain from (2.11) the following equations: 
4 


for n=0: sh CLE 10; CR) 4210, Hae 2p doa, (2.14) 
eet 2a (+)" | 
for n=0: Oe iQ, c),(1 Bape asl BS (2.15) i 
Here aa denote the appropriate coefficients of the expansion in spherical harmonics. ea 


It is easy to see that (2.14) corresponds to the Bloch equation and agrees with the linearized equation 
(2.3). In the absence of an external field and with no allowance made for collisions, this equation describe 
spin oscillations with frequencies +p . If collisions are ignored in Eq. (2.15), then : 


Ye ; 2a, 
Crm ~ exp (tient), where @, = Q, (1 + a% — att) : (2.16) ) 


The frequency of all such oscillations coincides with Q » for an ideal gas. One can say that the presence 
of a self-consistent field in which the quasi-particles move about removes such a degeneracy. 


3. SPIN WAVES / 


In Fermi-liquids, because of the presence of exchange interactions, the propagation of spin waves is 
possible in principle.2* However, a detailed analysis of this possibility carried out by Landau for He®, 
has shown that such waves can apparently not be propagated in real helium.? This result was obtained 
under the assumption that there was no magnetic field. Below we shall study the problem of the propaga- 
tion of spin waves in a Fermi-liquid placed in a magnetic field. | 

We are interested in states which depart slightly from equilibrium, and for which the magnetic field is 
constant and uniform. In the linear approximation Eqs. (1.7) and (1.5) can be written in the following way 
(neglecting collisions): H 


af a Of, OLD Te oan oe ate A 1 
at + (¥ ar) f— Spe \ Pe (Pw) AS + ony ee — a a Mab ol p!) our O's) — BH $= 0; 8. 
06, ; ‘ 0 . , , Of) be 0 Ohh 2 an , , 
Hi +(v ) on —\ ap’ op, pt) (AP) aay ss ae + 5-\ ap’ ¥(p, PY) {5 ("xen (P,P): + [an (P's 1)xe (P)]A 
goed eectcunipetstled ae . (3.2) 
— (fo 5) {\ dp’ 9 (P,P) au (P', #) — BA (0) | — $F (Hyxoui— © [Hyp]: = 0, 
where j af,(p’) 
a E19 os p F , y p’ , 
v= Ge =F 4lo@.p) 2h ap, (3.3) 
69; (P’) 
V; =o v , / Or : d ie 
i \ (P, P’) oF; p (3.4) 


Noting that op is parallel to Hp, we can represent g, as the sum of components parallel and perpendicu- 
lar to the field Ho, as we did in Sec. 2. Introducing the notation 
a(t) = 3, + iay = (Afy/ de) C+ (r; 8, @, t), 


we have the following equation for the perpendicular part: 


Ones 0 Sia Ph ; Sy Ww Ole 
ar 6 + (Wo ge)S FHM) 1p Has F 14) FE ¥ (cosy) (CCF, 09") =U (F,8, 9) 


(3.5) 


= (v NS A, + (ZY (cos oe (r; ot, 
where vo is the velocity at the Fermi surface. 

It follows from Eq. (3.5) that the transverse spin waves are not connected with acoustic oscillations 
The longitudinal spin waves are, however, related to sound waves; but, as we can easily convince our- 
selves, a constant magnetic field leads only to a change in the sound velocity, and thus in the velocity of 
propagation of the longitudinal spin waves, which in order of magnitude is 


lows we limit our study to transverse spin waves, corres 
dicular to Hy and described by Eq. (3.5). 


~ Hj. Therefore in what fol- 
ponding to oscillations of ¢ ina plane perpen- 
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| If We suppose that there is no varying external field, we can set the solution of (3.5) proportional to 
\exp(—iwt + ik-r). Equation (3.5) can then be rewritten 


aes do’ , . 
(Avy cos 8 — w) C+) (6, «) FQ, (1 = \ “Be F (cos x) ¢# (0, 2)-+ (kv cos 6 F 2) \ oF (cosy) +H (6,9) = 0. (3.6) 


: We now investigate the solution of (3.6) under the assumption that (cos xX) is a constant. If such an 
_assumption is made for actual liquid He®, the constant appears to be negative. For our case we obtain 
| from (3.6), with © constant, the following relation between the frequency w and the wave vector k of 


_ the spin waves: 


| Tw 


1 ; 
| ete SAW rr eee CE A agg (3.7) 


kv, cos 8 -F OQ) (1 — ¥) —@ 
0 


| Carrying out the integration, we obtain the following result: 


hy oFYO, o +0, (1— VF) — ko __ 


ieee Lenny, (ere erg (3-8) 
If the constant magnetic field is zero, then (3.8) takes the form? 
@ We @ — ku 
Meg, Paes ee (G9) 


This last expression admits of real values for the ratio w/kvg only for positive ¥. Since W is not 
positive for He’, there can be no spin waves propagated in the absence of a magnetic field. 

If the magnetic field is not zero, but the frequency of the spin waves is much greater than QQ), (3.8) 
agrees approximately with (3.9), so one can say that spin waves cannot be propagated at such high frequen- 
cies as well. 

Let us investigate this question in some detail. We set 


@ = =F 0,9, Uy = U9 / Qo; (3.10) 


and obtain from (3.8) 

ROSE Ses he e—1+V¥4 ku 

~—-2kutg es eo Ree ate (3.11) 
In the region of long waves, a solution of (3.11) can be obtained from an expansion in powers of (Kup), 
from which we obtain 


ep=1+(1+¥")(hu,), hu<l. (3.12) 


Thus for positive © the absolute value of the frequency increases with increasing k. The same thing 
occurs for negative © provided that 1+ 1/¥ >0. However if 1+ 1/¥% <0, as might conceivably occur 
for actual liquid He’, the absolute value of the frequency decreases with an increase in the wave vector 
of the spin waves. 

It is easy to show that for © <0 there is no real value of p, corresponding to unattenuated spin 
waves, if 
o>>1—¥—kuy, (Ruy > 1). (3.13) 


Let us explain under what conditions the inequality (3.13) sets the limit for p. Todo this we set 


o0=1—¥—ku,—A, where 1=>A>0. (3.14) 
From Eq. (3.11) we obtain 
ee ET 
A = 2ku, exp(—— 7%, ) (3.15) 


From this it follows that a solution of the form (3.14) is possible if 
— (1 4 ¥4) 2ku, / (1 — buy) 1. (3.16) 


For the case 1+ 1/¥ < 0 this condition is satisfied when 
ee ee et) fd. (3.17) 
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Thus one can say that as the wave vector approaches the value up ! the absolute value of the frequency o 
the spin waves decreases and A 


p=, = —V for k= k= Up oe Oe) Uo: (3.18 


Thus for 1+ 1/¥ <0 the absolute value of the frequency of the spin waves decreases with increasin 
value of the wave vector in the region of small k, in accordance with (3.12), but for values of the wave 
vector equal to Q /vo, it attains a minimum value equal to |WQo|. 

We note that for the case 1+ 1/¥ > 0 the condition (3.16) also leads to (3.18), but only if the wave 
vector approaches Q)/vo from the side of large values. 

When the function (cos x) does not reduce to a constant, Eq. (3.6) leads to a whole series of spin 
waves whose frequencies coincide, in the limit of infinite wave length, with the corresponding frequencies 
obtained in the preceding section. It is necessary to point out that for spin oscillations corresponding to | : 
isotropic distributions, it follows from Eqs. (2.14) and (2.15) that an external magnetic field can excite _ 
oscillations of the magnetization only at a frequency Q . Conversely, for spin waves corresponding to 
arbitrary functions (cos xy), the individual spherical harmonics [see (2.12)] no longer appear to be 
solutions of the problem; indeed, the solutions of (3.5) appear to be determined by superpositions of the | 
different spherical functions, among them the one corresponding to n = m= 0 [see (2.12)]. Upon integra- 
tion over all angles, only this spherical harmonic gives a non-zero result, and consequently it alone cor-: 
responds to a magnetization. It is clear that an external field leads to a change of just the magnetization. | 
Consequently, in the case of spin waves, an external magnetic field in any solution of (3.5) can lead to 
changes in the zero-order term of the expansion in spherical harmonics. Furthermore, in view of the fact 
that the relation between all the terms of the expansion is completely determined, the magnetic field leads 
to a change of the entire solution, or in other words to the excitation of spin waves. It is clear that as the 
wavelength of the spin waves increases, the amplitude of forced oscillation of all the waves except those | 
going over into oscillations of the magnetization (2.14) must decrease. Conversely, in the region of wave- 
lengths of the order of vo/Q , the amplitudes of forced oscillation of all the possible spin waves will have 
the same order of magnitude. 

In conclusion we would like to express our appreciation to V. L. Ginsburg for his interest in this work. | 
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It is shown that the experimentally observed abrupt transition from the spherical equilibrium 

form of atomic nuclei to the ellipsoidal form is explained by the influence of pair interactions 

of nucleons. If the magnitude of the difference between the pair energies in the ellipsoidal and 
spherical states is estimated from experimental data on the nuclear binding energies, then the 
theoretical regions of prolate nuclei coincide with those observed in experiment. 


INTRODUCTION 


Tue concept of the independent motion of nucleons in the mean effective field of the nucleus is basic to 
contemporary nuclear models. As a first approximation, a spherically symmetric field was assumed,! 
which made it possible to explain the existence of nuclear shells, with consideration of strong spin-orbit 
coupling. The scheme of bound states in a spherical nucleus, which we call the Mayer scheme, allowed 
us to understand a number of regularities observed in the spectra of single particle excitations of the 
nuclei. 

Along with single-particle excitations in atomic nuclei, collective excitations, which possess a rota- 
tional or vibrational character have been discovered. Nuclei with a rotational spectrum of collective 
motion have a prolate equilibrium shape, which also follows from the data on quadrupole moments. The 
spins and parities of single particle states in these nuclei do not satisfy the Mayer scheme. Therefore 
it was hypothesized that the effective field in these nuclei does not have spherical symmetry.” In this 
case, the energies of the bound states of the nucleons are functions of the deformation (by deformation of 
the nucleus, we mean the departure of the nuclear field U(r) from spherically symmetric form), and 
the nucleonic configuration, together with the equilibrium deformation of the given nucleus, is determined 
from the condition of a minimum in its total energy.4 

The field acting on the given nucleon is the average of its interaction with all the remaining nucleons, 
and therefore the symmetry of the potential U(r) is determined by the spatial distribution of the nucle- 
ons in the nucleus. Inasmuch as the latter is isotropic for filled shells, then, strictly speaking, only the 
magic nuclei can satisfy the Mayer scheme. It can be expected that the remaining nuclei will be deformed, 
and their single particle states will satisfy the scheme of bound states in a deformed nucleus, which we 
call the Nilsson scheme. 

However, the Nilsson scheme agrees with experiment only in three well known regions of rotational 
excitation: (1) the rare earths in the range ggNd!*° — 0s!"°, (2) the heavy nuclei, beginning with ggRa””, 
and (3) the light nuclei in the region of »Mg*. For nuclei outside the stated intervals, there is no indica- 
tion of the presence of a deformation, and their single particle states satisfy the usual Mayer scheme. 

To clarify the existence of sharp limits within which the nuclei are prolate, the conditions of transition 
to the deformed equilibrium form are investigated in the present research. For this purpose, we first 
consider the establishment of equilibrium deformation in the independent particle approximation; the role 
of pair interaction in the process under investigation is then explained and, finally, the results are applied 
to finding the limits of prolateness of the nuclei; finally, comparison is made with experiment 


1. EQUILIBRIUM DEFORMATION IN THE INDEPENDENT-PARTICLE APPROXIMATION 


The Hamiltonian of a nucleon in a spherical nucleus has the form 


A w Onavias 
Diges V(r) i ae ks. (1) 
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The solution of the Schrédinger equation with the Hamiltonian (1) gives the wave functions and the en- 
ergies of the bound states or the nucleons in the spherical nucleus. The state |N£j> is characterized h 
a principal quantum number N, an orbital angular momentum @ and a total angular momentum j. For 
the proper choice of the spin-orbit coupling constant C, the energy spectrum of the system reproduces | 
the experimentally observed order of levels in the spherical nucleus.® The nucleonic configuration of th 
nucleus is determined by the numbers of nucleons in the filled states, and the total energy of the nucleus 
in the independent particle approximation is the sum of the energy of the nucleons for a given configura- 
tion. 

In a deformed nucleus, one can always find a surface 


r (8,0) —=7 E aF > rn Yap (8, ®)| , “ 
A,p- | 


on which the potential of the nucleus U(r) has a constant value. Denoting U (r’) = V(r) and limiting 
ourselves to terms of second order in the expansion (2), we get 


dV 
U(r) = V(r) + 2B —r F Dian Yon (8, 9), (3) 


where 8 ~ AR/R is the deformation parameter of the nucleus, and is related to Oy by the expression ~ 
2 OAT 
ria 


In the case of axially symmetric deformations, the Hamiltonian of the nucleon has the form 


Aylty + Hp =—Batvins pret 4 iM is -M py,,; Ap = SF is —1 F BY oo. (4) 
Solution of the Schrédinger.equation with the Hamiltonian (4) gives the wave functions and the energies o# 
the bound states in the deformed nucleus. The state |2> is now characterized by the projection Q of © 
the total angular momentum on the axis of deformation (we choose this to be the z axis) and by its pari 
For B=0, as is evident from (1) and (4), the schemes of Mayer and Nilsson coincide. Under the action 
of Hig, each spherical state with given j is split into (2j + 1)/2 states with |Q| = %, °4,..., j. The 
states with |Q2|<«j have a prolate orbit in the direction of the deformation axis and their completion con-' 
tributes to the elongation of the nucleus. The states with |Q| ~ j have an orbit which is perpendicular 
to the axis of deformation and upon its completion the nucleus is flattened. Therefore, for B > 0, the 
levels are separated from the bottom upward in the order of increase of |Q|, while for B < 0 the orde 
of splitting is reversed. 

Upon increase in the deformation, a crossing of levels takes place which arises as the result of the 
splitting of the spherical terms with different j. Therefore, for small deformations, the Nilsson scheme 
is strongly dependent on the order of the levels for 8 =0, and also on the form of the potential V(r). 
We shall show that in the limiting case of large deformations, the Nilsson scheme depends slightly on 
these factors. For this purpose, we recall that the order of the levels for B =0 is determined on the 
basis of the magnitude of the spin-orbit coupling, and can change with variation of the constant C. In the: 
case of large deformations, the spin-orbit coupling is greatly reduced, and the order of the levels is de- 
termined on the basis of the factor BY29, by which the weak dependence of the Nilsson scheme on the 
form of the potential is also explained (cf. Refs. 2,3). Actually, we can represent a state with given Q 
in the form of a superposition of spherical states 


N+ 
[25 = >) CANGO) he oa (5) 
j=a j 
where all the states of the N-th shell give, at large deformations, almost identical contributions (Co 
ON OTs brave be cle Mies Cy +i). Then the matrix element of spin-orbit coupling is equal to 


| <Q; 2F8|Q>| =| Di|C, Pj QPS] Li; | =| Dy | Cray, 22 —| Crm, 2 C+ 1} |, (6) 
i i 
which is much smaller than the same matrix element in the spherical state [ after exclusion of a few 


levels with Q =N+4, when only a single term enters into the expansion (5)]. Since, aside from (6), the 
relation 
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p C dV ~* dV 
1| [<Q] =F Is] Q7/<| <Q} rT BV 29 | Q)|, 


The ground state of the nucleus is determined by the nucleonic configuration which corresponds to the 


smallest energy. 


‘ For nuclei with filled shells, the configurations in the Nilsson and Mayer schemes coincide, and the 
equilibrium deformation is equal to zero. In the presence of external nucleons, the Nilsson scheme gives 
ee lower energy, since the energy of the lowest deformed state is less than the energy of the correspond- 
ing spherical terms. (For example, for positive deformations, the states with |Q| « j are filled first; 


their energy for B > 0 is less than for 8 =0.) The Coulomb energy, which is included in the total en- 
ergy of the nucleus, and has the form 
f 


f 202 

Eo= 5 (1—g8), °=5V ob (7) 
‘is also less in the deformed state. The difference Ey — Ey = AE(A) between the energies of the nu- 
cleus in the deformed and spherical states is always negative and can serve as a measure of the equili- 
brium deformation (for a filled shell, AE = 0). With increase in the number of nucleons (or holes) out- 
side a filled shell, AE(A) increases in absolute value, reaches a maximum when the shell is half filled, 
and then decreases to zero. The equilibrium deformation, correspondingly, changes continuously from 
nucleus to nucleus, and thus there is no jump in the equilibrium form. 


2. CONSIDERATION OF PAIR INTERACTION OF NUCLEONS 


Apart from the sum of the single particle energies of the nucleons and the Coulomb energy, the energy 
of the remaining interactions also enters into the total energy of the nucleus. The latter is introduced in 
the single particle model theory of shells, in order to take into account the experimentally observed spin 
dependence of the nuclear forces (the state of the system of independent particles is degenerate in the 
total spin). 

We consider the contribution to the energy which gives the interaction of nucleons in the same quan- 
tum state, the so-called pair interaction. We shall consider the pair forces to be extremely short range 
and choose the operator of interaction in the form 


W (1.2) = —g8(r, — 1). (8) 
Inasmuch as the pair interaction in the form (8) reproduces the empirical rule of spins, then it can be as- 
sumed that (8) correctly describes the qualitative regularities connected with the effect of pair forces, 
even if it does not pretend to yield quantitative agreement with experiment. 
The energy of two monoenergetic nucleons in a spherical state with total angular momentum I is 
equal to® 


wd Pl) = Ha(Qict deed) 2) — DIP Gi — Yo + al)? 27+ Tl CDG "ie = VTE, (9) 


where j is the individual angular momentum of the nucleon, 


foo} 


\ Ryiredr, 


0) 


g 
Fo = — 
and Ryg is the radial part of the wave function. The state with momentum I=0 corresponds to a mini- 
mum in the pair energy. For all j encountered in the periodic system, 


w (j22) /w (j20)<4f4, w(j?4)/@ (720) <4/7, w(7?6)/w (70) <a 
etc. 
We shall now show that the pair energy in the deformed state of the nucleus is always greater than the 


minimum energy in the spherical state. For this purpose, we expand the wave function in spherical states 
with definite total angular momentum [see Eqs. (5) — (7) in the Appendix ]: 
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2j-—1 pa | 
Yo (1, 3 D>) Davai wena a (10) 
=o i=) | 
where 


j 
Wi(1,2)= >) Co e¥jaC1) Vy Sa) 


N=; a 


Pall, 2)= Fe [¥j.0(1) F),-0(2) — Uy SO 


Then the pair energy in the deformed state of the nucleus is equal to 


2j--1 


wa = 3) [Da Pw (iel) >w (PO) {| DRIP + Z1DAP +. > 00) 


The relation (12) is a consequence of the fact that the deformed state of the system is not an eigenstate : 
of the total angular momentum. 1 | 

In Table I we have listed the experimental values for the pair energy in the regions of heavy and light | [ 
nuclei, obtained from data on the binding energies. %8 As can be seen, the pair energy decreases in abso- 
lute value in the transition to an elongated nucleus. In the region of heavy nuclei, the average value of the) 
pair energy changes by 0.5 Mev in transition to elongated nuclei. In the region of light nuclei, the corre-/ 
sponding change amounts to 2 Mev. In the region of rare earths, the binding energies are not measured 
accurately, and cannot be used to determine the change in the pair energy in the transition. In this region 


TABLE I higher than in the heavy nuclei, 
since the pair energy is an almost | 
Protons Neutrons 5 ; A 
monotonically decreasing function 
pair w, Mev pair w, Mev of the mass number. For this re- 
gion, we have taken the value 0.7 | 
Spherical nuclei Spherical nuclei Mev, which is evidently close to 
: the correct one. 
83—84 —1 .373 127—128 —1.418 The energy of pair interaction 
85—86 —1.689 129—130 4 518 : ‘ 
87—88 1.784 131—132 4.778 is equal to the sum of the pair en- 
HET Lk os ergies in all pairs of nucleons. The 
Prolate nuclei 137—138 —1.988 difference WN = WM = AW (A) 
between the pair energies of the 
alee zie ae Prolate nuclei nucleus in the deformed and spheri- 
9394 E34 cal states depends on the number 
95—96 —0,996 : 
aie See 133134 4.359 of nucleons (or holes) outside a 
99—100 —1.030 as ay oe filled shell, but, in contrast to the 
—— = 139140 11340 difference AE(A) of single par- 
Vicinity of Mg“; nucleons 141142 — 1.186 c : 
rec eaaeh ae ticle energies, they are always 
Spherical nuclei 145—146 —1.132 positive. If AE(A) is smaller 
147—148 == 1 07 ; : 
arn ae 149150 1092 than AW(A) in absolute magni- 
154452 —1.100 tude, then the transition to the de- 
Prolare nucle: formed equilibrium form is ener- 
getically forbidden. However, the 
Sey Se nucleus has a spherical equilibrium } 
rR ebrait 


the energy ought to be somewhat 


form if the sum AE + AW is posi- 
tive. 


Transition to the deformed equilibrium form is achieved upon filling those nucleonic levels in which 
the difference between the energies in the deformed and spherical states exceeds the difference of pair 
energies. Upon their filling, the sum AE + AW changes sign and the nucleus acquires a deformed equi- 
librium form. Since the change of sign of the sum comes about for sufficiently large AE(A), then the 
equilibrium deformation of the nucleus in this case changes abruptly from zero to a value of 0.2 — 0.3. 


3. DETERMINATION OF THE POSSIBLE STATES OF PROLATENESS 


Up to the present time, it has not been possible to make any assumptions as to the dependence of the 


nuclear potential on the distance, and our conclusions do not depend on the form of V ( r). Now let us 
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undertake the determination of the regions of deformation, making use of the entire scheme of bound 

states which are taken into account by starting from a model of an “oscillator potential well”.? 
Change in sign of the sum AE + AW can be brought about by filling the lowest levels of the N-th shell. 

Actually, for B =0, these levels have the highest j, equal to N+ 3, thanks to spin-orbit coupling, and 
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usually enter into the constitution of the (N — 1)-st shell (for example, the level ij3/2 white enters a ii 
the constitution of the fifth oscillator shell). The state with Q = 2, which is produced in the splitting of 
the term jmax =N +3, has an orbit which is elongated in comparison with the states of the (N — 1)-st 
shell, and its filling can lead to the formation of an interval of elongated nuclei In aula t fashion, the 
filling of states with 2 = jax can lead to the formation of an interval of oblate nuclei. 

For determination of the sign of the deformations, we compare the energy of the lowest levels for 
B >Oand B <0. The energy of the level for large deformations in the model of the oscillator potential |} 


well is equal to 


~— 


Eo = rw? (1 + vee) [NV = 3/5 aE 1/58 (NV as 3n;)] =a Cnan, (1 


where n, is the oscillator quantum number along the z axis, Cngn, is a small constant of the state 

(on the order of magnitude of 0.1 fiw}), which is independent of the deformation. The lowest states for 
€ > 0 have Q = $, nz = N andQ = 3/2, n, =N—1. Their energies are respectively equal to 

Ey, = he, (8) [NM + 3/g—?/98N] —Cu, Ex, = Bed (2) [MV + 2/2 — */8 (2N — 8)] — Cr. (144 

The lowest states for « <0 have 


QS NEY) 1p=0 and D='N=4 a =e 


Their energies are respectively equal to 
En, = 20, () [N + 9/2 —1/3|¢| NV] — Cups Ey, = RO  (s) [NV + 9/2 —1/3|¢|(M — 3)] — Cn, (15° | 
As comparison of (14) with (15) shows, for large |e |, 
Ey, Ens, E,< En, 


In other words, for large deformations, an elongated equilibrium shape is more advantageous and, since 
the transition is accomplished precisely for large deformations, the absence of nuclei with negative 
quadrupole moments can be explained on these grounds. 

The finding of the possible intervals of elongation has been carried out by comparison of the total en) 
ergies of the nuclei for B= 0 and B > 0. 

(a) Region of rare earths (even-even isotopes goNa' —70s °°, Table II). For each nucleus, the nu- 
cleonic configurations of the ground states were found for B = 0 and 8 > 0, and the sums of the single 
particle energies were computed in terms of the oscillator quantum fiw) ~ 41A71/3 Mev. The difference 
in the one-particle energies AE is equal to the difference between the pair energies in the spherical and 
deformed states. The latter is proportional to the number of pairs of monoenergetic nucleons, if the shell 
is less than half filled, and correspondingly, to the number of hole pairs if the shell is more than half 
filled, since, for filling the shell, the pair energies in the spherical and deformed states are identical, 
while the energy states of a given number of nucleons outside a filled shell are analogous to the states of 
the same number of holes. 

The sum AE + AW changes sign in the transition form N = 86 to N = 88, which corresponds to the 
filling of the neutron state i /2 ( 3 +). The value obtained for the lower limit of prolateness agrees with 
the experimental values for the filling of the neutron states iy, /2( 3+, °/2+). In the filling of each of these | 
states, AE changes by a quantity far exceeding the difference in the pair energies, which produces a tran- 
sition to the prolate equilibrium form. 

In the region of the lower boundary of the lower limit of prolateness, the proton subshell Z = 64 is 
close to being filled, as a consequence of which the protons do not affect the establishment of the prolate 
equilibrium form. 

The inverse transition to the spherical equilibrium form is achieved for Z = 76, N = 116, which corre-- 
sponds to a filling of the proton state hy /, (/2—) and the neutron states P3/2(*/2—) and hy /2 (°/2 —). 
The value found for the upper limit of prolatenes agrees with the experimental value Z = 76, N = 114. 

In contrast to the lower limit, the transition here is determined by the filling of both the neutron and the 
proton states, inasmuch as now both shells are close being filled. 

(b) Region of heavy nuclei (Table III). The rotational region found in the heavy elements begin with 
the nucleus ggRa”*. Inasmuch as N = 134 corresponds to filling of five oscillator shells, the neutrons 
do not exhibit any noticeable effect on the transition to the prolate equilibrium shape. Therefore, energy 


comparison is carried out for isotones with N = 134, since the problem consists of searching for proton 
states which govern the transition. 


g 192 
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Hi, TABLE II 
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With this aim, we constructed the Nilsson scheme for states of the proton shell 82 —126 (see drawing). 
The construction was performed by the same method which was used in Ref. 2. For the state of the fifth 
oscillator shell, we assumed the same constant of spin-orbit coupling x which was used in Ref. 2 for the 
state of the fourth proton shell (see also Ref. 4). For the states of the sixth oscillator shell, the constant 
of spin-orbit coupling was increased several fold in order to obtain better agreement with experiment 
(the values kK, = 0.0613, Kg = 0.058 were taken in place of the value kg = 0.05 of Nilsson). In Table IV, 
the spins and parities of the ground state of nuclei with an odd number of protons are compared with the 

experimental values of these quantities. Agreement with experiment can be regarded as satisfactory. 
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The calculation carried out with the use of the draw- 
ing shows that the transition to the prolate equilibrium 
form is determined by filling of the proton states 
143/2 (4 +, ¥/2+), i.e., the same states which produce the 
transition in the region of the rare earths. The limit of 
the region of prolateness corresponds to Z = 88 and 
agrees with experiment. 


TABLE IV 
Chemical Theoretical value Experimental 
Symbol of the spin value 
Ac 89 Wey a 3 /5— 
Pa 91 i, —, 5 Jot 3/5— 
Np 93 osteo Y= 5 Ja 
Am 95 Wig i 5 /o— 
En 99 My cal le (7/2) 


(c) Nuclei in the region of Mg?4. According to the 


given calculation, for this region, the transition to the 
prolate equilibrium form is achieved by filling the state 
d; /, (+) which corresponds to N, Z = 10. The reverse 
transition takes place upon filling of the state dg /2 ( 5/2 +), 
which corresponds to N, Z = 14. The value thus found 
for the lower limit of prolateness does not agree with 
experiment, since the rotational region begins with the 
nucleus 44; Na?3, The upper limit is determined more 
precisely, apparently. Thus, for this region of the nu- 
clei, the agreement of the theory with experiment is 
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worse than in the first two; however, even here the observed rotational nuclei do not exceed the limits 
computed theoretically. 

(d) The existence of all three intervals of elongation is brought about, as we have seen, by filling of th 
the lowest states of the oscillator shells. In the regions of the rare earths and heavy nuclei, the lowest 
states filled are ths sixth, while in the region of Me"4, it is the second oscillator shell. We can expect 
that in the filling of the lowest states, the third, fourth and fifth shells will also produce a region of 
elongated nuclei. However, calculation carried out for these regions shows that the difference betweén 
the single particle energies in the deformed and spherical states does not exceed the difference of the 
energies of pair interaction (for the difference of pair energies we have assumed the value 1 Mev, whic 
is the lower limit of this quantity in the regions lying about Mg?4 and the rare earths), and consequently | 
there are no prolate nuclei in these states. | 

Thus, in addition to the regions of the rare earths and of heavy nuclei, and to the region about Mg?4 
the theory does not give other regions of prolateness, a result that agrees with the available experimen 
tal data. 


CONC LUSIONS 


(1) As we can see from the results of the investigation just carried out, the role of the remaining in- » 
teraction of nucleons at a distance is not confined to an account of the spin dependence of nuclear forces.) 
It is shown that the jump change of the equilibrium form of atomic nuclei, observed in experiment, is . 
determined by the effect of the pair energy, which favors the transition to the deformed equilibrium form 
if number of nucleons outside the shell is small. 

(2) If the difference between the pair energies in the deformed and spherical states is estimated from; 
experimental data, than all three known regions of prolate nuclei are obtained, while the theoretical 
boundaries for the prolate nuclei are in agreement with the experimental data. The theory gives no evi- 
dence for the existence of other regions of prolate nuclei that do not arise from the present data. | 

(3) The use of the oscillator potential for the calculation of the nucleonic energies and the potential 
for the pair interaction does not restrict the generality of the results, inasmuch as the Nilsson scheme 
depends only slightly on the choice of the potential, while experimental values are used for the pair ener; 

In conclusion, I consider it my pleasant duty to thank Professor L. A. Sliv for his unflagging interest 
in the work and for a number of valuable suggestions given during its undertaking. The author also thanks 
his coworkers in the Department of Theoretical Physics of the A. 1. Herzen Leningrad State Pedagogical 
Institute for discussion of the results of the research. 


APPENDIX 


In Sec. 2 we determined the limiting values of the pair energies in spherical and deformed nuclear 
states. In the comparison with the energy of pair interaction in these states, the dependence of the pair 
energy on the deformation was not considered, although this effect can influence the results. Let us show 
that, in the case of limitingly short-range forces, the pair energy changes within a small range of varia- 
tion of 8 between the limiting values, and consequently the approximation used is justified. 

For this purpose, let us consider a system of two particles that interact according to Eq. (8). The 
Hamiltonian of the nucleon is expressed by Eq. (4), and for a system of two nucleons, 


H (1,2) = Ay (1) + Ay (2) + W (1,2). (1) 


We limit ourselves to the case in which the individual moment of the nucleons j is a quantum number 
(the so-called j-approximation), and consider the system of two monoenergetic nucleons. In this approxi-- 


mation, the operator of spin-orbit coupling can be inserted, and the problem reduces to finding the eigen- 
values of the equation 


OT oat. (2) 
where 
a “ » “ dV 
O=V+W, V=—Blr, 5 Vo (01) +12 Ge Yoo() |, W=—gd(4—1). 7 


We seek a solution of Eq. (2) in the form of a linear combination of eigenfunctions of the spherical part 
of the Hamiltonian (1) 
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| ] 
} Ya ») Bog; (4) 
Q=)/, ‘ 
4 
I Fo = Rus (t1) R(t) og (¥ 10 (1) ¥i.-0 (2) — Yi.-a(1) ¥p0(2)]s (5) 


Yj,9 are the well known spherical harmonics in the spin. The matrix elements V and W are equal to 


A a ee dV 3(Q—1/,)(Q+41 = 
2,172 = V = panel @| wn O— aro TES) oe -) 
| 2/—1 
<Q,|W 0,9 = >) dD}, Dhow (7D), 0; 


| 1=0 


| where Di = Vice, ats ce. _q are the Clebesh-Gordan coefficients, and w(j"I) is expressed by Eq. (9) 
Bi Sec, 2. 

For determination of the eigenvalues of Eq. (2), we must solve a secular equation of degree (2j + 1)/2. 
We do this in the case j = °/2, making use of the model of the oscillator potential well, and for definite- 
hess setting N = 4, 2=2, although N and 2 do not play an essential role in the choice of V(r). The 
eigenvalues of (2) are then determined from the expressions 


— 1.48 —0.18a—u 0.12a eed (8) 
0.12a 1.48 —0.18a—u 


where a= ga*/4rtiw is the ratio of the constant in the energy of pair interaction to the energy of the 
oscillator quantum, a = Vmw/f. The energy of the ground state is equal to 


u= — 0.18a — Y'0.0144a? + 1.96 8. (9) 
in units of hw. The corresponding wave function is 
Y = cos (9/2) ¥y),—sin(p/2)%),, tang = 0.12a/ 1.48. (10) 
As is easily seen, for B— 0 
¥—> —[—Yy, + Py)/V2 = — ¥i-00, (11) 


i.e., the total momentum 8 = 0 corresponds to the spherical ground state of the system for I =0. For 
sufficiently large deformations, we can neglect the pair energy (in the limit a— 0), and ¥Y— W, jo i.e., 
Q = 4 corresponds to the deformed ground state. 

In order to obtain the pair energy as a function of the deformation, we subtract from (9) the purely 
deformation energy, which is obtained from (8) in the absence of the pair energy. As a result, we have 


w (8) = —0.18a — 1.4 [V 8? + (0.12/1.4)%a% — |B |]. (12) 


In the spherical state, w = —0.3a; in the deformed state, w = —0.18 a. As is seen from (12), the pair 
energy is practically equal to the deformation value at 6 © 0.1, and for further increase of £, it is in- 
dependent of the deformation. 
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DIFFRACTION SCATTERING AND NUCLEON STRUCTURE* 


S. Z. BELEN’KII 
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J. Exptl. Theoret. Physics (U.S.S.R.) 5, 1248-1250 (November, 1957) 
The scattering of high-energy particles, such as the collision of two nucleons or the collision 
of am meson with a nucleon, is analyzed. It is shown that, at high energies, each of these 
processes is characterized by a single scattering amplitude. Only the imaginary part of this 


amplitude plays an essential role, and, generally speaking, it can be determined from ex- 
periments on diffraction scattering. 


1. Elastic meson-nucleon and nucleon-nucleon scattering is in general a very complicated affair. The 
functions characterizing the scattering amplitudes have both real and imaginary parts. They differ for 
states of different isotopic and ordinary spin. A phase-shift analysisis very difficult tocarry out even at 
moderate energies, and its relation to the structure of nucleons is quite uncertain. It is possible, howeve 
to make the following statement: When the scattered particles carry large energies, the analysis become 
simplified, only one scattering amplitude plays an essential role, and ingeneral only its imaginary part. 
In that case only one real function is unknown, and it can be fully and completely determined from meson- 
nucleon and nucleon-nucleon diffraction scattering experiments. This function leads to definite conclusicr 
about the size and form-factor (structure) of nucleons. 

The proof of this statement is based on the following three conditions: (1) the isotopic invariance of 
nuclear interaction, (2) the high probability of multiple production of 7 mesons at high energies; (3) the 
fact that at high energies the total interaction cross section tends to a value 0) which differs from zero 
and is independent of energy (and equal, furthermore, to that for the interaction of + and m- mesons 
with nucleons). It should be noted that an attempt has already been made! to obtain some information on 
the nucleon “radius” from experimental data on the elastic and non-elastic scattering of 7 mesons having 
energies of 1.4 Bev and greater. This analysis, however, was based on a crude model of the nucleon rep- 
resented by a sphere of constant density with abrupt boundaries. As was shown earlier,” the problem of ' 
determining the nucleonic structure can be treated more consistently by starting from the general scat- 
tering theory for particles which can also be absorbed by the scattering center. In that case the spatial 
distribution of the scattering and absorbing field may be obtained from experimental data on the elastic 
and inelastic scattering of 7 mesons by nucleons, if these data are sufficiently detailed. 

Essential to this proof is the premise that in the imaginary part of the scattering amplitude is con- 
siderably smaller than the real part in the corresponding energy region.’ These questions will be con- 
sidered here in greater detail. 


2. We consider first the scattering of a proton by a proton (pp) and of a proton by a neutron (pn). We 
denote the wave function of the isotopic state as follows: 


(PP) = Xp (AM) =X,» (PM) = (Xp9 — 9) / V2 (AP) = (5,5 — X40) / V2- (1) 


The first index denotes the total isotopic spin T, and the second index its zZ-component i: 
The following three basic processes may occur in elastic scattering:° 


Lp -- p— p+ Ppa) np); 
2) p+n—p +n, (pn) — (pn); (2) 
3) p+n—>n-+ p,(pn)—(np). 


*Prepared for publication by V. P. Silin and E. L. Feinberg from notes found among the manuscripts 


of S. Z. Belen’kii. This work was reported at a seminar of the Theoretical Division of the Physics Insti- 
tute, Academy of Sciences, September 7, 1956. 
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‘The last process includes an exchange of nucleons (exchange scattering). 


i 


i The differential cross section for these reactions is obtained from the scattering amplitudes in the 
i state T=1 and T=0, denoted’ by f and g, as follows: 


A=|fl?, o=Mlft+el?, c= |f—gl®. (3) 


{ At small energies, say on the order of 10° ev, it is well known that there is a considerable amount of ex- 
change scattering. This means that o, and o3 are of the same order of magnitude. In that case o, is 
also of the same order of magnitude. Therefore, |f| > |g]. 


At large energies, where the main process consists of meson production, i.e. an inelastic interaction, 
the elastic exchange scattering is relatively small, i.e. 03 K Ojne]- As for oy, the elastic scattering 
cross section with no charge exchange, it is always of the order of ojpe], since it contains diffraction 
scattering which is considerable even for a “gray” nucleus. Thus, at large energies, 03 «< gd) while 
0, ~ 0;, i.e. 

li—@l<c lhl, -Wl~lel, (4) 


and all the scattering processes are characterized by a single function f, which may thus be related to 
the structure of the nucleon. 

3. Similar considerations apply to the interaction of + mesons with nucleons. Five basic processes 
are now possible, and their cross sections can similarly be expressed in terms of two scattering ampli- 


, tudes for isotopic spins T =), (amplitude f) and T = 1, (amplitude g): 


Dee a © Pec | f|2, 

2) w+ pm +p, o2=/y|2f + g|*; 

3) + por +n, 6,=0,=%/f—g|?; (5) 
Aye pr +p, o.=4/,|f + 22 (7; 

5) mt +p >r+tn, o,=06, 


(these, of course, are not the same f and g as for the nucleon-nucleon scattering). At small energies, 
the scattering cross sections for a‘ and ma mesons are different. At high energies, inelastic proces- 
ses come into play. In comparison with these, the charge-exchange scattering cross section o, is small, 
while oj, 02 and gy, which include diffraction scattering, are of the same order of magnitude as oOjnel, 
1.€., O01 ~ 02 ~ 04 ~ 09, 03 ~ O5 K Oy, OF 
2ST eu Tatar (6) 
as in the case of nucleon-nucleon collisions. For mesons too, therefore, all the essential processes of 


elastic scattering are determined at high energies by a single function f. In other words, the scattering 
does not depend upon the isotopic spin. 

4. We now show, on the basis of general considerations, that the imaginary part of the scattering am- 
plitude f is large compared with its real part, so that all the scattering processes can be described at 
high energy by one real function. 

In order to distinguish among the five types of pion-nucleon scattering processes, we introduce the 
complex scattering amplitudes fj(k), i=1,..., 5, as functions of the meson momentum k. Then f,(k) 
=f(k) and f,(k) =[f£(k) + 2g(k)]/8, and therefore g(k) =[3f4(k) — fy(k)] /2. It follows then that 


jolt) =F (h—8) = elf 


Separating the real and imaginary parts D(k) and A(k) of f,(k) and f,(k) respectively, we may 
write 

| fi (#) =D, (8) + iA, (®), fa(#) = D_(R) +iA_ (®). (7) 
The imaginary part of the forward scattering amplitude is related to the total cross section o» by a for- 
mula which, inasmuch as the total cross sections for md and m mesons practically coincide at large 
energies, may be written as 
A, (k) © A_(k) = hog / 4. (8) 


Therefore 


fs =(hh— fa) /V2 = (D, (2) — D_(k)) /V2. (9) 
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One may further apply the relation [see, for example, Ref. (4)] D_(k) = D,(—k), which we gave for e | 
ergies much larger than the rest mass of the meson. Eq. (9) then takes the following form: 


fs = (D, (2) —D, (—&))/ V2. (1 


It is easily seen from the dispersion relations that link the real part of the forward scattering amplitude 
with the total scattering cross section,’ that within given limits, the total cross sections at high energies 
D,(k) cannot increase faster than the first power of k. Thus, even if D,(k) =a@k, where a@ is aco 
stant, D_(k) = D,(-k) =—ak, and therefore, f,(k) = V2ak = V2 D,(k). Owing to the fact that at 
large energies, from Eq. (6), |fs| <«< |f,;|, and fy =D ,+iA,, the following inequality holds: 


|D, (k)i <1A, (2) |. (11 


Note that according to Eq. (8), A,(k) increases with energy as the first power of k as long aS dg do | 
not vanish, thus if D,(k) increases more slowly, Eq. (11) is fulfilled all the more. / 


1bisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and Whittemore, Phys. Rev. 97, 797, (1955). 

2S. Z. Belen’ kii, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 983, (1956), Soviet Phys. JETP 3, 813 (1956). 

31. B. Okun’ and I. Ia. Pomerantchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 424 (1956), Soviet Phys. , 
JETP 8, 307 (1956). 

4Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 
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INVERSE DISPERSION RELATIONS 


V. Z. BLANK and D. V. SHIRKOV 
Joint Institute of Nuclear Research 
Submitted to JETP editor May 17, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1251-1253 (November, 1957) 


“Inverse” dispersion relations express the imaginary part of a scattering amplitude as a 
Cauchy integral of the real part. The integral over the unphysical region is evaluated by 
making use of ordinary “direct” dispersion relations. The forward scattering amplitudes 
for charged pions on nucleons are discussed in detail. The inverse dispersion relations for 
this case are written out explicitly in a form in which no unobservable quantities appear. 


SrartinG from quantum field theory, various authors!»? have derived dispersion relations for the scat-- 
tering of pions and photons on nucleons and for the photoproduction of pions. These relations express the: 
real part D(E) of the amplitude as a Cauchy integral of the imaginary part A(E), thus 


D(E)==P | phase’. (1) 
The negative part of the energy range can be eliminated by using symmetry properties, and for forward 
scattering the part of the integral arising from unphysical positive energies can be computed explicitly. 
This reflects the fact that in the unphysical region the function A(E) can be represented as a sum of 
6-functions. The integral over the unphysical range then depends only on the coupling constants of the 
relevant interactions. 
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The dispersion relations for pion-nucleon scattering have been tested experimentally, and satisfactory 
agreement between theory and experiment has been found, over the range of energies now accessible.’ A 
test of dispersion relations at higher energies would be of great interest. The derivations of dispersion 

| relations all assume the validity of microscopic causality,?*4 and if there is a failure of microscopic cau- 
sality the relations should be altered in a definite way. However, dispersion relations of the form (1) may 
be unsuited for such a test. They will be inconvenient if at high energies the real part of the scattering 
amplitude becomes small compared with the imaginary part, and already there are some indications? that 
this will happen. If so, the relations equate a small quantity on the left side of Eg. (1) to an integral of a 
‘large quantity of variable sign on the right side. In this case, the already considerable experimental er- 
‘rors in the determination of A will produce an enormous overall effect. As a result, the experimental 
‘test of dispersion relations of the form of Eq. (1) at high energy may be very difficult, and the experimen- 
tal observation of a fundamental length may be hindered. 

If these difficulties prove to be real, it will be much more convenient to use inverse dispersion rela- 
tions of the form 


D(E’) 
Bee 


A(Ey=— =P | Chae’, (2) 


which do not suffer from the same disadvantages. The problem then arises, that in order to use Eq. (2) 
we must determine the function D(E) in the unphysical range of positive energies. This problem has 
not yet been solved, and Eq. (2) has consequently not been studied. 

We can overcome the difficulty as follows. Bogoliubov’ has shown that the direct dispersion relation 
(1) holds even when E lies in the unphysical region. The function D in the integrand of Eq. (2) can 
therefore be replaced in the unphysical positive-energy region by the expression (1), and all unobservable 
quantities are thereby eliminated from the equation. The double integral which results from this substi- 
tution can be reduced to a single integral by interchanging the order of integration. 

Consider the amplitude for forward pion-nucleon scattering in the laboratory system, 


f (E) = Soof £28 (@ laxq’l) Bool + OE + elolea’ De, HIP (3) 


The scalar coefficients fi 


j satisfy the following inverse dispersion relations 


Di(E)—Div) , E+ OE (E?— u2) ¢ dE’ ie td Se AME). pry 
AB Nea are ete ene G2) Ew) {DIE — Di(w) + a ae 
2 2F (E?—p2 +u/2M ; 4 
— CGE in Seer) (Geom) @= 1.2); (4) 
, AP (E’) E’ 
2 dE Aaa k i + 
A= 2 yh (E?— EH (EF a) {E Dj (E") — Di (#) ae wi a a 
1 
nk 4 E+u io Be Ee — 1+4/2M omen? 2 
+ (Di (2) — 4 Di (e)) 2 in EE* — 0, Oe ag In (Gar) / (rae 
Here (== RS 1, R= 1,2): 
Cel ae Ch Pat (6) 


In the usual way we derive from Eq. (4) and (5) the more interesting dispersion relations for the scatter - 
ing of charged pions by protons, 


ete de 4 A, ee. ata 
A,(E)= — 2S" | pe Pree [Ps (E)- D, (y+ = In SET 
Be 


E?— u 

4 Be te ple [08-0 + rin Bh 4 4 fo, e)— BED.) — Sept D_whin EEE 

+ PRES in (SEELEY / wt — 98 (20081 G 
ee pte pie 2 in 2A ee a 


p 
A, (E’ EB’ 4 E+u pec & E+u 
x {D,(E") — D, (o) + HE? in} + = {D_(E)— ae DW) — Se D, (»)} In Ee 


PAA Ad Sale 41—p/2M \ 7 aes 
+22 (erm) Cr eeraer) | 1 (p® / 2M)"). (8) 
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The “large” function A appears on the right side of these relations. It might seem that the problem 
of obtaining relations in which only the small function appears in the integrals has not been completely 
solved. But in fact the “large” functions A occur in the integrals multiplied by a small logarithm, which 
drastically reduces their effect. Thus, supposing that the total charged pion-proton cross-sections at 
high energy are constant and (for example) equal to 3-10-78 cm”, but that the functions D, and D-_ are 
constant at high energy and approximately equal to (0-3/y), we find that the contribution of the imagina 
part to the integral is five times smaller than that of the real part. These numbers are in agreement wi 
Sternheimer’s estimates. 

The authors thank L. I. Lapidus for calling their attention to the importance of inverse dispersion re- 
lations, and N. N. Bogolyubov for much helpful advice. 


1Gell-Mann, Goldberger and Thirring, Phys. Rev. 95, 1612 (1954); M. Goldberger, Phys. Rev. 97, 508 
(1955) and 99, 979 (1955); R. Karplus and M. Ruderman, Phys. Rev. 98, 771 (1955); Goldberger, Miyazawa 
and Oehme, Phys. Rev. 99, 986 (1955); E. Corinaldesi, Nuovo cimento 4, 1384 (1956); Logunov, Stepanov, 
and Tavkhelidze, Dokl. Akad. Nauk. SSSR 112, 45 (1957), Soviet Phys. “Doklady” 2, 12 (1957); A. A. Logu- 
nov and B. M. Stepanov, Dokl. Akad. Nauk SSSR 110, 368 (1956), Soviet Phys. “Doklady” 1, 552 (1956); 

N. N. Boboliubov and D. V. Shirkov, Dokl. Akad. Nauk SSSR 118, 487 (1957). 

2R. Oehme, Phys. Rev. 100, 1503 (1955). 

3 Anderson, Davidon and Kruse, Phys. Rev. 100, 339 (1955); U. Haber-Schaim, Phys. Rev. 104, 1113 
(1956); W. Davidon and M. Goldberger, Phys. Rev. 104, 1119 (1956); A. I. Mukhin and B. M. Pontecorvo, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 550 (1956), Soviet Phys. JETP 4, 373 (1957). 

4N. N. Bogoliubov, report to the Seattle International Conference on Theoretical Physics, September 
1956. See also Bogoliubov, Medvedev, and Polivanov, Bonpocsi teopuu qucnepcHoHHBIx COOTHOMIeHHH 
(Problems of the Theory of Dispersion Relations) (Gostekhizdat, in press); N. N. Bogoliubov and D. V. 
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An effective method is given for calculating electron losses due to phase oscillations induced 
by radiation. An approximate method is given for accounting for nonlinear effects by means 
of the appropriate boundary conditions in the linear theory. 


1. INTRODUCTION 


Ir is well known that the quantum nature of radiation causes both phase! and betatron oscillations.2”3 
These oscillations lead to electron losses when electrons go out of phase with the accelerating voltage 
and when they collide with the walls of the synchrotron vacuum chamber. In the operation of a synchro- 
tron it is the electron losses due to phase oscillations which are of most importance. 

The mean-square deviation of phase oscillations in a weak-focusing synchrotron has been calculated 
by Sands.! Kolomenskii and the present author’ have generalized these results to strong-focusing syn- 
chrotrons, and elsewhere the present author’ has emphasized the importance of nonlinear effects in the 
theory of synchrotron oscillations induced by radiation. It has been shown in Ref. 6 how to obtain the 
formula for the smallest losses. By the use of this formula one can merely assert that “the losses are 
greater than some given quantity,” but not how much greater. Because the smallest losses are quite 
large, a practical investigation of this phenomenon is necessary. 

The present article describes an effective method for obtaining a formula which gives the electron 
losses to any previously determined accuracy, and gives an evaluation of this accuracy. 

In addition, it is shown how to formulate the boundary conditions so that the nonlinear effects, as pre- 
viously derived,’ can be accounted for. 


2. STOCHASTIC EQUATION AND FORMULATION OF THE PROBLEM 


To derive stochastic equations for the phase oscillations induced by radiation fluctuations, we shall 
start with the obvious relation 


ib 
8E = E—E, = DyeV, (cose —cos gs) + | Wdt — Dey, (1) 


0 


In this equation ¢; is the energy of the radiated photons, eV) is the high-frequency field amplitude, 
is the phase with which an electron passes through the accelerating gap, and Wg is the equilibrium power 
radiated. It is clear that in this problem the excitation of energy in betatron oscillations need not be ac- 


counted for. 
We define the packing factor @ of a synchrotron by the relation 


8 <R> / <R> = «E/E. 2 


We then obviously have 
SE /E = (h/ koa), (3) 


where k is the number of the accelerating harmonic of the high-frequency field, ¥ = y — gg is tne devi- 
ation of the particle phase from equilibrium, w is the angular frequency of rotation of a particle in the 
synchrotron, X= 1+ L/2mRo, and L is the total length of the linear sections of the synchrotron per 
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revolution. Intensive phase oscillations are excited by radiation fluctuations only in the last stage of ac- 
celeration. Therefore we can neglect quantities proportional to the variation of the equilibrium energy _ 
and the energy in betatron oscillations in obtaining the stochastic equation. With the aid of (3) and well 
known formulas for the power radiated, Eq. (1) leads to the nonlinear stochastic equation’ 


Y + yh + f? [cos es — cos (gs + Y)] = (how /2Es) (W — 28 (t —ti)], (4) 
i | 
where “a 
f? = (Rwra / 2nd) eV,/Es, 1 = (4—«) (Qory/3R,) (Es /mpC2)8, To =e? /moc?, W = (2ce? /3R?) (E/ m,c’)*. 
If the phase deviation W is considered small, Eq. (4) can be linearized and leads to the linear stochastic 
equation® 


+ yh + OFF = (koa / XE) [W — Ded (t— t,)|, 0? = frsin gs. (5) 


We have already treated’ the excitation of phase oscillations according to the nonlinear equation (4). 
We have shown that a particle in the potential well is “heated” basically the same way according to either 
the linear or the nonlinear theory. The main differences are due to the depth of the potential well. If the | 
maximum allowable phase deviation from equilibrium is taken from the nonlinear theory, the potential 
well which will give the same deviation in the linear theory must be much greater than that of the non- 
linear theory. This indeed is why the linear theory predicts lower electron losses than does the nonlinea 
one, as was previously shown.’ We can therefore account for this fundamentally nonlinear effect by means: 
of the linear theory if we proceed as follows. The potential-well depth is taken from the nonlinear theory, 
and the allowable limits of deviation in the linear theory are obtained from the requirement that the well 
depth in both theories be equal. This will account for the nonlinear effects. 

Thus in solving the problem we shall proceed from the linear stochastic equation (5) and shall account 
for nonlinearity only in the boundary conditions. 

It is convenient first to change in (5) to a new independent variable ¢ defined by 


t 
C= Jade. 


Then (5) becomes 
+ BY + F = (kow/ XE, Q) (We — Nrerd(C—G)], B=yx/Q+40'/Q, (6) 


where the primes denote differentiation with respect to ¢. 
Let W(W, ¥’, ¢) be the coordinate and velocity distribution function in the (Y, ¥’) phase plane. 
Then by using standard methods we obtain the equation 


aw , OW aw 8 ; ew 
or ae a — Yor = 2 (USr +¥ se) +8 +4 (Se oe + Snel q = (koa / 2KEsQ)? ¢e*De. 


for this distribution function. This equation can be greatly simplified by the following considerations. 

It is seen from (6) that the decay time of phase oscillations is much greater than the oscillation period, 
and that the extent to which the oscillations are excited in a single period is insignificant. This means 
that in the (¥, ¥’) phase plane the distribution is axially symmetric to a good approximation, or that it 
depends only on r= ¥W*+W’?. Therefore the equation for the distribution function W(r, £) becomes 


aw 8B aw aw , 4 ow 
eae a +OW t4( Se epracal) (7a) 


The initial distribution for ¢=0 can obviously also be taken to be axially symmetric, so that 


W (r, 0) = W,(r) (7b) 
with the normalization 


(Winrar = l, 


tS) 


(7c) 
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where ap) is the maximum allowable oscillation amplitude at ¢ = 0. As for the boundary condition, we 
_have already indicated how it can be used to account for the nonlinear effects. The corresponding analytic 
expression will be given below. At present we shall assume only that the maximum allowable amplitude 
attime ¢ is given by a(¢). This function depends on ¢ because the equilibrium phase changes during 
an acceleration cycle, so that the maximum allowable amplitude changes also. On the basis of the above, 


and accounting for the fact that when a particle attains the boundary it leaves the accelerating cycle, we 
obtain the boundary condition 


W (a(¢), 6) =0. (7d) 


for Eq. (7a). Solution of (7a) with boundary conditions (7b) and (7d) gives the fraction N(¢)/N(0) =F(¢) 
of the particles that are not lost by dropping out of phase. From the normalization condition (7c), the 
function F(¢) is given by 


a 


(C) 
F(0)= \ W (r, ©) rdr. (8) 


The problem of the theory is to perform the calculation indicated in (8). 

An exact analytic solution of (7a) with boundary conditions (7b) and (7d) would seem to be impossible. 
Furthermore, this exact analytic solution is impossible even if one sets B=0, thus neglecting damping, 
since (7d) is given on a moving boundary. 

We shall describe a method for finding a majorizing solution, which is an analytical method for effec- 
tively solving the problem to any arbitrary prescribed accuracy, and which evaluates the magnitude of the 
error. 


3. MAJORIZING SOLUTION 


Let us change in (7a) to a new independent variable & and toa new function ® according to 


ctr < mee) 
t= rexp(s\pdi), Dee D NRA) (9) 


Then (7a) and boundary conditions (7b) and (7d) become 


C 
. = o( See +-5p): © = q exp [a0] (10) 
(aA. : 
@(£,0)=W,(), D(A),9 =9, AO) =a(f) exp(|pat). (10a) 


r 0 
Note that 


a(<) A(é) 
F()= \ Wrdr= \ &ds. (11) 
0 0 


Let the functions 4; be the solutions of (10) with identical initial conditions 
@; (=, 0) = W, (6) 
and with homogeneous boundary conditions on the different boundaries Aj(¢), i.e., 
@; (A; (6), 6) = 0. 
Let, further, 


Under these conditions it can be shown that if for all ¢ we have 
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(12)} 


4 


Ai (0) <A(S) <4; (9), 


then it follows that 
FiOS FOE), (13) 


and the equalities in (13) are attained if and only if the corresponding equalities hold in (12) identically 
for all ¢. 

We prove this assertion as follows. Let P(Aj(¢&), &, £) = Pi be the probability that, starting a sto- 
chastic process from the point £) at ¢=0, a particle will not reach the boundary Aj(¢) during the 
time interval (0, ¢). If the Aj(¢) satisfy (12), we may immediately write the obvious relation 

Pie =P (14) 
which is valid for arbitrary equal initial positions & of the particle. 

Actually these relations express the obvious fact that a particle can reach boundary Aj(¢) without 
reaching A(£), but cannot reach A(£) without reaching Aj(é). A similar statement holds for the re- 
lation between the boundaries A(¢) and Aj(¢). This is true for any initial position &). But this means 
that (13) is simply another way of stating (14), or that the validity of (13) follows immediately from that 
of (14). This proves relation (13). 

Let us divide the interval (0, ¢), with which we are dealing, into several segments at the points fy 
(where n=0, 1, 2,...). Further, let us set 


A =ACnia), An’? =AGn). 

To be specific let us consider the case in which 
An’ <A) <An?, Gao <Cup. (15) 
Let o 4, be the function @ that satisfies Eq. (10), but whose boundary conditions are given in the ing 


(+) 


tervals (fp, n+;) on the broken lines Ay’, which means that this function is defined for 


CeO Gre OR See (16) 


Solving Eq. (10) for these conditions, we obtain 


cp‘+) (é 4) ='9 (Ay Jo (nf) 8) b+) New) 2 f dt\- 
n,n+1 \S> n 2 Fa) = exp {—( n, i) 5 ? ct (173) 
ate 
= | OF. Gi) Or ed, WSK, (17a) 


0 


where J is the Bessel function of order one, and the Aj are the roots of the equation Jg(Aj) = 0. Since: 
the (+) superscripts enter the formulas symmetrically, we may suppress them for simplicity. 
Inserting (17) into (17a) and performing the integration, we obtain the following formula for by i: 


C 
2Iyhp ARE) oh. Os (Ge, ‘ ether 
bn i= anak aaa >, [Jo (Aj)? Ona, ; EXP = ere \ ode) ae ee a (18) ) 


n—l 7 . 
Spe n,t n—1, j 


From (17) and (11), we see that the desired quantity Fy n+; Can be written in the form 
An 


Fr, nti = | n,nirdé = 2 Dn, «hits Oud] exp (—22, 


0 


os 
Ss 
a 


© d’) (19) | 


SX 


From (15) and from (12) and (13) we have 


(=) Nite 7 - a , Bet 
Franti (S)-<F O= Boas (6), ORE GET A= ( Le oy). coe (20) | 


an ‘ Kes A 
Thus the Fn n+; are majorizing solutions for the exact solution F(¢). By choosing the points £, at 
which we break up the line so as to make the majorizing solutions sufficiently close to each other es find 
the exact solution F(¢) to the desired accuracy and know the magnitude of the error involved This 


| 
W 


ik 


( 
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makes it possible to obtain analytic solutions for the problem to any arbitrary prescribed accuracy. The 
effectiveness of this analytic method can be traced to two causes. First, the series in the recursion for- 
mulas (18) converge extremely rapidly, a small number of terms is sufficient for the calculations, de- 
pending, of course, on the accuracy desired. Second, in view of the fact that energetic oscillations are 
excited only towards the end of the accelerating cycle, a solution which is sufficiently accurate for all 
practical purposes can be obtained by breaking up the (0, €) interval into only a small number of seg- 
ments. Thus a few simple calculations based on the above formulas yield all the necessary results to the 
desired accuracy, together with an accurate evaluation of the error admitted. This indeed makes the 
method of majorizing solutions effective in our case. 


4. BOUNDARY CONDITIONS 


To have a complete solution of the given problem, we must have an explicit expression for the function 


q of Eq. (7a), as well as for a(¢) the function used to specify the boundary conditions. 


To obtain an explicit expression for q we must calculate <e>}. Noting that 


Ke? g = OF Ce), (21) 


and making use of well known formulas for the probability of emitting a photon of energy ¢, we obtain 
the expression 


<s*>¢ = (55 / 24 V8) (he*e? / KR) (E / myc*)’. (22) 


Together with (21), this gives the explicit expression for q in (7a). 

To set up the boundary conditions for the present problem we must know the maximum allowable phase 
deviation from equilibrium. These maximum allowable deviations are not the same in both directions. 
Within the framework of the linear theory, however, they must be equal. This condition alone makes it 
impossible to introduce the boundary conditions exactly and uniquely in the given problem, so that some 
arbitrariness remains. For arbitrary boundary conditions, however, the above method of majorizing 
solutions is equally applicable to all cases. 

We shall now show how to state the boundary conditions in a way which would seem to take fullest 
account of the nonlinear effects. In so doing we make use of the previous results.’ 

We have already noted above that the main difference between the results of the linear and nonlinear 
theories is due to the different potential-well depths. If the well depth is taken from the nonlinear theory 
and the maximum allowable deviation in the linear theory is chosen as that corresponding to this well 
depth, then the linear theory will have accounted for the fundamental nonlinear effect. On the basis of this 
concept, Eqs. (4) and (5) give the following expression for the quantity entering boundary condition (7d): 


a (C) =2(1 — 9, cot eaten (23) 


5. SUMMARY 


The formulas presented above give an explicit analytic solution of the problem under consideration. 
It is not necessary to illustrate the application of these formulas to any particular example chosen at 
random. We make only two remarks. First, the equations of the present work again emphasize the prac- 
tical importance of the phenomenon under consideration even for electron energies of the order of 1 Bev. 
Second, they show the unavoidability of strong focusing at electron energies of several Bev. 
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We investigate the possibility of observing deviations from Ohm’s law in metals at low tem- 
peratures. 


In order to observe deviations from Ohm’s law in all metals (apart from bismuth!) it is necessary to 
have huge current densities of the order of 10° to 10° amp/cm?. This is connected with the fact that the | 
energy gained by an electron between collisions is small. Since on decreasing the temperature the mean | 
free path increases considerably, we can expect that the observation of nonlinear effects should, as a 
matter of course, be done at low temperatures. The present article is thus devoted to an analysis of this 
possibility. 

1. At large current densities it is not possible to assume that the symmetrical part of the electron 
distribution function agrees with the Fermi equilibrium function. However, one can successfully approxi- 
mate the symmetric part of the electron distribution function by the Fermi function, be it at a tempera- 
ture different from the lattice temperature,?*4 in those circumstances where the time between collisions © 
between the electrons, which is given by the equation ; 


mihrmrss 
Tee = q, nu cs) ’ 


(where qd, is the cross section for electron collisions (qe ~ 1075 cm”), n is the number of electrons 
per unit volume, ¢ the Fermi energy, v the velocity at the Fermi level, and © the temperature of the 
electron gas”’*), is considerably less than the time tye] necessary to.transfer energy from the electron 
to the lattice. We calculate tye] using the value of the heat transfer U found in Ref. 4. 


U = (ms? n/%, T>) (88 — Tyg lO wlaea Leg (1) | 


(here and henceforth we omit numerical factors of the order of unity; see Ref. 2). In Eq. (1) m is the 
electron mass, s_ the velocity of sound, T the lattice temperature, Ty) the Debye temperature, and 7) 
the relaxation time of the electrons at T=T,) (putting O=T). 

The heat balance equations are of the form 


Ce 00 / Ot = — (ms? n/t) T3)(8° — T°), Con OT / Ot = (ms? n/t T8) (8° — T®), (2) 


where C, = n@/¢ is the electronic heat capacity and Cph * n(T/T))*® the phonon heat capacity (we con- 
sider temperatures well below Ty). 
Taking into account that © ~ T we have from equations (2)* 


colo) msl (TT. tm. 


5 2¢ my (3) 
Tt To / ms 6 (Li VR 


tre) = 
Comparing these expressions with Tg,, we can satisfy ourselves that the time to produce the elec- 
tronic Fermi distribution is less than tye) down to temperatures of the order of 0.1 to 1°K (depending 
on the metal). This enables us to use as the electronic distribution function the quasi-equilibrium func- 
tion f)(@) (@#T) down to sufficiently low temperatures. 
2. In calculating the resistance of a metal one usually assumes that © = T. This is natural if one is 
not interested in nonlinear effects. If @ # T the conductivity depends both on the phonon (lattice) tem- 


*In Ref. 4 we gave only the second equation of (3) and the region of applicability of this equation was 
not indicated. 
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perature and on the electron temperature. One can easily show that 


3 = (ne (8, T)/m) {1 — 7202/1202}, ; (4) 


| where 
! 


Lc(O3P) =)/timpt I/tep(T, 0) + 1/tee (9). (5) 
In equation (5) Timp’ Tep and Teg are the relaxation times referring respectively to collisions with 
impurities, with phonons, and with electrons. 
The quantity Timp does not depend at all on the temperature, and Tee depends only on the electron 
temperature (see Sec. 1). The evaluation of the temperature dependence of Tep proceeds in the usual 


way (see, for instance, Ref. 5) with only one difference, namely that we assume the electron and phonon 
temperatures to be different (© # T). The result is 


4 ins 4 (05 —T®) 
Fog. 0) stenuh) {! + 378 I. (6) 


Here T,,(T) is the value of this relaxation time in the isothermal model. 
To determine the electron temperature it is natural to use the heat balance equation 


pj? = U, (7) 


where p is the total resistivity which is practically equal to the impurity resistivity, p* m/ne*Timp: 
From Eqs. (7) and (1) it follows that 


@° = T° + (j/nes)” Gimp/to) To a 
or 


F  (ilnes)* Gimp /*) (TolT). (9) 


Using expressions (4), (6), and (9), and the value of Tg,(9) we find the way the resistance depends on 
the current density (we assume that AT « T), 


Ap/p = (j/nes)* {1 + lep(T)/2lee (T)}. (10) 


The £’s in this equation are connected to the 7 through the relation 2 =vt. We see from this equation 
that nonlinear effects increase with the ratio Ley /~ee, Which in turn increases as T~? with decreasing 
temperature. 

Our considerations are no longer correct at very low temperatures since the condition AT « T is no 
longer satisfied. We shall consider another limiting case, namely, T=0. We have then from Eq. (8) 


@ =T, Gimp/t)"" (j/nes)"s, 
and thus for T = 0 
Ao/p = (j/nes)? + (cscs /t,,,) (j/nes)"'s (11) 


ee imp 0¢ee 


(where Tyee = Tee (To)) where the first term corresponds to the creation of phonons and the second one 
to electron-electron collisions.* 

We notice that Eq. (11) is, strictly speaking, only justified for those current densities which produce 
an increase of the electron temperature to 0.1 to 1.0°K (see Sec. 1). If the current density is less, it is 
impossible to speak about two temperatures, and Eq. (11) must be assumed to give a purely qualitative 
description. 

Finally we note that we must apparently look for nonlinear effects at low temperatures in those metals, 
for which a large part of the resistivity is due to electron-electron interactions. 

If Len /hee ~ 103 to 10*, we can expect an increase in the resistivity of one per cent for currents of the 
order of 10° to 10° amp/cm?. 

Apart from the paper by Ginzburg and Shabanskii, the papers by Shabanskii®’?»® are also devoted to a 
theoretical discussion of nonlinear effects in metals. In those papers the author has tried to extend the 
Fokker-Planck method to the case of a temperature well below the Debye temperature. It seems to us, 


*If we assume that the metal does not contain any impurities, we have at T = 0, 


3 A 4 
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however, that one can make serious objections to an application of this method to these cases. The troubl) 
is that the terms which are neglected in the expansion of the collision integral for T «< Ty are of the 7% 
same order of magnitude as the terms which are left in [see Ref. 6, Eq. (4) ]. 

The inapplicability of the Fokker-Planck method to the problem under consideration can clearly be see 
from the fact that the directly calculated coefficients A, and A, (see Ref. 6) do not agree with the 
values obtained by the author from the condition S(fy) = 0. Apart from that, the author arrives in Ref. 7 
at the paradoxical conclusion that the resistivity of a metal must go to infinity as T — 0. i 

We shall not compare here all our results with the analogous equations of Refs. 6, 7, 8, although sev- 
eral of them agree in order of magnitude with the equations of those papers, in the case of small temper 
ture differences (AT « T). 

The authors would like to use this opportunity to thank I. M. Lifshitz and E. S. Borovik for discussion ! 
of the problem considered in this paper. 
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INVARIANT REPRESENTATIONS OF THE SCATTERING MATRIX 
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The scattering matrix S for the reaction a+b-—a’+b’ is expressed in terms of a finite 
number of spin operators Q;, each invariant under rotations and reflections. A method for 
constructing the Q; is given, and their number is determined for a reaction with given initial 
and final spins. The restrictions placed upon the form and number of the Qj; by the condition 
that the scattering matrix be invariant under time reversal are considered. Examples are 
given in which S is represented by the Q; for several reactions. 


Tue scattering matrix S(k’,k) for the reaction a+b—a’+b’ isan operator in the space defined by 


the spins of the incident and scattered particles, and is a function of their relative momenta k, k’. Since 
S is invariant under rotation, it can be written in the form 


S(k’, k) = DAs (k’k).O) (kok 7), (1) 


where the Q;(k’, k, T) are invariant operators that depend on the vectors k’, k and on the matrices T 
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\(Ref. 1) which take the system from its initial spin state into its final one. The A: (k’k) are invariant 
function of the scalar product (k’ k) and the total energy of the system. The pepresenration (1) is conven- 
ient to use in studying the general properties of scattering matrices, investigating reactions with polarized 
\particles, carrying out phase analyses, and similar problems. 

In the following we examine the representation (1), find the connection between the operators Q; and 

| the angular operators L(k’, k)*, give a general method for constructing the operators Q;, and determine 
_ the number of operators for a given reaction. : 

In Ref. 2, the matrix S(k’, k) was written as a series 


| S(kK’, k) =D ShrsisLivsis (k’, k) (2) 


: ; fi 
| over invariant angular operators L. The coefficients S i . in the expansion are functions of the total 
energy only. The operators L are matrices whose elements L(a’, a) are given by the formula 


Laas Kiet ikea) iD Cra 28 Cian PV pelk’), V imap (K) Ose (o”) sy (@) (3) 
Mp.’ 
| (for notation, see Ref. 2). Upon choosing the x, y, and z axes to be in the directions of the vectors 
E ((kKxk’) xk) kxk’ 
vi—(e ky?” Vi-«& ky? 


z=k itis not hard to see that (3) becomes 


L (k’ a’, ka) = D) Lyttsis (k’k) QE (a’, a), ed 


p/p 


, ss as A 
where Lie sis (Wk) = V2041 cst Hs S’p! ale 6 , (k’ k) are invariant functions of (k’k) = cos @ 


2 y—p 
, 

and Qf (a’, a) = Qgryr (2) (a) are invariant spin operators which take the spin of the system from 

S,p to S’,p’. These operators (matrices in a’, a) are equal to by Ou a and can be expressed as 

invariant functions of the matrices T (Ref. 1) and the vectors k,k’. Forexample if S=S’= , then T=o and 


a1 

Qii(a’, a) =3(1+0z),,, = 211+ (7k)]qy- In the general case, the operators Qkie can be written in 
22 

terms of Racah’s spin-tensor ri) through the relation 


S’+S 
p/ S/ +} 3 S'—pls S, 
Qs = HY nt MCT Re 
n=|S’—S 


From the properties of the T matrices, it follows that the operators Qgrg are polynomials of degree 
S +S’ in the components of T. Hence, elas = Qs (k’, k, T). Each angular operator L(k’, k) can 
therefore be expanded into (2S’ + 1) (2S + 1) spin operators, with coefficients which are known functions 
of (k’k). Actually, however, there are fewer than (2S’ + 1) (2S + 1) spin operators in (4) because parity 
is conserved in the reaction a+b— a’ +b’. 

Indeed, from the symmetry of the Clebsch-Gordan coefficients and the properties of the functions 
99m it follows that 


Lae KS tay Eye (ICR). 6) 
Hence (4) can be written 
Tpes(Koky eo el Ore to Et) Dy IQh ete I Eee (6) 
CANS p/=0, p> 


where £ = (— 1)£—£+S’-S+u'-4, since parity is conserved, #’—£ must be even or odd according to 
whether the intrinsic parity of the system changes or not during the reaction. Hence — and the operators 
shown in brackets in (6) do not depend on £, £’. We choose these operators to be the Q;(k’, k, T). From 
(6) it follows that if the spins S, 8’ are half-integral, then the terms with p’ =0 or p = 0 in (6) are 
absent and L(k’, k) is expressed in terms of 3(28’ + 1)(2S + 1) operators Q,. If S, S’ are integers, 
then all terms are present in (6). In this case, if & —2+S’—S is odd, from (5) it follows that Lees 0 
and L(k’, ky is expressed in terms of 28’‘S + S’ +S operators Q;. If, on the other hand, ”—2+S’—S is 
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even, then L” 4 0 and L(k’, k) is expressed in terms of 28/8 +S’ +S+1 operators Q;. 

In this way, the angular operators L(k’, k), and with them the scattering matrix S(k’, k), are wit 
in terms of a finite number r of independent operators Q;(k’, k, T), For half-integral spins, r =3 (2S’ 
+ 1) (2S +1), while for integer spins r = 28/8 +S’ +S+1 or r= 29’S +S’ +S depending on whether the 
number ’&— +8’—S is even or odd. 

It is clear that instead of choosing the r independent operators Q; to be as given by formula (6), one 
could equally well have chosen any linear combination of these (with functions of (k’ k) as coefficients), 
in particular the first r angular operators L(k’, k). 

In addition to being invariant under rotations and reflections, the matrix S must be invariant under 
time reversal, i.e., the matrix elements between states YSu k and Yor, must be equal to the ma 
elements between the time-reflected states Ug, —p'—k’? Ys —p -k: This leads to the condition KSK “=S 
(Ref. 3), or in detail 


<= 


(Ske nS (eae (7) 


where K is the Wigner time reversal operator,’ including complex conjugation. The angular operators 
L must satisfy relation (7), which now becomes 


(KLovsis K *)wa, ko = Lingus: (ka, k’ «’). (8) 


Hence (7) establishes a connection between the coefficients at eis and Sere in the expansion (2), i.e. 
between the direct and time-reversed reactions. 


Sisis = Shisus:. (9) 


For inelastic processes (i # f), or processes involving spin change (S’ # S), (9) does not restrict the 
matrix S. However, for elastic scattering (i =f, S’ = S), (9) becomes a relation between the coefficients 
of one and the same reaction. Hence the operators Q; now appear in the matrix S only in the combina- © 
tion Q;(k’, k, T) + Qi (k, k’, T), and the number of independent operators Q;(k’, k, T) decreases by the 
number t of relations STegers = Sips g where L # 2. For half-integral spin, t =S?—1!/4, while for 
integer spin, t =S?. Hence for purely elastic reactions, the number of spin invariants is (S + 1)? —/4 or 
(S + 1)’, depending on whether the spin is half-integral or integral. 

As an example, we write out the matrices S(k’, k) in terms of the operators Q; for several reactions, 
the + and — signs indicating whether the intrinsic parity is conserved or not. 


lS == S%== "fs, --. S(k k)== A= 7 (on) B; 
—. S(k’, k) =(¢k’) A+ (ck) B. 
2,.S=S'=1, +. S(k’, k) =A-+ i(Sn) B + [(Sk’) (Sk) + (Sk) (Sk’)] C+ 
+ (Sk’)?D-+ (Sk)? E, for purely elastic processes, E = D 
—.S(k’, k) = (Sk’) A + (Sk) B + i (Sk’) (Sn) C + i (Sk) (Sn) D. 
3. S = 1,8" 10 and S= 0, SS 1, SKE, 
—. S(k’, k) = (Tk’) A + (Tk) B. 
4. ¢Pb-a"+07/,S=S' =the 
S (k’, k) =i (me) A + (ee) B + (ck’) (k’e) C ++ (ck) (k’e) D. 
9. {tb—y7 +5, S=iS’ = 1)/,- 
S (k’, k) = (e’e) A + (s’s) B + i (¢[e’e]) C + i (0[s’s]) D + i (ck) (s’e) E + 
+ i (ok’) (e’s) F + i (ck’) (s’e) G + i (ck) (e’s) H, 


for purely elastic processes, F =—E, H = —G. In these formulas n =k’ X k, s =k Xe, A, B,..., H are 
functions of (k’k) and the energy of the system. As mentioned above, invariants other than those given 
above could have been chosen, for example, a corresponding number of angular operators L?, 


JE. Condon and G. Shortley, The Theory of Atomic Spectra, Cambridge Univ. Press, 1935. 
V. I. Ritus, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1536 (1957), Soviet Phys. JETP 5, 1249 (1957). 
3K. Watson, Phys. Rev. 88, 1163 (1952). 
*E. P. Wigner, Gott. Nachr. 31, 546 (1932). 
Translated by R. Krotkov 
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Dispersion relations are discussed in the framework of nonrelativistic theory. It is shown 
that the energies, parities, and certain spectral coefficients characterizing the bound states 
of the system can be determined on the basis of scattering data. Some characteristics of 
the deuteron are determined by using the n—p scattering data. 


Tue dispersion relations for the scattering amplitude are usually formulated on the basis of relativistic 
field theory. This leads to a number of difficulties, which with few exceptions preclude the obtaining of 
applicable results. We shall discuss dispersion relations in the framework of nonrelativistic theory. 

In order for dispersion relations to exist, it is necessary that the scattering amplitude be an analytic 
function of the complex energy and be bounded for E — ~, However, in the nonrelativistic case, the 
scattering amplitude behaves like e“2ikR for k — co, where k is the wave number, and Ry is a radius 
beyond which the interaction vanishes. Dispersion relations can be written only for the function F(k) 
= f(k, 6, g) e2iKR, R > Ry. Let us denote 


F,(e) = Ref (, 9, 9) cos 2kR -— Imf (k, 9, 0) sin2QhR, F,(e) = Ref (2, 9, ©) sin 2kR + Imf (k, 8, 2) cos 2kR. 


From the Cauchy theorem we then have: 


4 2k’ dk’ ; wh --2|/k,[R 
Fy (k) = —\ pS Ee Pile )— > k++ | R, |? c v 
0 X 
1 2kdk’ ky. —21k,|R 
ee N pak ee ene ENS Ne OE 
Pil@) = \ Eom Polk pa [e+ TR) 


Here k, are the poles of the scattering amplitude that lie on the upper half of the imaginary axis, and 
v, =—Res f, the residues at the points E = E). The following integral relations also hold 


ote Va pal ha LR. ae nhl 2] IR 
=| GE Qa ee —\ kdkF, (k) = de 
0 Xr 


0 


The coefficient v, is connected with the asymptotic part of the wave function of the stationary state. 
To show this we write the (elastic) scattering equation in the form 


Te Viet Vile INV 9 Lil =O (1) 


Here T is the scattering operator introduced by Lippman and Schwinger.! We now investigate the scat- 
tering of a particle by a nucleus in state A. Let $, be a normalized wave function for channel a 


DO, = (Qn)~*he"Kar Aa (Da, @,) = (ka ors ka) DA Aaa’: 
We designate by ¥, the solution of the scattering problem 


*The first conjecture that the bound states can be found from scattering data by analytic continuation 
of the S matrix is due to Heisenberg 
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PaO, (Eh See 


The scattering amplitude for the transition from state a into state a’ is given by 


facale, 0, o> — oe (Oe er Da): (2 


The integral equation (1) allows an analytical continuation into the complex E plane. From (1) and (2) o 
can easily obtain the residue of the scattering amplitude —- 
[Res fax ale, =— 2x? >) (Pa, VP) (Va, Va). 
AEF, 

Here the summation is over all quantum numbers A characterizing the state with energy E r° The func 
tions @,, and , are the appropriate analytical continuations of the respective plane waves. At large | 
r, where the interaction vanishes and where the angular factor becomes insignificant, the wave function | 
has the form exp (—lk, | r) g,/r. The factor g, depends on angular, spin, and other variables. For thy 
scalar products we obtain 

(Da VE) = —(2/z) gn, (Fa Va) = — (2/z)*aga. 


The number I), which equals +1, characterizes the parity of the state A. In the particular case of | 

elastic forward scattering a=a’,k=k’ and 
y= wy >; g. 
hE EQ 

This shows that the sign of v, determines the parity of the bound state ). The absolute value of V> 
is proportional to the virtual decay, i.e., to the probability that the bound particles of the system separat 
to a distance larger than the range of the forces. | 

We now apply the dispersion relations to the concrete problem of neutron-proton scattering. We utiliz: 
the fact that the n—p interaction can be well represented by the potential function V = V(r) 6(r—r’). 
One can show (we shall not give the proof here) that the forward-scattering amplitude for this potential, ¢ 
a function of the complex energy, is bounded for E — © and approaches the limit 


eo — Ee \V (yar. 


Cauchy’s theorem can be applied to the difference f(k) —f(~), where f(k) is the forward scattering 
amplitude. Let f,(k) and f,(k) be the triplet and singlet scattering amplitudes respectively. Let furthe 


fo(e) = Re [> fe(A) +z .(8)], 


and let the cross section be o = °/4 Oy + V4 O,;. The dispersion relations then become 
ft) —fO=ss\ Goetz 
0 

Here v, is the spectral coefficient and k, the reciprocal of the deuteron radius: k, = 1/Rp; Rp 
= 4.314 x 107 ecm. The-n—p scattering cross section is known with good accuracy up to high energies, 
We performed the integration to an upper limit corresponding to 70 Mev. The contribution from the dis- 
carded part of the integral does not exceed a fraction of one per cent. The computation was performed fo: 
values of k corresponding to 1, 2, and 5 Mev in the laboratory system. The coefficient vy was obtained 
from the dispersion relations and found to be roughly the same for all energies, (7.5 + 0.4) x 10! em}, 

The positive sign of the spectral coefficient indicates the even parity of the wave function of the deu- 
teron. The spectral coefficient can be obtained independently from a model of the deuteron. For example: 
in the approximation of effective-range theory one obtains the expression vy = 2/(Rp —Yrot) which gives 
a value 7.7 x 10% cm=!, The discrepancy between this value and the value obtained from the dispersion 
relations is small and well within the limits of possible errors. 

In conclusion the author wishes to thank Professor A. S. Davidov for his interest in this work. 


Rv, 


(2 RD) 


"B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
Translated by M. Danos 
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HARMONICALLY OSCILLATING CONTINUUM. II. THE CASE OF TRANSLATIONAL 
SYMMETRY 


V. M. BUIMISTROV and S. I. PEKAR 
Physics Institute, Academy of Sciences, Ukranian S.S.R. 
Submitted to JETP editor, May 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1271-1276 (November, 1957) 


The method developed in the preceding paper! is extended to the case of a system with trans- 
lational symmetry (there is no external potential field and the particle is not localized). The 
variational method is used to calculate the lowest energy levels and wave functions of the 
system described by the Hamiltonian of Eqs. (1) and (2). The trial function is chosen in the 
form given by Eqs. (5) and (6). This method is applied to the polaron problem. In the limit- 
ing cases of weak and strong coupling between the particle and oscillations the calculated 
energy agrees with the exact result of perturbation theory (in the second approximation) and 
approaches Feynman’s result for strong coupling.” 


Ix a previous article! we have treated particles interacting with a harmonically oscillating continuum 
while in a particle-localizing external potential field. This latter field removed the translational sym- 
metry. In the present article we shall treat the problem without this external field, so that the particle 
may move through all space. It is assumed that the Hamiltonian of the system is of the form 


h2 1 
H=—¥ a 4.4 She, (g2 — 0/092) + Dieg,x_, (0)- (1) 


Here r is the radius vector of the particles, m is its mass, the w, are the natural frequencies of the 
continuum, « is the wave vector of the continuum oscillation, the q, are the normal coordinates of 
these oscillations, the c, are the coupling constants of the particle with these oscillations, and 


Xx (tr) = V2/V sin (or + 2/4). (2) 


The y,(r) form a complete system of orthonormal functions in the fundamental volume V of the period- 
icity, a volume chosen in the form of a cube. Such a Hamiltonian is obtained, for instance, when the mo- 
tion of a conduction electron interacting with crystal lattice vibrations is considered. A similar Hamil- 
tonian occurs for a particle interacting with a quantized field. 


1. CHOICE OF THE TRIAL FUNCTION AND DETERMINATION OF THE FUNCTIONAL H 


Ordinarily, the continuum oscillations with wave vectors k and —Kk have the same frequency and 
coupling constant, so that we may write cy, =C_x and Wy = Wy. The normal coordinates q, are 
usually the coefficients of the Fourier expansion of the deformation of the medium or field. In the present 
case we shall expand in terms of the basis functions given in Eq. (2). Let the translation operator Tg 
denote the following change in the configuration of the system: the particle and the whole deformation of 
the medium undergo a space translation by the vector a. Explicitly, the definition of its is 


Taf (1, Ju. Q—x) =f (f +4, 9x Cos xa — J_y Sin %a, J—» COS %8 + Jx sin %a). (3) 


It is easily shown that H is invariant under such a translation. Thus the exact wave functions of the 
system may be chosen, as is well known, so that they be eigenfunctions of all the T, (with all possible 


a) that satisfy the equations 
TaD, = ek@Dy. (4) 
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It is well known that the total momentum of the system is represented by the operator P = —ih (VgTg) a=. 
The , are then eigenfunctions of this operator belonging to the eigenvalues hk. 
The trial functions we choose for this system are 


@, = AV exp {— ikd} Te¥ (a), (5) 
W = (28 / x) exp a pre— 5 (e+ -y In =)} 1 Xe =O +821 T= Gu — Ge x (F)- 6) 


The form of (6) is taken from our previous work,! and the ay, Sx, and pf are to be the variation param- ; 
eters. For arbitrary real k the function of Eq. (5) is an exact simultaneous eigenfuction of T, and P. 
Since the 4, with different k belong to different momentum eigenvalues, they are mutually orthogonal. 

According to the variational method in quantum mechanics, we must obtain an extremum of the func- 
tional 


i= \ D,HO,dz, 
with the subsidiary condition [{4,d7 = 1. It is easily shown that 


eV \ dz \\ exp {ik (E; — &)} (dé) (dy) Te, WHT 2,8 = AAV \ dz \ exp {ik=} TE¥"HY (d2). (7) ) 


This is done by applying T_ 2 to the whole integrand in (7) (this does not change the value of the integral) 
and making use of the invariance of H under translation. The normalizing integral can be similarly 
transformed. 

After changing from the variables r,..., q,,... to the new variables r,...,q,,... the Hamiltonian 
can be written in the form 


= ere ae aoe ak Ke ass Q 
gill cree ith eri IAN SDN Mile ~ nw 2 (V0 740) igag, 1 ame SMa 7s 
(8) | 
1 F ' a) , 1 
I, = — Di hogs, le = DO On ee) > (+ toa! + Oxdy) x(t), ts == + Dio, 5 : 
x x x = x Vy. 


The value of the Jacobian of the transformation indicated in (7) is just unity. The integration over the ne 
variables can be performed exactly. We introduce the notation 


Fa lex {— 3 Sc — cos x3) — %} 7 & coské (fh, (9) 


x 


where 


T= \ exp = etl — cos %§) — cos k§ (dé), (10) 


8 
a wf = = 3h23 h2B2 oy = R23 <a Sanaa cornencpeaamet en 
H= et ee ee = — —? & i s 
2 ahr m bite mVV Diansse wise (xf) sin (6 / 2), 
a hk? 2 Rh? 1 ————_ —_ —__—_____, 
fleeces D) aie? — DmV >) Ae, SxS, (1421) €~ "188 Sin (5/2) Sin (%,8/2), 
x %; Ke 


= = (11) 


= 4 Puree = 
Ig=0, J5= => ho, (1 + sz) + a ha,sy Cos x8, “Ig = —V-" S) (heya, + cy) 8e—*'188 COS (xz / 2), 


= 4 t 3 oe aaa 
it = vale ho,a?, ++ Cet) Ios == Dito, (1 — sy) + — Drea, 5% cose, 
x x 


In obtaining (11), the ay and sy are restricted by a, =a_, and Sx =S-,. For the a, and s, we 


shall use, for simplicity, expressions previously obtained! by minimizing H in the approximation without 
translational symmetry, namely | 


ee c, (1 —e~ **/4B) ee 
. (Rx? / 2m) + he, (1 — eB)? (a. + qa) (12) 


Somewhat more exact but more complicated results could have been obtained by determining the ay and — 
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3x from the extremum condition of the functional H given by (11). 


_ It follows from (11) and (12) that 


A 41 3n23 4 GA nl c2 (1 — e148) 
= >= ha, a 
H Divx he + eae 
x 


| Dra BV 2 55,a/omytho, (he) 
GAC res hk tea aS a ec SE 
3 inc a D) 28.6718 (x8) sin (#8 / 2) + » ees [cos (x&) — 2cos (xz /2)| (13) 
4 . q See ene Pee Se 
+ 2 hows — pe D1 Bulle Sur, (M1) C—O —88 Sin (E72) sin (18/2). 


x, x1 


Here the first four terms agree with the previously obtained expression for H in the absence of the 
additional external field V(r). The remaining terms in (13) arise as a result of the transition to trans- 
lational symmetry in the trial functions of (5) and (6). These are the only terms which depend on the 
momentum of the system. 


2. DEPENDENCE OF THE ENERGY ON THE MOMENTUM 
AND ENERGY OF THE POLARON GROUND STATE 


In an attempt to make the problem more specific and to perform some numerical calculations, let us 
henceforth consider the particular case of a polaron when there is no dispersion of the optical lattice 
vibrations (w, = w). In this case we have 


Cy = —e V 4xho,c/|«| c= 1/n? -- 1/e. (14) 


Here e¢ is the static dielectric constant of the crystal, n is the index of refraction, and e is the elec- 
tron charge. In Eq. (1) m is the effective mass of a band electron. 

Let us first consider the limiting case of strong coupling between the electron and polar crystal vibra- 
tions, that is the case of large c. We replace k and c by the dimensionless wave vector k’ and the 
dimensionless coupling constant a given by 


1Ie "Ie 


k /3rlth 2e4¢? 2 
esi aa eo = Sr a= So (me): (15) 


e cB, hile 20. 


Let us now expand H as given by (13) in a power series in k, retaining terms of order k®, k’, and 
k*. We then expand each coefficient of this series in inverse powers of a, retaining terms of order a, 
a, and a~*. To do this we expand the trigonometric functions of (ké) in the last four terms of the 
integrand of (13) in powers of (kKé) up to terms of order (kKé )* inclusive. The result so obtained can 


be simplified by averaging over angles in k-space, which leads to 


co 2 


= =f (np? #23 : howe eh Ne ( ef 2) | 

= 2 as D —x{8B 52 — ——— SyX — AySye %?/8B 7)N. 
A R (8) oe [ om Gn VW Danse “s 24 2 : 24mV 2 (n+ 3) n! pa eee Ue 

(n —even ) 
oo 9 

= #23 S| Bre, Tho Sue h2 > 4 SV 5 ye—* 186 yA s) Poe 788 yi] (16) 

vy | sim V7 Bee tga C1e ard Ptah (as) Se 
x oe n=0 x 1 


y=%/2VB, raf eV Pe 


Here R(f) is the sum of the first four terms of (13). It is now necessary to calculate £? and e with 
the required accuracy. This is done by expanding the arguments of the exponential in (9) and (10) in . 
powers of (kf), leaving the term of order (ké )? in the exponent, and writing the exponential containing 
higher powers of (ké) in the form of a series. We then obtain 


xh es oe Pe es ee en ee ee 
ee ee a 4 p18 a neeretart al; ee ee (17) 


where 
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If we now calculate all the sums over xk by replacing them by integrals in x-space, then (16) leads te 
H ~, , , 27m-0,096 a Bien 4, 1 pax, 9n-2.29 va 218 ‘ 
FLSA Aor — 3 VC + EO [SF + Bt 8 (— os — + a 

: (18 


is ae ee 15. Vhs eeneege = 
x (1+ 50.043 )[— 0% + 0.086 — 0.2356" + FF 0.098 |+ sr 0.649 [2a tae et], S=B/ Po. 


The value of ¢ is found from the condition that H bea minimum. The expansion of ¢ in powers of| 
a is of the form 


C= 1+ 6ra-? (— 0.68 + 0.21 2’). (19 
Inserting (19) into (18) we obtain 
H 10.8 14 1-28 
pea pe 2.73 +-#[0.16 + SA] —esce, (20 


A = —(0.106a8 4 2.73+ SP) he + ota, M=155(45) [1+ T]tm, N= —9.7-108 (AY) mtr. (21 


In the limiting case of weak coupling Eq. (13) leads quite simply to the first terms in the series for thi 
ground state energy and effective mass by setting sx = 0 and 


Ay = — Cy/[(h?x?/2m) + hw (1 — e-**48)) 


(these are the asymptotic values of the sx andthe a, as given by (12) in the limit as c—0). The re- 
sult H = -ahw+ P*/2m coincides with the exact one. We have not calculated further terms in the 
series. Allcock® summarizes the results of various authors’ calculations of the polaron ground state 
energy and effective mass. Comparison of these results shows that in the intermediate-coupling region 
(a ~5) Feynman’ obtains the most accurate result. Expression (20) obtained here gives a somewhat 
lower ground state energy for a@=5 (at least by 7% if the term of order c? in Feynman’s expression 
for the energy is positive, as he himself supposes). 

The convergence of the power series in 1/a? for the ground state energy is much better than that of 
the analogous series for the effective mass. It is therefore desirable to obtain the subsequent terms in 
the power series in a’ for the effective mass for real ionic crystals (a ~ 8). 

Nevertheless, let us give the effective mass of the polaron in NaCl as calculated according to (21). 
This is M = 49 m (if we assume‘ that a? = 77 in NaCl). The Feynman-Allcock formula! (the first two 
terms in Feynman’s expansion) gives M=40.8 m inthis case. For a polaron kinetic energy equal to 
about hw in NaCl, the P*/2N term is about 20% of the P?/2M term. 

The authors express their gratitude to Iu. L. Mentkovskii, who checked the calculations. 


‘VY. M. Buimistroy and S. I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1193 (1957), Soviet Phys. 
JETP 5, 970 (1957). 

2R. P. Feynman, Phys. Rev. 97, 660 (1955). 

3G. R. Allcock, Advances in Physics 5, 412 (1956). 

4S. 1. Pekar, Uccnegosanua m0 91€KTPOHHOH TeopHu KpucratuoB (Investigations in the Electron Theory 
of Crystals), Gostekhizdat, 1951. 
Translated by E. J. Saletan 
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| ON THE PROBLEM OF THE EXCITED STATES OF NUCLEONS 


N. F. NELIPA 
Physical Institute of the Academy of Sciences, S.S.S.R. 
Submitted to JETP editor, May 29, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1277-1281 (1957) 


It is shown that within the limits of the Markov equation,! two different classes of excited 
states exist for the nucleon: short lived (nuclear times) and long lived (~ 107‘ sec). These 
states may be identified with hyperons. Taking account of the latter in intermediate states 
leads to resonance effects. The scattering of 7 mesons by protons is used as a methodo- 
logical example. The calculated maxima in the total scattering cross sections are quite 
close to the experimentally observed values. 


I. Markov! has proposed a nonlocal equation for the description of excited nucleons. We wish to point 
out an interesting peculiarity of the Markov equation. It appears that two very different classes of excited 
states exist within the framework of this equation:* short lived (nuclear times) and relatively long lived 
pw 10-10 sec). Generally speaking, the excited states of the nucleon may be identified with heavy particles. ! 
Then unstable and relatively stable heavy particles will correspond to these classes of excited states. 
Taking account of these particles, similar to isobars,? may lead to resonance effects in intermediate 
states. As an example having methodological significance, the scattering of m mesons by protons is con- 
sidered. If the first excited state of the nucleon is taken®»* to be a A° particle, for example, calculations 
lead to the presence of maxima in the total m —p scattering cross sections at m -meson energies close 
to those found experimentally. Thus, in principle, a new possibility emerges for the explanation of exper- 
imental facts. 

2. The Markov equation is 


{yv0 / OX, + a [0? / OC,0C, + V (6.0,)]" + 19 + W (x’)} b = 0, (1) 


where fy = af rg is a dimensionless internal degree of freedom, rp is a constant with the dimensions of 
length, X, is the coordinate of the “center of mass” of the particle, W(x’) is the energy operator of the 
interaction between the meson and the nucleon fields, and a and mp are constants. 

It is characteristic of Eq. (1) that the interaction W(x’) is considered to be point-like, but displaced 
with respect to the “center of mass” of the particle (in the simplest case, Xp = Xp+ry); quanta of the 
field (for example, mesons) may be emitted and absorbed at any point of space surrounding the nucleon. 

The choice of a concrete form of Eq. (1) is quite arbitrary because of the indefiniteness of the expres- 
sion for V({é,f,)) and the value of n. However, to elucidate the possibilities of Eq. 1, we may limit 
ourselves to the case of n=1 and 


1 


V (Gan) = by + 2 Ae 4 
Then the wave function of the unexcited Eq. 1 will have the form 
b = U(X) Xnnnn, (Sy). (3) 
The function x describes the internal states of the particle. The set of numbers (nj, ng, Ng, No) 
characterize the degree of excitation of the nucleon. For the excited state of a nucleon with nonvanishing 
momentum p, 

Lnynyngny = NH n, (61) Hn, (G2) Hn, (Ss) Hn, (So) EXP {+ [Coby + 2 (psy)? / Mol > (4) 
where N is a normalization factor, H,(é) isa Chebyshev-Hermite polynomial, and My is the mass of 
the unexcited nucleon. 
~_* This results from the existence of definite selection rules for the matrix elements over internal 


variables. 
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The function u(X) in Eq. (3) describes the motion of the “center of mass,” and is a solution of the 
usual Dirac equation with mass ‘ 
Mn = My + a(n + Ne + M3 + My + 2) = M, +4 (n+ nz + n3 + Np). (5) 


The constant a characterizes the energy spacing between two excitations of the nucleon and is determined | 
by experiment. The equidistant spectrum is due to the coice of V (cy Gy), in the form of Eq. (2). 

It is clear that the Markov equation yields an increasing mass spectrum, Eq. (5), and is thus essen= 
tially different from other relativistic equations for excited elementary particles (see, for example, 
Ref. 5). 

3. We shall show now that definite selection rules exist for the matrix elements over internal varia- 
bles, which leads to two classes of excited states of nucleons: short lived (allowed transitions) and 
relatively long lived (forbidden transitions). 

For definiteness, let us consider the matrix element of the transition of a nucleon with momentum [po 
and any (ny, Ny, Nz, Ng) into a state with momentum p’ and any ( nj, 05, N3, No), with absorption of a meson 
with momentum kp (so that p’ = py + ko). To simplify the calculations, we transform to the center-of- | 
mass system of the meson and nucleon, (i.e., set Py + ky = 0). The momentum of the nucleon in the in- 
termediate state in the c.m.s. is zero in this case, and therefore the form of the function y is simplified. | 
Moreover, we orient the x-axis along the nucleon momentum in the c.m.s. and limit ourselves to the case 
of pseudoscalar interaction between the meson and nucleon with pseudoscalar coupling. Then, bearing 
Eq. (4) in mind, the transition matrix element over the internal variables may be written in the present 
case in the c.m.s., 


+0 
(ae SN \ Hy, (C1). H+ (Go) PC dbadhgdl, (6) 
—co 0 <a 
where N is the normalization constand for the Chebyshev-Hermite polynomials, 
B= —Q—&—G— Mo (Moi + EQ)? — i (mo — £05) To 7 = |Pol = [ko 


q, is the projection of the vector q on the x-axis, € is the meson energy, and E is the energy of the 
nucleon. 

We evaluate the integral in Eq. (6) by generalizing somewhat a method which we have used previously § 
We start with the equalities? 


co 


1 ny 
exp{— 4+ 2HG} = Dy ay An (Gi) A --. (7) 


n=0 


oo 


exp{— #2 + 2HG} = Dy Hai (G) eft... 
sf iI 
n=06 


(8) 


We multiply both sides of Eqs. (7) and (8) term by term and then multiply both sides of the result by eB, 
Then we integrate both sides over £1, fo, £3, & from —* to + and obtain 


Mo if € , U , , , , 
Nr? —° exp l-zr (a+ a2 7) | [— a (tr + th) +B (to + to) — 2% (t, + #1) (to + to) + 2 (tity t bof0)] 


“I 4 or ne 9 
= oe Dilip gtr to Oe 
m4=0 A oe 0” 
where : 
e=irg(i+qne/E), B= iro(Gi/E +e). (10) 


Equation (9) is the expansion of the exponent in a Maclaurin series in powers of t and t’, the coef- 
ficients of which are the desired integrals. By the general rule for finding the coefficients of the expan- 
sion of a function in a Maclaurin series, we obtain 
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ant x +n) 


ny on! 
ty Ah ty 0 


| aky M 0 4 e , ‘ 
Tam = No? 7? exp[—F i(git e+ 2-5 @)] exp |— a(t, + £1) +8 (to to) — 2% (ty +4) (to +f) 
(11) 


) + 2(tit + toto) | 


te Al e 
t=ts.. et o- 0 


_ In the case of an arbitrary orientation of the vector q, we must replace q, by q in Eq. (11), adding 
the corresponding terms in t. In particular, if n, = My ita= ny = Opthen 


M { 
lo= exp|— Fri (q+ +25 ¢")]. - 
m N=n,; +n. +ng = 0, np = 0 and N’ = 1, nj = 0, then 
1 
lo = rae Togiral | sis rake (13) 
For N =m =0 and N’ =n) = 1, 
4 2 
loo =F lof — 244 A(1+ $)(F +eha]. (14) 


If rga ~ rp/A «K1, Eq. (13) is considerably smaller than Eq. (14). Using Eq. (11), it is easy to con- 
vince ourselves that generally speaking, if 


Ne =n, (15) 


then Iny will contain terms independent of roq, i.e., In, will be relatively large; in the other cases, 
Ean! will be a relatively small quantity, of the order of rpgq. Consequently, condition (15) corresponds to 
allowed transitions. For the case N’ # No, the transitions will be less probable. * 

Since t and t’ enter symmetrically into Eq. (11), the selection rules for N and ng will be the 
same as for N’ and np. 

4. As an example having methodological significance, we will consider the scattering of m™ mesons on 
nucleons within the framework of Eq. (1). For simplicity, we will limit ourselves to calculations of the 
pseudoscalar theory, with pseudoscalar coupling between the meson and the nucleon. 

We will first consider the scattering of ™ mesons by protons: 


m+ pe +p. (I) 


We use non-covariant perturbation theory for the calculations. The sequences of events shown in the 
figure correspond to process I in the first nonvanishing approximation. The lower sequence corresponds 
to all cases in which an excited state of the nucleon is formed in the intermediate state. 


n-~+p n+ P 
Ni 


In the c.m.s. the transition matrix element corresponding to the first sequence may be written 


Hantlnn __ ang? (uoSratt Vu Brot) (16) 
Bee € E+e—E 
igylyro 4 , —ig,tyr , 
les WES (Gv Gv) @7™ "Xoo00 (Svs Pv) aoy | Xoouo (GS, p’)e Xooo0(Sv,7v) dey. (17) 
Here, the nucleon momentum in the intermediate state p’ = 0. The transition matrix element 
Hani yp 2rg? (we 354) (un 35H) 
PE es Beene (18) 


corresponds to the second sequence. We will assume that nucleons in excited states interact with mesons 


in the same way as protons and neutrons.° 
The concrete form of I, in Eq. (18) is determined by the degree of excitation of the nucleon in the 


*The same selection rules were obtained by L. G. Zastavenko in another way, see Ref. 4. 
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intermediate state, i.e., by the values of the numbers n;... . If we consider only those rita et in the | 

intermediate state for which N’ =n, + ng + Ny = 1, ny Sl, then tbree vera will ae into Bi correspon 

ing to the triple degeneracy of the sequence with excited nucleons in the intermediate state. 
The differential scattering cross section in the c.m.s. of the meson and nucleon can now be written 


2 
do/dQ = (g4/2W*) {{(Es + 4°) + Mee” + (W? — Mo) q? cos 9] (Oo + Pe) | (19) 

+ [E? — q? cos$ + M3] a’? — 2M,a®, (DB, + Wz) [2Ee + gq? (1+ cos9)]}, rf 
where ¢€ and E are the energies of the meson and nucleon, respectively, W=E+€, and 

©, =I,/(M?— W2), ©, = Io/(W? — M3), 1) = M3E?, 1, = (Meq?/E4)cos?. 
To obtain the expressions for Ig and I,, we assumed that the excited state of the nucleon is a particle 
with a lifetime of the order of 10-!9 sec (for example, A°, etc.). Then* rp ~ 10~ cm and the exponenti 
factor entering into I) and I, may be replaced by unity for practically all possible momenta. It is clear 


that in this case the magnitude of ry does not play an essential role. 
Integrating Eq. (10) over the angles, we obtain the total cross section of process (I): 


a” = (2ng4/W?) Dp [(Es + g?)? + Moe?] + (4ng4/3W?) Fe®o [(W? — MG) g? — 2Moaq"] 


(20 
+ (2ng4/3W*) Fol(Ee + 4?) + Mos® + a? (E® + Mo) — 2Moa (2Ee + 9°)], 


where F, = Mjq?/E*(w? — M3). 

The most interesting thing in this expression is the presence of maxima in the cross section at w 
= M3, or more generally, at W? = M2. The value of M,, is determined by the magnitude of a, i.e., the 
energy spacing between two excitations of the nucleon. If we assume that the excited state of the nucleon — 
is, for example, a \’-particle, then a ~ 180 Mev, and the cross section will have maxima at kinetic en-. 
ergies of the scattered 7 mesons of ~ 300, 910 and 1570 Mev in the laboratory system for My), Mg anc 
Mg, respectively. This discloses, in principle, a new possibility of explaining the experimentally-ob- 
served maxima in the scattering of m™ mesons by nucleons, occurring, as is well known,® at meson en- 
ergies ~ 200 and 900 Mev. To draw more definite conclusions, it is necessary to study the same problem: 
in the theory of damping, and also to keep in mind that our considerations are based on the assumption 
that V(¢,,¢,) has the form of Eq. (2), and that n = 1. 

5. Evidently, the presence of maxima in the scattering cross section of m™ mesons by nucleons is due 
to a term of the type 1/(Ww? — M.). It is easy to see that for the process 


n+ p—-n'+ p (II) 
this factor appears only if it is admitted that an excited doubly charged particle appears in the interme- 


diate state.+ Therefore, process II requires additional study. 


In conclusion, I wish to thank Prof. M. A. Markov for suggesting this topic, and for helpful advice 
during the work. 
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*The less interesting case N’ = 1, no = 0 was considered by a Filiukov (Dissertation, Moscow State 
University, 1955). 


+A similar situation occurs in the theory of isobaric states (see Ref, 2). 
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Submitted to JETP editor June 2, 1957; resubmitted July 11, 1957 
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The anomalous skin das is considered, using Landau’s theory of a Fermi liquid, as ex- 
tended by the author! to the case of a degenerate electron fluid. We show that the informa- 
tion we get about the Fermi surface by measuring the surface impedance does not depend on 
whether we consider the conduction electrons to be a gas or to be a degenerate fluid. We 
discuss the problem of how to define the parameters for an isotropic model of a metal. 


I. It is well known that in the region of the anomalous skin effect? it is impossible to use such macro- 
scopic characteristics of the metal as conductivity, and that it becomes necessary to use some model for 
the behavior of the electron conductivity in a metal. It is therefore usual in the theory of the anomalous 
skin effect? to use the model of an electron gas, although in actual fact the interaction between the conduc- 
tion electrons in a metal is relatively strong. In this connection one should consider this phenomenon by 
starting from the theory of Fermi-liquids.‘ 

If we confine our interest to the case of weak fields, we may assume that the electron distribution dif- 
fers only slightly from its equilibrium value, 


f=foth(Pn), fh<fo= qayefexe[ 2 #] 411", 


where €) (p) is the electron energy in the equilibrium state. We find then from Eq. (14) of Ref. 1 (see also 
Ref. 4) that 


hay vo gi — Sof ap’ Sh (0) @ (p, p’) + cE Se ib = Shy, (1) 


‘where vy = 9€)/8p, T is the relaxation time and ©(p, p’) describes the correlation of the particles. 
To develop a theory of the anomalous skin effect it is necessary to solve Eq. (1) combined with the 
Maxwell equations. In that case the current density is, according to Landau, 


2 0 0 
jae\$ fap =e\(S2h +o = fy)dp =e dp {vof: —-F* \ dp’ O(p, p’) fa(p’)}- (2) 
2. Let the metal occupy the half-space z = 0. The function f,; can then be written as follows 
fi(p, 2, t) =e 22 o(n, ze (m= vo/ 0%). (3) 


The transport equation (1) and the equation for the electric field can now be written 


a p(n, 2) + kn = {o(n, z)+ \4S'F (n, n’) p(n’, z)t + nE = 0, (4) 
E’ + ¢, (=) rts rome 250 {y(n, 2) +4 \4s'F (n, n’) b(n’, z)} (5) 


where k is a unit vector in the direction of the z-axis, dS is an element of the Fermi surface, €9 the 
dielectric constant, excluding the contribution from the conduction electrons, Leff = vot/(1 + iwT), and 


finally 
F (n, n’) = [2 /(2xk)9] D (p, p’) / % (n) (6) 


Solving (4) and (5), we can find an experimentally measured quantity, namely the surface impedance of 


the metal. 
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where the inhomogeneity of the electron distribution in space } 


$ 


3. In the region of the normal skin effect, 
is not important, the solution of Eq. (4) is of the form ~ = — £ off(n-E). This leads to the following ex- 


pression for the current, 
Te = 2e? (2nny?| dSlets {nang -+ \ 4S’ F (n’, n) ni, Ne Les = SapEg. (7) 


Using expression (7) we can write down an expression for the conductivity tensor or, more generally, the 


complex dielectric constant (€’ = €)— i4na/w). 
Assuming the metal to be isotropic, we can write Eq. (7) in the following form, 


8r2*p5 eff 


eb {1 + p? 9) cos xF (cos »} E. (8) 


j= coE= 


In the region of low frequencies (wT <« 1) the complex dielectric constant is determined by static con- | 
ductivity, 


Sre2p? Ugt 8rre*p?l ; 
°0 = SORA {1+ p2 | dQ cos yF (cos x) }= saps (9) 


where £ = vot{1+p% | dQcosy F(cosy)} plays the role of the electron mean free path. On the other hand: 
in the region of high frequencies (wT > 1), the dielectric constant has the form 


& = €) — 4ne?N / mw’, (10) | 


where 
8xp2u,m | | 
Bee (nk) {! + P% (aa cos xF (cos »)} (11) 


4. To solve the transport equation (4) in the region of the anomalous skin effect, where the spatial in-- | 
homogeneity plays an essential role, it is necessary to introduce a boundary condition at the metal sur- 
face.» We introduce such a condition for the function 


Y (n, z)=(n, 2) + \ as’ F (n, n’) (n’, 2), (12) 
which determines the particle current as can be seen from Eq. (5). We assume that on the metal surface 
Y (n, 2 =0) enso = GV (tz, Ny, — Nz, Z=0) lnn<o- (13) 


We can then easily obtain from Eq. (4) an integral equation for %(n, z), using Eq. (13) and taking into 
account the fact that as z— © W(n, z) tends to zero. In the limit of a sharply expressed anomalous skin 
effect (Lo¢¢ > ©), this equation simplifies considerably and has the form 


Y(n, z)=0(n, z) + \4S'F (n, n’)(n’, 2) = bo (n, 2). (14) 
Here 
: a ( , 1 {z’— z]|\ nE(z’) C Teale E (2’ 
kn>0: o(n, z) = —\de exp a a ) = —q\ dz' exp (- uae = ) . (15) 
) ) 


2’—2z 
kn 


kn <0:  (n, z) = { de" exp(— 


Zz 


\= (2’) 


eff akigy (16) 


where we have neglected the z-component of the electrical field, since it gives a negligibly small con- 
eek The function v(n, z) is the corresponding solution of the usual theory of the anomalous skin 
etiect, 

In our considerations the function W plays the same role in determining the current as the function » 
in the usual theory. We can therefore confirm, according to (15), that in the limit, as 2 ff = ©, the ex= 
pression which we obtain for the surface impedance coincides with the corresponding exprecetan of the 
usual theory. 

We must note that this result is obtained when we satisfy the boundary condition (13). This boundary con 
dition for the function © differs, generally speaking, from the usual boundary condition?,5.§ imposed upon th 
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function y~. One can show, however, that if condition (13) is imposed upon the function w(n, z), the result 


just obtained is not changed. 

| The anomalous skin effect is an important means of studying the form of the Fermi surface. In that 
spect one can summarize the situation and say that if we consider instead of an electron gas a degener- 
ate electron fluid, no complications arise in the analysis of the Fermi surface. Such an analysis can also 
_be conducted using the methods of Kaganov and Azbel’. 

‘ 5. We consider now some problems connected with the application of the above theory to an analysis of 
/experimental results in the case where we can use an isotropic model of the metal to discuss the experi- 


ments (see, for instance, Ref. 7). The expression for the surface impedance in the case of a sharply ex- 
pressed anomalous skin effect (£ effi ©) 1s of the form? 


Lo = (V dxw*l/cts,) (1 + Y 3i), (17) 


where £ is the mean free path of the electrons and where 


re 


g/L == 7/5 4ne*p? (Zany (18) 
Using the isotropic model, we can try to determine from the experimental data the quantity 
A= p? \ dQ cos yF (cos x), (19) 


by which (9) to (11) differ from the corresponding formulae of the usual theory. We should also use ex- 
perimental data on the electronic heat capacity, on the dielectric constant (in the region of infrared radi- 
ation), and on o)/2 as determined from the anomalous skin effect. The measurement of the electronic 
heat capacity (c, = yT) gives us the quantity! 
2r2R? ( aS) 27? 


Arp? 
T= 3 (nh i : 


on) 3  (anh)®o,’ (20) 


where k is Boltzmann’s constant. The determination of the dielectric constant in the infrared region of 

the spectrum, at frequencies much larger than the collision frequencies of the electrons but much smaller 

than the frequencies of the natural absorption, enables us to find the quantity N determined by equation (11). 
The state of the electrons in the isotropic model of a metal is characterized by three parameters, a 

natural choice for which is the velocity vo of the electrons at the Fermi surface, their momentum pp, 

and the quantity A [see Eq. (19)]. These quantities can all be determined with the above mentioned meas- 

urements, according to the following equations, 


_ PRE(Go/l) , 5 _ B(2mH)B ay et YN 
Uae oe oe Ree 1+ A = Bam (o5/1) * (21) 
7,8,9 


In the table we give the values of N, y and o)/f for several metals and the value of the parame- 
ter A determined from Eq. (21); this parameter characterizes the difference between a Fermi fluid and 
a gas. As can be seen from the table, this parameter is not small compared to unity. If we consider the 
use of an isotropic model for a metal as legitimate, this fact can be considered to indicate that the conduc- 
tion electrons are considerably different from a gas. 
We note that among the different equations given in 


y-40-* (erg- gg | (Goll) 107 | A accord=|  %-10-* : A 
ome gst) N-10 (Ref. 8) |ing to(21)| from(21) Ref. ig for the velocity Vo of the electrons at th 
Fermi surface, assuming the metal to be isotropic, 
| the correct value under those assumptions agrees 
Cu 1.02 3.3 13.9+0.4| —0.46 ital r ; : f 1 
Ag 0,65 5.2 7,840.4 40.9 1.04 with our determination of vg according to Eq. (21). 
Au ~0.65 Outer tadOO.4) -0,8 |-~1.0 e corresponding value of vp is given in the table. 
Sn 103 |<35 | 8,640.7] <4+0.5| 0.68 ee een 8 Me 
Al 1.46 5.4  |18.44+1.4| +0,28] 0.31 6. In this way we can estimate effects caused by 


the difference between an electron fluid and a gas, if 
we assume that the isotropic model of a metal is justified. In those cases, however, where the Fermi 
surface differs appreciably from a sphere, it is considerably more complicated to obtain a similar esti- 
mate. At any rate, we can say that, in order to determine the role of the correlation between particles, it 
is necessary to study the dielectric permeability tensor in the infrared range of the spectrum, 

TO Sree | : hea 

e.,=@— = aaEe \ 25° (n) {nang + (4s F (n,n ) n',n} : (22) 
One can now hope that one can also elucidate the role of the function F(n, n’) in the case of an anisotropic 
metal, by using also data on the electronic heat capacity and on the form of the Fermi surface, obtained 
in particular from the anomalous skin effect. 
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The role of the correlation between particles can also be elucidated by studying phenomena in a mag- | 
netic field. The transport equation is in that case | 


24 a {Vv = + <[vxHl =| {? be \ds'F (n, n’) $(n’, r’)} + evE = / (p). (23) 


4| 


This equation is practically the quasi-classical Schrédinger equation for the electron state, which differs 
only slightly from its equilibrium state. In particular, we can thus determine the quasi-classical spec- 
trum of the electronic energy levels in a magnetic field from the equation - 


joy + L twa {p+ | ds'F (n, 0') 9 (n)} = 0. (24) 


The presence of the function F in Eq. (24) considerably affects the determination of the eigenfrequencies® 
of the electrons. In the case of the isotropic model the solution of Eq. (24) can easily be found by expand-. 
ing eiky PK (cos 0) in spherical harmonics. The eigenfrequencies are then wk = k(eHvo/cpy) {1 : 
+ 4mA,/(2n + 1)}, where A, is the expansion coefficient of the function F(cosxy) in Legendre polyno- 
mials. The fact that the spectrum of the electronic energy levels in a magnetic field depends strongly on 
the function F enables us to state that, for instance, the de Haas-Van Alphen effect can be used to deter- 
mine the shape of this function. On the other hand, the determination of the Fermi surface is apparently 
very difficult. This is also true for the case of diamagnetic resonance (bismuth). The change in the eigen: 
frequencies of the electrons in a constant magnetic field, caused by the correlation between particles, can: 
also influence considerably the interpretation of resonance frequencies in the case of cyclotron resonance: 
which is observed in the region of the anomalous skin effect. We note finally that in the case of galvano- 
magnetic phenomena the difference between Eq. (23) and the usual one consists in fact only in a redefini- 
tion of the collision integral. The results of the usual theory of galvanomagnetic and magnetothermal 
phenomena remain thus practically the same. 

In conclusion I wish to express my deep gratitude to V. L. Ginzburg for his interest in this paper and 
for discussing its results, and also to L. D. Landau for useful suggestions. 
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AGING EQUATION FOR GAMMA QUANTA 


B. V. NOVOZHILOV 


Institute of Chemical Physics, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 6, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1287-1289 (November, 1957) 


An eouaiion is derived for the distribution function of multiply-scattered low energy y-quanta 
(E < myc? ), analogous to the aging equation for neutrons. The spatial and wavelength distribu- 
tions obtained for the quanta are in satisfactory agreement with the numerical solutions of the 
Boltzmann equation. 


In the neutron attenuation theory one frequently employs the so-called aging equation,! derived on the 
assumption that all neutrons of specified initial energy behave identically in the sense of energy loss. 
This is true when the energy lost by a neutron in one collision is considerably smaller than its initial en- 
ergy, i.e., when the neutrons are moderated in a medium whose nuclei have a mass much greater than the 
neutron mass. 

An approximation analogous to the aging approximation for neutrons can be devised also for y quanta 
moving in a scattering and absorbing medium. In this case the criterion of applicability of the aging 
equation will be the inequality E « myc’, where E is the energy of the y quanta and myc? is the rest 
energy of the electron. Actually, the change in the wavelength 2 = mc?/E of a quantum, in the case of 
Compton scattering by an angle @, is 


—kh=1—cos8, (1) 


where A and 2’ are the wavelengths before and after scattering. In order for the inequality AA «A 
to be satisfied, as required for the derivation of an aging equation, we must have A >1, i.e., E <« myc’. 
If we denote by £& (A) the average wavelength change ’—A resulting from a single Compton scattering 
event, we can write 


E(k) = 1 —cos6, (2) 


where the average cosine of the scattering angle is 


; 
=H 
[o(A) is the Compton cross section, and ro is the classical radius of the electron]. We list below 


several values of (A). 
In the derivation of the aging equation we assume that the source emits quanta of wavelength Ao, and 
that the angular distribution of the quanta is spherically symmetrical (for the energies considered here, 
this is true already after a few collisions). Assuming that the wave- 


— Z 
cos6 = n[60? + 62 — 2+ aa t (IK ) — 6X2 —323) In |, (3) 


length of the quantum changes continuously, and not jumpwise, we can 

r é (a) 

: ice write 
= p.(d) (A) edt, (4) 

1 0.708 AD, 0.940 
r ee 3 ree where dd is the change in the wavelength of the quantum during the 
6 | 0.904 20 0.955 time dt, and p(A) is the linear coefficient of absorption for the 
i. Cees re as Compton process. An exact connection is thus established between the 


wavelength of the y quantum and the time elapsed from the instant of 


its emission. 
Let n(r, t)dt be the density at the point r, of the quanta whose diffusion time ranges from t to t +dt. 


For the distribution function n(r, t) one can write a balance equation 
an f 1) ee divj(r, t)—wpn(t)n(r, t)c. i 
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The first term in the right half, which takes into account the escape of the quanta, will be replaced by 
DV. n(r, t), where the diffusion coefficient is | 
D=c/3 p(1—cos6). (6) 


The second term describes the absorption of the quanta as a result of the photoeffect; H pat t) 18 the linear} 
absorption coefficient for the photoeffect, taken at a wavelength corresponding to the diffusion time t. 

Changing from the temporal distribution function n(r, t) with respect to time to the wavelength distribug 
tion function n(r, A) through the use of the relation n(r, t) =n(r, A) daA/dt, and replacing the differentia- 
tion with respect to time by differentiation with respect to A, we get 


cu (2) & (n) A HOVE — Dyin (r, Ahm (2) EQ) c] — wph() #2) (A) aC, 2). (7) 


Introducing the symbols 
a 
g(t, N=N( HUMES t= Z) AAEM, *= Srp) e0) EQ) (8) 
do 


the aging equation can be written as 
g(r, 2) d= V¥q(t, ) —*() q(t» 9). (9) 


In analogy with neutron attenuation, T can be called the age of the y quantum, and q(r, T), the attenuation 
density. iA 

Let us consider a point source in an infinite medium. If the source is placed at the origin and emits 
S quanta per unit time, Eq. (9) is augmented by the initial condition 


g(r, 0) = Sd8(r), (10) 


and the solution of the equation becomes 
g(r, 2) = S (4nt)*hexp | — 7— \ «de ; (11) 
0 


Let us note that 


7 aN 
\ edz = \ dito () | (2) & (2). 
0 40 

The literature contains no experimental data on the gamma spectrum with which to compare the dis- 
tribution (11). There is merely a mention? of an investigation of the spectrum of y-quanta from Hg2%3 
(Eo) = 0.275 Mev) in water. 

However, the distribution (11) can be compared with the results of a numerical solution of the kinetic 
equation for the distribution function of the quanta.’ The results of these comparisons are shown in the 
figure. The ordinates represent the energy I transported by the quanta in all directions per unit time, 
across a unit area, within a unit energy interval. The source energy is Eo = 0.25 Mev (A = 2). The quanta. 
propagate in water, and their distance from the source is four mean free paths of quanta of energy Ep. 
The solid curve is obtained from Eq. (11), while the crosses indicate the results of Goldstein and Wilkins. | 
The discrepancy at small wavelengths is attributed to the fact that the aging equation is not valid at en- 
ergies close to the source energy. The discrepancy over the remaining interval is due first to errors in 
I Ref. 3, which are estimated by the authors to be 10 — 15%, and second 
to the rather high initial energy of the quanta (A 9 = 2, while the con- 
dition for the validity of the approximation is A > 1). 


1A. 1. Akhiezer and I. Ia. Pomeranchuk. Hexoropsie sompocpi 
Teopuu apa (Certain Problems in the Theory of the Nucleus) GTTL, 
1950. 

2M.M.Weiss and W. Bernstein. Phys. Rev. 92, 1264 (1954). 

3H. Goldstein and J. Wilkins, Calculations of the Penetration of 
y Rays. Final report , NYO-3075. 1954, 
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SATURATION EFFECT IN A SYSTEM WITH THREE ENERGY LEVELS 


\ V. M. FAIN 

Gor ’kiy Radiophysics Research Institute 

Submitted to JETP editor June 10, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1290-1294 (November, 1957) 


The response of a system with three levels (E,, E,, and E3) to an alternating field with har- 
) monics W3; =(E3—E,)/f, wey = (Ey —E,)/f, and wy) = (E3—E,)/f is examined. An expres- 
sion which can be used in the theory of quantum oscillators or amplifiers, is derived for the 
dielectric constant (or magnetic permeability). 


Mucu attention has lately been paid in radio spectroscopy to various kinds of quantum-mechanical 
_ amplifiers and oscillators (see, for example, Refs. 1—10). One proposed system employs three para- 
_ magnetic-resonance energy levels.’ It is therefore interesting to consider the effect of an alternating 
high-frequency field on a system with three energy levels. 
Let the system considered have levels E ;, Ey, and E3; and let E, < E, < E3. Furthermore, let the 
system be under the influence of high-frequency field F, whose spectral expansion includes harmonics 
with the following frequencies: 


@o1 = (Ez — Ej)/h; 3, = (Es — Fy)/R; O32 = (Es — E)/h. 


It is the aim of this work to investigate the behavior of the system in the presence of such a field. 
The system can be described with the aid of an density matrix p. The latter obeys the equation 


of = — (Ho — oH) +3, (1) 
where H is the Hamiltonian of the system in an external field, 6p/6t is the change in the density matrix 
resulting from various kinds of relaxation processes. If the relaxation is due to collisions in a gas, it is 
possible to show (see, for example, Ref. 11), that 


dp /5t = —t*(p — py), (2) 


where T is the relaxation time and py is the density matrix in the equilibrium state. Obviously, a similar 
equation describes the transition to the equilibrium state in paramagnetic systems (see, for example, 
Ref. 12). Thus, collecting (1) and (2), we get 

Op | Ot = — (i /%) (Hp — pH) — <™ (p — pg). (3) 
This equation can be readily generalized by considering that in radio spectroscopy, generally speaking, 
two relaxation times T, and T, are used. Here 1, corresponds to the relaxation of the system level 
population, and 7, is the relaxation of the average dipole moment of the system, i.e., on the average, 
within a time 1, the diagonal elements of p go into pg in the absence of a field, and within a time T, the 
average dipole moment of the system becomes equal to zero (i.e., the non-diagonal elements of p vanish). 
Our generalization will then be that the quantity Tt !(p — po) of Eq. (3) is a matrix of the form 


(<9 (9 —Pe)mn for =n 
[<4 (0 — Po) ]mn = a OE (4) 
(% (0 —Po)mn for mn. 
In the presence of an alternating electrical or magnetic field, the Hamiltonian of our system is 
H =H, —vF (ft), (5) 
where p is the electric or magnetic dipole moment (and accordingly F is either an electric or a mag- 
netic field). In a representation in which the operator Hy is diagonal and has eigenvalues Ey, E, and 


E3, Eq. (3) becomes 
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5 3 : 
a iongname ee pai (umiPin — Pmittin) — [** (P — Po)imns 


where m, n, = 1, 2,°3:.0nn = (Em — E,)/i: 
We shall seek a solution of these equations for 


a I Fig cos Qyyt + leas cos Qeot + Fo COs Oot, 


where 


O51 = 313 Qg2 = W323 Qe = a1. 


Using condition (8) and introducing 


Din = 0mm — Pans Domn = Pomm — Ponn» 


we obtain the approximate equations 


a si : . 
an + 1®mnOmn + %% 1 (nn ae Pomn) = =| Mmn FP Dam: 
oe + (Diz — Dow) = = F [2 (412021 — Pieler) + (P18Ps1 — Gists1)e—= (ttoateg— pactiea G 


ek => ™ (Di3 — Dos) = < F [2 (413031 — Pist'g1) + (12021 — Pieter) — (3223 — Pseltes)]; 


0D = j 
oe + 4° (De3 — Does) = x F [2 (23032 — Pests2) + (t21P12 — Peittiz) — (31P1s — Psil4is)I- 


We shall seek solutions of (10) —(13) in the form* 


Pmn = Pity Exp {iQ mnt} + pm exp {— iQmat} (Qmn =Qam), Men, 
Dmn = const. 


We neglect here the higher harmonics and non-resonant terms, which is fully justified if condition (8) 


is taken into account. 
Since the equilibrium matrix py) is diagonal, we obtain from Eq. (10) 


Prin = (i / 2h) FmntmnD mn [i (mn + Qmn) + 2s 
Here Finn = Fnm- From (11) —(13) and (16), using again condition (8), we get 


Dy. (1 + 2Y12) — De3t23 + Disi13 = Dore’ 
— Dyoi12 + Dez (1 + 2423) + Disiyis = Doss’ 
Dyet12 + Dest23 + Dis (1 + 2413) = Dos, 


where 
Ymn = Finn | Umn [Perea / 28" [(@mn i. Onn) =e tals 
From Eqs. (16), (17), and (18) we get 
4 
Dy» = Tx [Dore (1 + 2Y08 aa 2113 ate 3Y23713) =o Dois13 (1 = 3Y03) + Doess3 (1 4 3y13)]; 


i 
Dog = IN [Do23 (1+ 2712 + 2713 ar 371312) a Dorsti3 (1+ 3712) + Doret12 (1+ 3713)], 


1 
Dy = AG [Dois (1 + 2412 +223 + 3y127%23) — Doos't2s (1 + 3712) — Doretie (1 + 3%o3)], 


. [Pana — Potae OF Sr) tPoratie(t + 31) | (, dria 
oS) ke F oats oe 1+ 2y12 + 2y13 + 3y1avi2 32 ab 
: ie F2y| gy Ptyty 
= g 2+ 312 + 37 
(32 — Qs2)? + 7)? + (qa et a _) 
2 32 2 2h? 1+ 2y12 + 213 + 3yi8y12 / 


*The transient process will not be considered. 


(14) 
(15) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 
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Doasos (1 + 3yr2) + Donovie (1 + 3y2s) i 
Done ee et ae | ( ie: ie 
ao Peer cteremntia Perma | neat ae | (23) 
2 y — ° 
DTA ee eee La ee 
_ 2h* 4+ 2y12 + 2Y23 + Syi2723 
D (4 + 3y28) + D (1 + 3y13) i 
D Sauna sy arene Sra eee = i) 
os ae) [ ¥"3 1+ 2y13 + 2y28 + 3yi9Yo8 (con Qe + 7 
2 2 — ? 
(coon — Oni)? + ty? + Fei Paul 7% = qe se (24) 
: 2h 1 + 2yi13 + 2713 + 3yi2728 
' where 
A= 14 2 (tre +05 + Ys) +3 (Trtas + Tier + Yes'13)s (25) 
Dinn = —Dams Prin = (Prim) *. (26) 


The last equality follows from the fact that the matrix p is Hermitian. 

In addition to the quantities (22) —(24) and their complex conjugates, there is a whole series of quanti- 
ties, such as pl-), pl -), ete., which can be neglected in this approximation. 

With the solution Sbtained it is possible to find the average dipole moment of the system using 


3 
P=Sp (px) = Sy Pinn'Uenm (27) 
m, n=] 
to calculate the dielectric constant (or magnetic permeability) at the frequencies Q3;, Qo1, and Qg9, and to 
obtain the absorption coefficient at these frequencies. 
Let us derive the corresponding formulas for resonance at the frequency Q39. Analogous formulas are 
obtained for other frequencies. The average dipole moment per unit volume* (polarization vector) at Qgo 
has the form 


Ps2= (sa Hes EXP {—iQaot} +93 Par EXP{iQset} = Re (2os2 tes Exp {— iQgef}) (28) 


(The remaining terms give a negligibly small contribution at the frequency (© 3). On the other hand, 
the complex dielectric constant t is determined through the complex polarization coefficient k : 


e= | + 4nx, (29) 
where kK is determined from the relation 
P32 = Re (xF 93 exp {— iQ32t}). (30) 
Using Eqs. (22) and (28) — (30) we get 
D 143 —D o(1+ i 
1 4n-2 oe / 1G 1 4 4 | Hos Hg [ Poss oer eT eee a | c a =) 
— . = x ——— = ee 
; Sra hauler Qo)? + te? Fog | Yael 7172 2+ 3y12 + 3y13 (31) 
(@s2 — so)? + 72 + 2h? 1+ 2Y12 + 2¥13 + 3Yisyi2 
The absorption coefficient ‘a is determined from (see, for example, Ref. 11) 
Dorayia (1 + 3¥12) — Dowie (4 + Yis) ] 1 
4mO30 | Hos |? [Poss - 1+ 212 + 2713 + 3Yi8vie * 
@ == (4nQs. /c) Imx = —H 5 ST : 
a Fog Wg | F172 2+ 3y12 + 3¥i3 (32) 


—2 
(92 — Qs2)? + 73° 2h 1+ 2yi2 + 2y13 + 3yisYi2 


* We shall assume henceforth that the p’s are normalized to unit volume. 
+To be specific, we shall talk of a dielectric constant, even though all the formulas obtained are 
equally applicable to the magnetic permeability. 
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We see immediately from (32) that by proper choice of 743 and yj. (or one of these), i.e., by choice of | 
the fields F,, and Fy, it is possible to obtain negative absorption at the frequency {%39. In this case thig | 
system can operate as an oscillator or amplifier. It is necessary for this purpose that the following condi-% 


tion be satisfied. | 


Dors¥i3(1 + 3y12) — Dore¥i2 (1+ ¥13) 0 (33) | 
[Doss = 4+ 212 + 2Y13 + Syisvi2 | io in 
Let us consider the case when 7 = 0, i.e., the field Fy, = 0. Then Eqs. (31) — (33) become - 
SS qcay te eee elie eee (31a) | 
h 2 , FeglUsel Ti%. 2+ 3yis 
en ad ay SS SF San SL 
ee 439 | 28 |? [Do23 — Doisyis / (1 + 2y13)] at a a | 
aan ‘ -2 , fis! #3 |’t,t)* 24 3yis (32a) I 
(Oss [Oe See gee Ree = TIE 
| 
[Doss — Dosis / (1 + 2413)] <9. (33a) | 
The last inequality can be satisfied if 
Doss — Dars [2<0. (33b)_} 
Let us note that (33a) changes into (33b) if 
2413 > |. (34) 


Taking it into account that Do93 = P22 — P33 aNd Doi3 = Poi1 — Po33» Condition (33b) can be written 
Po2z <*/2 (011 + Pos8)- (35). 


It is now easy to understand the presence of negative absorption at a frequency Q39. In fact, let the 
equilibrium level populations Po99, Po44, and P33 Satisfy the condition (35).* 

A sufficiently strong field F,3; can then saturate the populations of levels 1 and 3, i.e., in the presence 
of field Fj, the populations of levels 1 and 3 become equal to ~ (4) (P41 + Po33). But since condition (35) 
is satisfied, this means that at the upper level 3 the population is greater than at the lower level 2. In 
that case the field F,3; induces emission at a frequency (3) © W39 instead of absorption. This is pre- 
cisely negative absorption. 

The square brackets in expressions (31), (32) and (31a), (32a) play the role of the differences in the 
populations of levels 2 and 3 in the presence of the field. These differences are negative under conditions 
(33) and (33a). 

Let us note that with the aid of formula (31) it is possible to obtain directly the amplitude and fre- 
quency of the steady-state oscillations of the generator, as well as the gain of the amplifier. For this 
purpose it is necessary to substitute the real and imaginary parts of (31) into the corresponding formulas 
of the theory of the molecular generator and amplifier (see, for example, Ref. 1). 

The author is indebted to Professor V. L. Ginzburg for reviewing the article in manuscript form and 
for comments. 
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ON THE FLUCTUATIONS OF NUCLEAR MATTER 


D. I. BLOKHINTSEV 
Joint Institute for Nuclear Research 
Submitted to JETP editor July 1, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1295-1299 (November, 1957) 


It is shown that the production of energetic nuclear fragments in collisions with fast nucleons 
can be interpreted in terms of collisions of the incoming nucleon with the density fluctuations 
of the nuclear matter. 


1. INTRODUCTION 


Tur motion of nucleons in nuclei can result in short-lived tight nucleon clusters, in other words, in 
density fluctuations of nuclear matter. Since such clusters are relatively far removed from the other 
nucleons of the nucleus, they become atomic nuclei of lower mass in a state of fluctuating compression. 

In their study of the scattering of 675-Mev protons by light nuclei, Meshcheriakov and coworkers!’ 
observed recently certain effects which confirm the existence of such fluctuations, at least for the sim- 
plest nucleon-pair fluctuations, which lead to the formation of a compressed deuteron. 

We recall in this connection reports in earlier works?* that high-energy nucleons can split nuclei into 
“supra-barrier” fragments, i.e., fragments with an energy much larger than their binding energy and the 
energy of the Coulomb barrier. However, there was a lack of quantitative experimental data on which to 
base the theoretical analysis. 

Some authors related this curious process, without foundation, to hypothetical long-range nuclear for- 
ces. Others tried to connect it with nuclear many-body forces. 

The experimental data on the emission of high-energy deuterons from light nuclei give support to the 
idea that “supra-barrier” fragments are produced also by direct collision of an incoming nucleon with 
a tight nucleon cluster that results from density fluctuations of the nuclear matter. We offer in the fol- 
lowing a quantitative argument in favor of the production of fast deuterons and other “supra-barrier” 
fragments by such fluctuations. 

Concerning the nuclear many-body forces, it should be noted that, according to existing estimates,° 
there is no reason to believe that they are considerably stronger than the two-body forces. At the instant 
of dense clustering both paired and collective interactions may take place. However, at present there 
exists no experimental information which would allow an explanation of this interaction, or in particular 
allow a determination of the relative contributions of the paired and the collective interactions. 


2. INTERACTION OF DEUTERONS WITH FAST PROTONS 


It was shown experimentally}? that scattering of 675-Mev protons by deuterium produces, in addition to 
scattered nucleons, a small number of undestroyed deuterons of high energy (up to 660 Mev). This shows 
that in such collisions the nucleon imparts an appreciable fraction of its momentum to the deuteron as 


a whole. 


996 D.iP.sBLOKHINISE VY. 


According to the fluctuation representation, this collision takes place at a time when the nucleons of t 
deuteron are at a close distance R and are strongly interacting. Under these conditions the plepaise, J 
nucleon can transfer its momentum to the tight nucleon pair as a whole. The cross section to be expecte 


for such a special collision will be 
sao W AR), (1) 


where Gq is the total cross section for quasi-elastic collisions and Wq(R) is the probability ae ee 
the two nucleons of the deuteron at a distance less than R. The distance R has to be of the order of the 
range of the strong nuclear interaction, i.e., (2 —3)f/Mc. Denoting the wave function of the deuteron by 
Yq (R), we have 


s ] 
Wa(R) = 45 | Yr) dr = = $ (0) R®. (2) | 


In order to calculate Wg(R) one has to know the deuteron wave function close to r = 0. uae 
asymptotic wave function ~q = Va/2me"%/r (1/a = 4.3 x 10° cm) is completely useless for this purpos 
since it approaches infinity for r = 0. The deuteron wave function has no singularities. Therefore we can 
approximate u=rdg by va/ne~®" for large r and by u= (0) [r — Br? +...) for small r and match 
the functions and derivatives at r=b= 1/28. The quantity 28 is the logarithmic derivative (¥’/)) . -Thi ; 
yields (0) ~ BVa/2rn. 


Using Hulten’s function 
rha = V «/2x (e-*" — e-87) 


We obtain the same result. According to known data B is a few times larger than a. Restricting our- 
selves to an order-of-magnitude estimate, we have 


a (0) = BY a/2r, (3) 


where the quantity B is to be considered as determining the logarithmic derivative of the deuteron wave 
function at 7 =.0. | 
From (2) and (3) we find 


Wa(R) = 5 of?R®. (4) 
Expressing R in units of H/Mc = 2 x 107 cm this becomes 
Wa (R) = 7-10°R9 (B/a)?. (4’) 


The experimental value for this quantity is 7x 10-*, Thus R*(8/a)? ~ 107, a fully reasonable value. 
We note that neither the pick-up theory nor the impulse approximation are applicable in the present 
case. In both these theories it is assumed that the incoming nucleon interacts either with one nucleon or 
with two nucleons, but in an independent fashion. In the present case the momentum transfer is so large 
that the process is due to very high harmonics of the deuteron wave function, i.e., to such states in which 
both nucleons are very close together. One therefore cannot consider their collision with a third nucleon 

as an independent event. 

For other light nuclei, an estimate of the function W(R) is still more difficult. For tritium, for ex- 
ample, we find that W-7(R) is approximately on the order of wy (R), with a correction for the fact that 
the quantity ap will be larger than a by a factor Vvmpéer/mgé g (here €p and €q are the binding 
energies of tritium and deuterium respectively; mp and mg are reduced masses of tritium and deu- 
terium, respectively, relative to one nucleon removed from the nucleus). This reduction of ay reflects 
the fact that the tritium represents a tighter nucleon cluster than the deuteron. 

For He, similarly, a, will be larger than a by a factor VmpHe€He/Mgéq- 

Taking the above value for Wg(R), we find Wp ~ 2x 104 and Whe ~ 2% 103°; 

These numerical values can be checked experimentally. 


3. ESTIMATE OF THE FLUCTUATIONS IN NUCLEI 


Let the wave function of a nucleus A = Z +N be 


Va = La Caio cee: Yis Yo, s vas UN) (5) 
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Wt 
| where Xi, Xp... are the coordinates of the protons, and yj, yo, ... the coordinates of the neutrons. As 
) is well known, the density operator, Say of the protons, is given by 


Z 


pl Oe), (6) 


k=1 


Similarly, one can introduce a second-order density operator 


Z 
o(x;:x) = ») 8 (x — Xp) 8(x — x,). (6’) 


k#s 


In general the density operator of order a, involving z protons and n neutrons (a =n +2), will be 


OC UY ce fh) >, 8 (x—Xn) 8 (x’—X5) ... , 8(y™ —y,). (7) 


R#S#... 


The mean value of this density is 
0(x, x,... 4) = | Pao Cedoemis yO ihn Ux idcoe lading (8) 


In order to obtain the exact value of this integral, one needs to know the wave function A: However, 
one can find an estimate of (8) by observing that the integral should be equal to 


0 (x, 5 ee Sree y™) = MD (x; te eee bac)s Yy, y’, Cre] y), (9) 


where D is the probability density for the protons (z) and neutrons (n) to be at the positions (x, 
ee y™)), and M is equal to the number of permutations of the protons and the neutrons that would 
realize this configuration. 

We are interested in the case where the relative coordinates of these nucleons, &, £, ... §,-1, are 
within a small volume Q < R’, Introducing further the center-of-mass coordinate of the cluster, X, and 
integrating with respect to &,, & ...&§,-1 over the volume © and with respect to X over the nuclear 
volume, we find 


Pa (2) = MWa(k), (10) 


where 
Wa(R)=\ D (brs bey 0+ bar X) de... tay dX (11) 
Q 
is the probability for such a cluster, compressed into the small volume ©, to appear. 

Since only small values of R are of interest, this probability is close to the probability of a similar 
density fluctuation of a free nucleus of atomic number a=n+ z. This allows the determination of this 
probability from studies of collisions of a nucleon with a free nucleus (A).* 

For light nuclei, M is the number of states by which one can construct the cluster of interest, i.e., it 
is roughly proportional to ie 

On the other hand, in nuclei where the density of nuclear matter is distributed like in a liquid drop, the 
number M will be proportional to the number of fragments with a =z +n contained in the nucleus; it 
thus is proportional to Z. In heavy nuclei one further has to account for the probability, P, that an en- 
ergetic fragment will leave the nucleus from a certain depth. 

Assuming that the energetic fragments appear uniformly with the volume of the nucleus, move in the 
direction of the momentum of the incoming fast nucleon, and have a mean free path 


l= 1/nosas (12) 


(where ng is density of nucleons in the nucleus, and o, ~ mrea?/ 3 is the cross section of a fragment of 


*Leksin and Kumekin® have made an attempt to determine this probability for carbon from (p, C) col- 
lisions. Within the accuracy of this experiment, they did not observe energetic protons scattered back- 
wards from the carbon as a whole. From the estimates made above for T and He, one can conclude 
that the probability for an appropriate fluctuation in carbon is completely negligible. 
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atomic weight a) it is easy to show that the probability that the fragment will emerge from the nucleus is 


p= 3b + G+ a) eS) 


where n =D/f£, and D= 2r,At/3 is the diameter of the nucleus. In particular, if Py « 1 then 
Ua (nro / oa) iia aA / Aca, oc, = aA’, =_— 


Combining all factors, we obtain for the production of a fast fragment of atomic number a from a nu- 
cleus of atomic number A the following cross section 


B= PMeqWa(R)=(%a/A) MWa(R)s (14) 


while the yield of fragments a per collision is given by 
dq = PM (3a/ 94) Wa (R) = (M/A) Wa (R), (15) — 


where go, is the total cross section of the target nucleus. é 

We now consider the special case of the deuteron (a = 2). For light nuclei the number M will be given 
by the number of ways in which a deuteron can be obtained from the nucleons of the nucleus. In the deu- 
teron, the spins of the neutron and proton are parallel. Therefore Mg = 2 (ZN/4) = 4 ZN. We thus have 
for deuterons produced from light nuclei 


Bi = 5 (ZN / A) caWa(R). (16) 


For heavy nuclei, owing to saturation of nuclear forces, we have Mg = Zn, where n is the number of 
neutron neighbors of a proton with antiparallel spin. This number is ~ 6. We therefore have for heavy 
nuclei 


B= (Zn/ A) s4Wa(R). (16’) 
The yield for this case is almost constant: 
q’, = (Zn/ A) Wa(R). (153) 


Considering that o, = 70 x 10°*" cm? and Wg (R) ~ 7 x 107%, we have from (16) the following values for 
2q in millibarns: 
Element Li Be C O 

Zq 1.4 Ze 3.6 5.8. 


As for heavy elements, we expect, according to (15), a deuteron yield dg ~ 2%. 

The obtained results agree essentially with the experimental values. * A more conclusive check could 
be obtained from a study of deuteron yields from heavier nuclei. 

We further note that the given estimate of density fluctuations of tritium, Wry (R) ~ 2X 10-4, leads to 
an expected tritium yield of 2—3% of the deuteron yield. This is not in disagreement with Ref. 1. 

Quantitative calculations for fragments heavier than deuterons lack a sufficient theoretical foundation. 
It would therefore be of great interest to determine experimentally the probability of large momentum 
transfers for such nuclei. It would then be possible to calculate the yield of such fragments from heavy 
nuclei, 


In conclusion the author expresses his thanks to M. G. Meshcheriakov and G. A. Leksin for many val- 
uable discussions. 


‘ azhgirei, Vzorov, Zrelov, Meshcheriakov, Neganov, and Shabudin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1185 (1957), Soviet Phys. JETP 6, (1958) (this issue). 

2G..A. Leksin, J. Exptl. Theoret. Phys. (U.S.S.R) 32, 440 (1957), Soviet Phys. JETP 5, 371 (1957). 

3D. H. Perkins, Proc. Roy. Soc. A203, 399 (1950). 


*Comparing the present results with the data of Table 3, Ref. 1, one has to keep in mind that there the 
cross section is given for all deuterons while we give only the cross section for fast deuterons. According 


to estimates of Refs. 1, 2 these numbers should differ by a factor of 3. Therefore our table agrees satis- 
factorily with the data of Ref. 1. 
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45 ©. C. Sorensen, Phil. Mag. 42, 188 (1952). 
5B. B. Kadomtsev, Thesis, Moscow State University (1952). 
6G. A. Leksin and Iu. P. Kumekin, J. Exptl. Theoret. Phys. (U.S S.R) 33, 1147 (1957), Soviet Phys. 
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LETTERS TO THE EDITOR 


MEASUREMENT OF POLARIZATION QUANTITIES A 


A. G. ZIMIN 
Submitted to JETP editor June 27, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1300 (November, 1957) 


To determine in practice the polarization <0oj;> and the polarization correlation < ik > in nucleon- 
nucleon scattering, one measures the integral intensities of the nucleons subjected to secondary scatteri 
by analyzer nuclei. Let us consider how the polarization formulas vary for “point” intensities (see Refs 
1 and 2) when integrating over a solid angle. 

The total scattering cross section of nucleons by analyzers with spin zero is 


3 (6;, 4, 0) = J; (91) Je (82) {1 + (911) My P, (81) + (92> Mei Pe (93) + <oin> NyjtenrP, (91) Pe (82)}, ( 1) 


where 06,;(6;, 91) and 05( 6), ~2) are the angles of scattering by analyzers 1 and 2, Jy. and P;» are 
the cross sections and the polarizations, respectively, while ny and np are the vectors normal to the 
planes of these scatterings, along whose directions the integration is carried out. 

Integration with respect to y, and 2 inacone 29 gives, for example, for the normal correlation _ 
(relative to the nucleon-nucleon scattering plane) 


—s Ja4 $I — (Ja + J_4) ie 9° i 
<n) = S44 + Jo + Se I P,P2 sin? @ i (23 


where, for example, Ji, = 9(y1=0, gy. =0) and Js_= 0(—1=0, yg =7) etc. Integration over the 
polar angles does not change the structure of formula (2), but the quantities J and P become integral 
(with respect to 0, and 6). 

Compared with <Oyy> for point intensities, formula (2) contains a factor a(g) = g?/ sin’ 9, whict 
varies from 1 (at gy =0, corresponding to “point” intensities) to » (for g@=7, corresponding to integra 
tion over the total sphere). It is seen from formula (2) that increasing the count intensity ( increasing 
aperture of the 29 counters) leads to a reduction in the asymmetry of the scattering 


_ fet +I) 
Toe EE a PET 


and consequently, to an increased error in <Oyy,>. The optimum 29 aperture can be determined from 
the minimum error. An estimate yields 1/2 < 29 = 2. The quantity a@(@) can be called the coefficient 
of “smearing” of the asymmetry of scattering. When measuring the polarization, this coefficient turns 
out to be [a(¢ y'/ 2. Corresponding formulas, analogous with (2), are obtained if only one analyzer is 
considered in (1), as proposed Ia. A. Smorodinskii. 

la. A. Smorodinskii and V. V. Vladimirskii, Dokl. Akad. Nauk SSSR 103, 713 (1955). 

*Ia. G. Zimin, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1239 (1957). 


Translated by J. G. Adashko 
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2 LETTERS TO THE EDITOR 1001 
RADIATION CORRECTIONS IN THE DISPERSION RELATIONS FOR mt +p — n+p 


HV. K. FEDIANIN 


Moscow State University 


Submitted to JETP editor July 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1301-1303 (November, 1957) 


Poppi and Stanghellini! again investigated the problem of determining the value of f* from the disper- 
‘sion relations. Analyzing nenarately m +p and 1 +p charge states, they reach the conclusion that 
., energies below resonance* fi = 0.08 and f?_, = 0.04, and that for energies above resonance f? 

ef, =0. ae Thus, they actually SS ei that f? depends on the energy. Yet in earlier works? it was found 
that fi: = 0.08 for the entire energy range. Puppi and Stanghellini attribute this to the fact that the 
| Bithors Moe a) 2 determine the values of f by using the phases for T = ss where 1! +p—7' +p pre- 
dominates. 

One can assume that the difference is due to electromagnetic interaction. In a recent work? Agodi and 
Cini attempted to explain the difference in the presence of the 7 and r° masses in the interaction Ham- 
iltonian. This gave a difference on the order of 1% between f2,, and f( oe 

This work is an attempt to determine the difference between {7 4) and f?_, by successively including 
in the total system of functions also the intermediate states in which both the nucleon and the photon exist. 

Using the notation of Ref. 4 for the antihermitian portion of the scattering amplitude, we have 


Aga (15) = 5-\exp (i 5H 2) (FQ (x) — Por FQ (—2) )dx, (1) 


where FU) ‘aw (x) is determined by the following relation: 


<p’, s'| io (x) fo (Y) | prs = —i exp {iPS (x + y)} FO (x—y), (2) 


and ip (x) is the mesormcurrent operator. Inserting (2) into (1) and using the expansion theorem, we 
get 


Aus (E) = Az (E) + Ade (E); (3) 
with Agw(E) =—Ppop'Aqw(-E), and 


AL(E) = — 


> ak 05 oy | lo (0) | Pp’, Oe k, Ibs <p", Ss’, k, ly | jer (0) | p,s>o (ES ko a Po ral Ep). ( 4) 


Allthe calculations are carried outinthe system p+p =0, Ep =/M +p’, p’, ky =/k], pp =v M? + (—Ae - ko, 
p =-Ae —k, Ae =(a+q a 23 E is the meson energy, and by and k are the polarization and momentum 
of the photon in the intermediate state. Using Ref. 4, we reduce AD at hak) ip’( 0) |p, s> from (4) 
to the fourth variational derivative of the S matrix. 

Estimating the fourth variational derivative by perturbation theory in the lower order relative to e 


and relative to g with the usual Lagrangian meson-nucleon-photon interaction, we obtain 


RI GEST se Kes i | jor (O Vl ps18> 


— 8% (p25 (p+ 9) ah + tot Sp — Bb + (ah) FA" (— 9) Leora} uP (0) (5) 
(2m)? V 2k 
a = anYo — ay, Vg = Vo y'=-y, and S°(k), A°(k) are the Fourier images of the electron and photon 
propagation functions (see Ref. 4). 
For forward scattering, inserting (5) into (4), we obtain for the (+) and (-) processes: 


ee fy vi 
Ago (E) = 4x an ou -F,(E); 


(6) 


2M — 5E — 5E, x ae = 0 OE. Eq e120 : = vy? — E?: E = — p?/ 2M. 
Ot tant a -| —= tan Po Pace; (14 SE tan x) x= Vp q 


FE) = 
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From the 6-function (4) we deduce that 


=0 w/2M<E<p (7) 


E) = 
me +0 —p<E <p? /2M. 


+ 


, ; + 
An analysis of the isotopic structure of the scattering amplitude! yields for a +p— 1 +p the follow-§ 
ing expression: Zs 


Au (E) me By) (8) 


Ai(E) is the antihermitian portion of the scattering amplitude for tm +p— nm’ +p. Taking this into ac-} 
count, the inhomogeneous term in the dispersion relations! is rewritten | 


Bw 

Pao 2f2q? 4M J RCI 9 

Ae AS + AL “Heri (Ez a7 2M) ue cart peg lmees Mle e ( ) 
—p.7/2 


a =1/137 and q is the meson momentum. 

In the calculation of the integral with respect to E we obtain the following singularities: at E = 
- Tey 2M the divergence is of the infrared type; it is eliminated by infinite renormalization of f°" he 
divergence at E=+ yp is eliminated by extrapolation of A,(E) to the value given by (8)for” E’-- 7a 
The terms in Al, which diminish as the fundamental term of fies give a finite charge renormalization; — 
it is the same for (+) and (-). Those terms in a which diminish more rapidly than (avy as “HE —"og3 
i.e., which give a contribution at small values of E, comprise the sought correction. Finally, 


2fq? Care \ 
OKC) cer qiineny eos a (10}) 


where I, is a complicated expression of the form 


a, b, c are small constants. 

The above estimate gave for the energies (1.5—2)u of interest to us a difference on the order of 3% 
between f(,) and f(_). 

I express my deep gratitude to D. V. Shirokov, under whose leadership this work was performed. 


Note added in proof (October 16, 1957). It is reported in Ref. 5 that the difference between {7 +) and 
ie has been calculated from the dispersion relations by a method that gives a difference between ff 4) 
aid f(_) on the order of 5% at energies 150 —200 Mev. 


*The (-) sign will be used below to denote the process 1” + p — 1 +p, while the (+) sign will be 
used for m+ +p—7*t +p. 


1G. Puppi and A. Stanghellini, Nuovo cimento 5, No. 5 (1957). 


2U. Haber-Schaim, Phys. Rev. 104, 1113 (1956); W. C. Davidon and M. L. Goldberger, Phys. Rev. 104, | 
1119 (1956). 


3A, Agodi and M. Cini, Nuovo cimento 5, No. 5 (1957). 
4N.N. Bogoliubov and D. V. Shirkov, Bsezenne 8 T€OPHIO KBaHTOBAaHHBIx nomen (Introduction into the 


Theory of Quantized Fields), Gostekhizdat, Moscow 1957. 


A. Agodi and M. Cini, Nuovo cimento 6, 3 (1957). 
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LETTERS TO THE EDITOR 1003 
%EMARKS ON THE ARTICLE BY COOPER AND GROSSART, “TIME DELAYS IN 
: INTERNAL ELECTRIC BREAKDOWN OF SOLID DIELECTRICS”? 


<. K. SONCHIK 
Tomsk Polytechnic Institute 
| Submitted to JETP editor August 1, 1957 


; J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1303 (November, 1957) 


In the breakdown of the ionic crystals NaCl, KCl, and KBr under 1/5000 microsecond pulses, Cooper and 
Grossart! obtained anomalously large delay times for the discharge, of the order of 10 to 10° seconds. 
In our opinion, this result followed from deficiencies in the method of investigation. In the first place, a 
test made by the full-wave method ( repeating the voltage pulses with increasing amplitudes) may lead to 
an incomplete breakdown if the field is not sufficiently uniform.” In this case, there would be a distortion 
of the field within the dielectric. In addition, when a 1/5000 microsecond pulse is used, and especially 
when several such pulses are repeated, the voltage is applied to the dielectric for a considerable time, 
which may lead to the introduction of various secondary factors, such as heating effects, etc.,? which com- 
plicate the interpretation of the results. 

In determining the delay time for discharges in ionic crystals it is sounder to make the test by means 
of individual rectangular voltage pulses with amplitudes exceeding the breakdown voltage by, say, 10, 20, 
30%, and so on. Experiments which we have carried out in this way on NaCl samples 0.12 mm thick, in a 
uniform field at 20% over-voltage, gave time delays of the order of 4 to 5 X 10-8 seconds. Experiments 
with repeated rectangular voltage pulses (rise time of the order of 3 x 10~8 sec), of uniform amplitude 
somewhat below the breakdown value, showed that the effect of each successive pulse was to lower the 
electric strength, and that the breakdown took place, not at the first pulse, but at the n-th, where n has 
been found to range from 2 to 81. 

In the article cited, the authors do not give the values of electric strength for the dielectrics they stud- 
ied, nor do they show how they measured the time delays from the oscillograms and the pulse repetition 
rate, which limits the value of their paper. 


a ___ 
R. Cooper and D. T. Grossart, Proc. Phys. Soc. 69, 1351 (1956). 
2A, Walter and L. Inge, J. Tech Phys. (U.S.S.R.) 1, 389 (1931). 
3, Lehmhaus, Arch. Elektr. 32, 281 ( 1938). 
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THE n-ELECTRON GREEN’S FUNCTION IN THE BLOCH-NORDSIECK APPROXIMATION 


R. V. TEVIKIAN 
Physics Institute, Academy of Sciences, Armenian S.S.R. 
Submitted to JETP editor July 5, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1304 (November, 1957) 
On the basis of the results of Schwinger! one can write for the n-electron Green’s function Gy in the 


Bloch-Nordsieck’ approximation, i.e., after replacing the matrices y4 by c-numbers, the following 
equation: 


— —— 8 "3 
{iuea | axt — m+ V 4reu Ay (x1) + iV Fret \ Dus (x ore Ge ea, Ke HA) 
=>— > (188 (x1 — 9) Gn—1 (X2, one Xs Yjtires + Yns Yireees yj-| A); (1) 
BP 
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4 


where the summation is taken over all possible cyclic permutations of the arguments yj, .. 
2 is the number of interchanges necessary to go from Yje-+Yn¥1++-Yj-1 to yy---Yn- 
We seek the solution of Eq. (1) in the form 


Ga(%, wee Xny Yip oes Yn | A) = (1) Gree Uy} A) Grog Cas ew os Xn; Yjtir:: -9 Ynr Yves y;-1|A) 
Pp 


 Gin(¥iy o>) Xn Yin ee = Uns Vie oe ee) “(2)0 
The equation for Gj, in the momentum representation can be solved exactly by a method used previ- 
ously.> We get as the result 
° an-1 e—t(up)y _4 


Gin (Pir +--+» Pon—1| A) = — V 45 sz dve—*exp| — il m -- >; (upi)] +f} exp ‘=! Viz oe \ rae Ay (p) dp} 


0 i=1 


2n—1 


exp {i (e+ p2— BS pi) x} dedke. (3) 


GE (Pps, aCecr) Pon—1 | =) } 
ATA) a4 aly a 


x \ Pa (R) [@: (pe | A)| 3A, (®) 


It follows that the probability for the emission of n low-energy photons is given by the Poisson for- 
mula 
ps Ww” = 2e2 lees 
Wn = eV —-, Were lea (4) 


where the energy of the photons lies between E, and Ep. 


1J. Schwinger, Proc. Nat. Acad. Sci. 37, 452 (1951). 
2F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 
3R, V. Tevikian, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1573 (1957), Soviet Phys. JETP 5, 1282 


(1957). 
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ON THE SPEED OF PROPAGATION OF ELECTROMAGNETIC WAVES AT AUDIO FRE- 
QUENCIES 


Ia. L. AL’ PERT and S. V. BORODINA 


Institute of Terrestrial Magnetism, the Ionosphere, and Radio-Wave Propagation 
Submitted to JETP editor August 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1305-1307 (November, 1957 ) 


Tre speed of electromagnetic waves has been investigated experimentally in various researches, over 
a frequency range approximately from 10" eps ( optical waves) to 10® or 10° cps (so-called medium radio 
waves). Recently we have determined the speed of electromagnetic waves under natural conditions at 
lower, audio frequencies, namely from about 3 x 104 to 10° cps; in addition, the investigations are about to 
be extended down to frequencies of some tens of cycles per second. 

The method used in our work was that of complete harmonic analysis of photo-oscillograms of individ- 
ual atmospheric events E(t, r), taken at various distances from their sources (thunderstorm dis- 
charges).'** The distances r from the sources were determined by means of three direction-finders. 
The method consists in the following. 

The spectral density of the signal E(t, r) can be written in the form 
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Q(o, r) = A(a, 7) een = \ E (t, r) e-!* dt, (1) 


0 


where A(w,r) and g(w,r) are determined by har- 
Seow sienna monic analysis of E(t, r). If the radiated signal E(t, r) 
mi ieice is assigned the “standardized” spectral density A(w, 0) 
x elp(4, 9), then from (1) one immediately obtains the 
propagation function 


—iD (@,r A , i 
E (a, r) e—?® (@,r) — Tato er r)— (@, 0), (2) 
which describes the variation of the amplitude and phase 
of the received spectrum of the wave. The complete phase 
is 
dr or or 


® (0, r)=o| = F+e(r, (3) 


v(®,r) ~~ (ar) e 


where v and V are respectively the differential and the 
mean phase velocity of the wave, and where W(w,r) is 
the so-called supplementary phase, describing the devia- 
tion of the phase of the wave and of its speed from their values in free space, where v =c. Since 


tr) = i= \ A (@, r) ef let+9 (dey = \ E (a, r) A (a, 0) ef fe ¢-re)—-¥ (@, N+ (@, dey (4) 


does not depend on the linear term wr/c in the phase (it leads only to a uniform displacement of E(t, r) 
along the time axis), the Fourier analysis determines the value of the phase only to within a term wr/c, 
ze.., 


(0, 1) =—$(, 7) + ¢(, 0). (5) 
Consequently, the mean phase velocity is equal to 
8 (a, 7) =¢ /[1—- 202) <2) (6) 


In this connection it is important to take the following into consideration. Usually the recorded signal 
E(t, r) is cut off at the beginning, because of the threshold of sensitivity of the apparatus. This means 
that in the analysis the quantity determined is {y(w, r) — wAt}, i.e., the phase characteristic with an 
additional linear term wAt, where At is the cutoff time of the signal. However, the value of At can 
be determined from the experimental phase curve. For in the high-frequency part of the range being con- 
sidered, dw /dw ~ 0; therefore if the experimental curve has a linear behavior in this region, this is 
caused by the term wAt. Atmospheric events were studied by the method described in various seasons, 
at various times of day from 9 AM to 5 PM local time, and at r ~ 800 to 3100 km. One example of the 
treatment of an individual atmospheric event is shown in Fig. 1. In it, 
a is the phase curve obtained by the harmonic analysis of E(t, r). 
Subtracting from curve a of the phase characteristics of the receiver 
and of the standardized source we obtain curve b, while curve c cor- 
responds to the desired function Wj(w, rj), obtained after subtract- 
ing the straight line wAt from b. From the figure it is evident that 
the theoretical values of W(w, r) (the continuous curve in Fig. 1c) 
begin to deviate from the experimental at f~ 7 to 8 kes. 

All the individual signals were treated in similar fashion, and the 
results were used to plot curves showing the distribution of the quan- 


tity ( 1 ae which determines v/c, for seven frequency inter- 
j 
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vals. The distribution curves obtained had 


Most probable values of v/c 
pronounced maxima; they give the values of , 


f, ke 1.52.5 $29.5 424.5. 56 9 729) 10-4 16— 20 v/c shown in Fig. 2 (points) and in the 

u/c, exptl. 1,09 1.05 1.024 1.014 1.006 1.004 1.002 fable 

f, ke 2 3 5 7 40 20 . , rend thea 
‘vic, theoret, 1-014 1.0456 1.017 1.0085 1.0041 1.0015 Comparison of the experimental and theo-#. 


retical’ values ( Fig. 2, curve b) shows that 

they begin to deviate significantly at f < 3 
kes. This deviation is perhaps due to the fact that at such low frequencies the model of the ionosphere 
chosen in the calculations becomes inappropriate, since the wavelengths are comparable with the thick- 


ness of the ionospheric layers. 
It should be pointed out that since, at the distances r considered, only the zero-order mode of the 


c : : 
spectrum of the received wave plays an important part, therefore the values of (1 a ah <) immedi- 


ately determine the imaginary values S , of the wave numbers; and a comparison of them with the cor- | 
responding theoretical values of S),; may permit determination of the effective conductivity of the iono- 
sphere with respect to transmission of electromagnetic waves in the range of frequencies investigated. 


asin AY pert, Usp. Fiz. Nauk 60, 369 (1956); Pamuorexnuka u omexrponuka (Radio Eng. and Elec- 
tronics) 1, 293 (1956). 

25, V. Borodina, Trudy, Inst. for Terr. Magn., Ionosphere, and Radio-Wave Propagation 13, 3 (1957). 

Tay is AY pert, Pacmpoctpanenue 9eKTpOMarHUTHEIX BOMH HU3KOM YaCTOTHI Ha 3€MHOM MOBepXHOCTbIO 
(Propagation of Low-Frequency. Electromagnetic Waves above the Surface of the Earth, Acad.Sci. Press, 
1955). 
Translated by W. F. Brown, Jr. 
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SCATTERING OF 333 MEV NEGATIVE m MESONS BY HYDROGEN 


V.G. ZINOV and C. M. KORENCHENKO 
Joint Institute for Nuclear Research 
Submitted to JETP editor August 5, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1307-1308 (November, 1957) 


Tue elastic and exchange scattering of m™ mesons by hydrogen has been studied by us. The beam of 17 
mesons was obtained with the use of the synchrocyclotron of the Joint Institute for Nuclear Research. 
The energy of the beam was found to be 333 + 9 Mev. Measurements were made with the use of scintil- 
lation counters. Liquid hydrogen was used as the target and was contained in a foamed plystyrene con- 
tainer. ' 
Table I presents the measured differential elastic scattering cross-section for mesons after the 
inclusion of all corrections. Table 


TABLE I TABLE I II presents the corrected differential 
: : : cross-section for gamma ray emis- 
i —27 —27 + 
| ae <2., 10-*" cm*/sterad pele <~ 10-*7 em? /sterad sion from the decay of r’ mesons. 
By performing a least squares fit 
41.9 1.28-40.14 20.8 6.5244 .37 of the function do/dw = a+bcos3 
61. 0.90-£0.10 41.0 6.3141.30 2 : 
ae 0:69:60, 06 ae 3 120.77 + ccos*? tothe cross-section data 
400.8 0.51-E0.03 hell 2.36+0.50 3 measured in 
119.7 0.52-£0.07 99.0 1.55+0.34 ( eee eed ek 
140.6 0,960.10 1288 0.95 £0.23 system ), one obtains the following re- 
159.2 0,930.13 146.9 4.29+0.31 ; : Ot ae : 
eee aoe sults (in units of 10°“' cem*/sterad): 


a) Elastic scattering of m- 


LETTERS TO THE EDITOR 1007 


aesons: a_ = 0.544 0,024, b_ = 0.34 + 0.058, c_ = 0.90 + 0.098. 
b) Gamma emission from 7° meson decay; ay = 1.87 + 0.24, b, = 2.89 + 0.44, c. = 2.32 + 0.59 
The angular distribution of the 7° mesons can be easily Shtained from ay by, and c,,, One oleatne 
9 = 0.68 + 0.20, bo = 1.80 + 0.27, Co = 1.90 + 0.50. a 
b gihe total elastic cross-section as determined by the above angular representation is (10.7 + 0.6) X 
iLO T om?; the total exchange cross-section is (16.6 + 1.4) x 10-27 cem?. The total cross-section for T 
neson interaction with hydrogen is (28.8 + 1.8) x 10-27 cm? where we have included the production of 
{mesons by mesons’ to the elastic and exchange contributions. For comparison one may cite the meson 
/attenuation measurements in hydrogen’ which gave a total cross-section of (25.7 + 1.0) x 10-2" em?, 
—o 
Seana C. M. Korenchenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 301 (1958), Soviet Phys. 
2 Ignatenko, Mukhin, Ozerov, and Pontecorvo, Dokl. Akad. Nauk SSSR 103, 45 (1955). 
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SCATTERING OF 307 MEV NEGATIVE ™ MESONS BY HYDROGEN WITH CHARGE 
EXCHANGE 


V. G. ZINOV and C. M. KORENCHENKO 

Joint Institute for Nuclear Research 

Submitted to JETP editor August 5, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1308-1309 (November, 1957) 
Ws: have measured the angular distribution of y rays emitted in the decay of r’ mesons which were 
formed by exchange scattering of 7” mesons by hydrogen (t~ +p — 7’ +n). The 7 meson beam was 


obtained by the use of the synchrocyclotron of the Joint Institute for Nuclear Research. The energy of the 
™” mesons was measured at 307 + 9 Mev as obtained from range 


measurements in copper. Scintillation counters were used to obtain 


Soms | ie ea tnagicaing the data. Liquid hydrogen which was contained in a foamed polysty- 
rene container was used as the target. 
ae Se aenie The measured differential cross-section for gamma ray emission 
59.2 4050.83 in the center of mass system is presented in the table. These cross- 
an Pecans sections include all necessary corrections. 
128.4 1,.40+0,31 A least squares fit of the function do/dw =a + bcos + c cos? $ 
i. oe (% measured in center of mass system) to the data results in the fol- 


lowing values for the coefficients (in units of 1072? cem?/ sterad): 


= 1.87 + 0.24, b, = 3.30 + 0.53, cy = 3.14 + 0.71. From these co- 
efficients one can easily obtain the angular distribution of n° mesons and one finds ap = 0.57 + 0.23, by 
= 2.10 + 0.34, cp = 2.67 + 0.60. 

The total cross-section for charge exchange scattering as determined by the above angular distribution 
is (18.4+ 1.6) x 1077? em’. Adding this cross-section to the elastic scattering cross-section! and includ- 
ing meson production by mesons’ one obtains a total interaction cross-section for ™ meson in hydrogen 
of (30.2 + 1.8) Xx 10-2" cm*, Meson attentuation measurements in hydrogen? yield a total interaction 
cross-section of (3.16 + 1.6) x 107°? cm? (interpolated to 307 Mev). 

In the accompanying figure the four dashed curves represent calculations based on four sets of phase 
shifts. These were obtained! from a preliminary phase analysis of elastic scattering of mesons by 
hydrogen where one assumed that only the S and P states participate in the scattering. The measure- 
ments of the present work are indicated in the figure. 
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2 
(d0/de) cms* 10°" cm? /sterad The solid curve represents do/dw = 1.87 + 3.30 cos 4 + 3,14 cos’9. It 
is apparent that none of the computed y distribution cunyes agree wit 
the measured distribution, as was pointed out earlier. 


TV. G. Zinov and C. M. Korenchenko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 335 (1957), Soviet Phys. JETP 6, 260 (1958). 

2.7. G. Zinov and C. M. Korenchenko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 301 (1958), Soviet Phys. JETP 7 (in press). 

3Tpnatenko, Mukhin, Ozerov, and Pontecorvo, Dokl. Akad. Nauk SSSE 
103, 45 (1955). 
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EFFECT OF QUANTUM FLUCTUATIONS IN THE ELECTRON RADIATION OF THE 
SYNCHROTRON OSCILLATIONS 


E. M. MOROZ 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor August 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1309-1310 (November, 1957) 


Tue problem of quantum fluctuations in the radiation of electrons in the synchrotron has been con- 
sidered in a series of articles (see, for example, Refs. 1—4). 
In this note we generalize the well known results of Sands,’ namely, we take into account the damping 
of synchrotron oscillations caused by the increase in electron energy, and give several practical results. 
Putting the damping coefficient 


E: 3—4n 2ce x3 


Oe Bae Nie oR ee te (13 


where y =E/mc’, \=N0/2rR, & is the length of the straight section of the race track, N is the number 
of sections, into the phase equation of the synchrotron it is possible to obtain a formula for the stationary 
value of the mean square amplitude for synchrotron oscillations 

55V3° icq cot 


2 
(A) = 35 a7 Wa Gay EE: (2) 


This expression differs from the result of Sands? by the presence of the factor F,F,, where 


“1 


Fy=(t+agoe 5); F,=(t ie) p— 2c 


and a is a coefficient of order unity. At energies of several hundred Mev the factor F,F, is impor- 
tant and, essentially, determines the energy dependence of < AG >. Analysis of Eq. (2) shows that there 
is no danger of particle loss connected with a maximum of <A* > which, under the assumption 
cot =const, occurs for P = TEa(1—n)/(3 — 4n) ~ 1. The condition cotg~ = const is, in fact, super- 
fluous. Employing another law of increase for the accelerating voltage, it is easy to avoid this maxi- 
mum, 

At high energies where F,F, — 1, using results obtained by Sands,° one can find the excess of the 
amplitude of the accelerating voltage over the value of the amplitude, necessary to accelerate the elec- 


LETTERS TO THE EDITOR 1009 
ons and to compensate their energy loss by radiation 


4 Bee 255y 8. hic at 
COS 9 ire 64n2  e2 (1 + A)? (3 — 4n) i" 3 ae (3) 
Aid (An) 
Here ), is the first root of the Bessel function Jo(x), q is the number of harmonics of the radio fre- 
quency employed in the synchrotron. 

Satisfaction of the condition Eq. (3) is very difficult in accelerators with a large number of harmonics 
of the radio frequency and with weak focusing. Failure to satisfy this condition can lead to loss of a sub- 
‘stantial fraction of the particles in the accelerator. 


In conclusion, the author would like to thank M. S. Rabinovich for advice and suggestions. The author 
is grateful to V.I. Veksler for the interest he has shown in the present work. 


A A. Kolomenskii and A. N. Lebedev, Proc. Geneva Conf. on Accelerators 1, 447 (1956 ). 
Sin A. Sokolov and I. M. Ternov, Dokl. Akad. Nauk SSSR 97, 823 (1954). 

M. Sands, Phys. Rev. 97, 470 (1956). 
‘1. G. Henry, Phys. Rev. 106, 1057 (1957). 
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ON THE USE OF THE DISPERSION IN ENERGY AS A CRITERION FOR THE ACCURACY 
OF THE VARIATIONAL METHOD 


D. P. LEPER and D. S. CHERNAVSKII 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor August 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1311-1312 (November, 1957) 


Up to now the accuracy of a solution of the Schrodinger equation by the variational method has been 
estimated by comparing the calculated energy value with its experimental value. However, this method 
is totally inapplicable when the experimental value of the level is unknown. Apart from this the error 
in the energy obtained in this way can reflect not only the inaccuracy of the trial function, but also the 
inaccuracy of the Hamiltonian. It is therefore of interest in a number of cases to estimate separately 
the magnitude of the error due to the inaccuracy of the trial function. We shall show below that this can 
be done by using the dispersion in the energy of the trial functions. 

We consider a typical case, namely, the determination of the ground state of the system. This level 
is non-degenerate and its wave function is real. The deviation of the trial function © from the eigen- 
function W, is thus equal to 6’ =||% — |! (v and W are normalized), We shall assume in the fol- 
lowing that 62 «< 1. We expand the trial function for the complete system in terms of the normalized 
eigenfunctions of the Hamiltonian H, 


Y=) C¥s [VI= QD Cal? 1. (1) 


k=0 k=0 
For the error 6° we obtain the expression 
See (=O. 1 == Ce. (2) 


The dispersion in energy in the state © is equalto D=(¥, Hy) -(¥, Hy)?, Using the expansion 
(1) we can obtain for D the expression 
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D= 3) D\(Ex— Ei)" [CaP | Ci P = Dy (Ex — Bo)” | Cn PCO ce |CxP Dy (Ex — Ei)” | Cif. (3) 
k=1 i=0 k=1 =2 i=1 i 


k>i k>i 


In this expression for the dispersion we discard small terms. Let us therefore estimate the second term. 
In it we replace (Ex — Ej) by the larger quantity (Ex, — Eo) and using equations (1) and (2) we get 


ms (Ex — Ej)*?|Ci |? < (Ex — Ep)*5?. We have thus up to terms of the order 62, a 
i=0 
D = Sj (Ex— Bo)" Ce)? =2,, (4)) 
h=1 


where 2, denotes the quadratic error in energy in the state described by the trial function W. 
We estimate now the error in the function, that is 6%. We replace thereto in Eq. (4) (Ek 7 Es) by 
the smaller quantity (E,; — Eo) and, using Eqs. (1) and (2) we get, up to terms of the order 6°, 


Sa D/(E,— Fo. (5} 


Similarly we estimate the error in energy 2, =(¥, HW) — Ey (Eo is the true energy level value) and 
the relative error in energy o = 2,/(¥, HY). To do that we note that 


D=(¥,(H—(¥, H¥)PY¥) =5, — 32. 


After neglecting the second term in Eq. (3) we have D > C3Z,, and we can easily show that =? = 2, — ap 
< 6725. We have thus up to terms of the order 64 


D D2 : 
rg HY)2 <<, HY)? (Ey — Ep)?” (6) 


We must note that if the right hand sides of inequalities (5) and (6) are not small, it does not neces- 
sarily mean that the error is large since in principle it is not possible to conclude the other way round 
that the dispersion should be small if 6° and o are small [the inequalities (5) and (6) can be very 
strong]. The possibility of a very large overestimate of the upper limits is thus the essential drawback 
of the estimates we have obtained. Apart from this, they also contain the unknown difference between the 
eigenvalues (E, — Ey). In the estimate for o we can avoid this by multiplying the right hand side by the 
quantity (E,; -— E,))/VD which according to (5) is of the order of 1/6* > 1. We get thus the following, 
strongly exaggerated estimate: o < VD/(¥, HW). 

As an example we can consider Hylleraas’ first approximation! for the ground state of the helium atom, 


= 2 exp(—2(ra +r) / a) | y 


0 


where A is the variational parameter, which after minimization has the value 9 = 27/16, and where 
ag is the Bohr radius. 

In this case (E,; — Ey) ~ (Y, H¥). We can thus conclude that o < D/(¥, HY )*. Evaluating this we 
get o < 11%. 

The corresponding calculation for Platt’s approximation! for the ground state of the lithium atom leads | 
to an unreasonably large result which is apparently connected with the above mentioned possibility of a 
large overestimate of the upper limit. 

Tp, Gombas, The Many-Body Problem in Quantum Mechanics, (Russ. Transl. ), 2nd Edition, Moscow- 
Leningrad, IIL, 1953. 
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